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On the Markov property for events

Proposition
LetA;,A,, A3 be three events such that P(A; nA,) > 0. Then
P(A,) > 0, and the following statements are equivalent:
* The events Ay and Az are conditionally independent given
the event A;;

° ]P(A3|A1 I"IAz) = P(A3|A2).

Proof.
First note that P(A3|A; NnA,) = %_ Thus,
IED(I43|A1 ﬂAz): ( 1N 3| 2) ( 2) \é ( 1N 3| 2)

]P(Al ﬂAz) P(A1|A2) ’

and the claim follows. m



Transition probabilities (1)

Consider the discrete state space S := {0, 1,---,n}. The following
definition is of crucial importance for the remainder of this
chapter:

Definition

Leti,j € S be arbitrary states and x > 0. Assume that

P(Y(x) =i) > 0. Let ;p! := p;j(x,x + 1) be the probability that a life
aged x in state i is in state j at age x + ¢. That is,
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Transition probabilities (1)

Consider the discrete state space S := {0, 1,---,n}. The following
definition is of crucial importance for the remainder of this
chapter:

Definition

Leti,j € S be arbitrary states and x > 0. Assume that

P(Y(x) =i) > 0. Let ;p! := p;j(x,x + 1) be the probability that a life
aged x in state i is in state j at age x + ¢. That is,

Pl =pij(x,x+1) =P(Y(x+1)=j|Y(x)=1i).

Since P(Q2) = 1 it follows that for all i ¢ S = {0, 1,---,n}

n

ij i0 il in
Doy = P+ pi =1
j=0



Transition probabilities (I1)

Here is a well-known special case:

Example (Alive-Dead model)

In this case S = {0, 1}, where i = 0 stands for “alive” andj = 1 for
“dead”. Assume thatP(Y(x) =0) > 0. We then have

P =P(Y(x+1)=1|Y(x)=0) = ,q, =P(T < 1)

which is the well-known probability of death for (x) int years.



Transition probabilities (I1)

Here is a well-known special case:

Example (Alive-Dead model)

In this case S = {0, 1}, where i = 0 stands for “alive” andj = 1 for
“dead”. Assume thatP(Y(x) =0) > 0. We then have

P =P(Y(x+1)=1|Y(x)=0) = ,q, =P(T < 1)

which is the well-known probability of death for (x) int years.

Let us fix some important definitions which unfold in a very
natural way from the definition above:



Transition probabilities (l11)

Definition (transition probability matrix)

Let0O<s<trand {¥(z):t>0} be a continuous-time Markov
chain with discrete state space S ={0,1,...,n}. Leti,je Sbe
arbitrary states. Assume that P(Y(s) =i) >0. Then

pij(s,1) :=P(Y (1) = j|Y(s) = i)

is called transition probability from state i € S to state j € S of the
Markov chain {Y(¢) : ¢ > 0}.
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Transition probabilities (l11)

Definition (transition probability matrix)

Let0O<s<trand {¥(z):t>0} be a continuous-time Markov
chain with discrete state space S ={0,1,...,n}. Leti,je Sbe
arbitrary states. Assume that P(Y(s) =i) >0. Then

pij(s,1) :=P(Y (1) = j|Y(s) = i)

is called transition probability from state i € S to state j € S of the
Markov chain {Y () : t > 0}. Put p;() := p;;(0,1). The
(n+1) x (n+1)-matrix

P(s,1) := (Pi/'(sv ) ),:jeS

is called transition probability matrix of the Markov chain
{Y(t) : 1> 0}.
Notice that P(0,0) = I, coincides with the identity matrix.



Transition probabilities (V)

Remark
Let{Y(z):t> 0} be a continuous-time Markov chain with

discrete state space S = {0, 1,...,n}. IfP(Y(0) =i) > 0 for all
ieS, we have
P(Y(1) =j) = ), P(Y(0) =) - py(r)
i=0

forallt >0 and foralljeS.
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Remark

Let{Y(t):t> 0} be a continuous-time Markov chain with
discrete state space S = {0, 1,...,n}. IfP(Y(0) =i) > 0 for all
ieS, we have

P(Y(1) =)) = 20 B(Y(0) = i) - py(1)
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As before let 0 < s <rand {Y(¢) : > 0} be a continuous-time
Markov chain with discrete state space S ={0,1,...,n}.
Assume that P(Y(s) =) > 0. Since s < t, we may write r as
t=s+x, where here x:=t—s > 0. Consequently,

Pij(S, t) :Pij(S, s+ x) = t—sp;]-



Transition probabilities (V)

Remark
Let{Y(z):t> 0} be a continuous-time Markov chain with

discrete state space S = {0, 1,...,n}. IfP(Y(0) =i) > 0 for all
ieS, we have

P(Y(1) =)) = 20 B(Y(0) = i) - py(1)

forallt >0 and foralljeS.

As before let 0 < s <rand {Y(¢) : > 0} be a continuous-time
Markov chain with discrete state space S ={0,1,...,n}.
Assume that P(Y(s) =) > 0. Since s < t, we may write r as
t=s+x, where here x:=t—s > 0. Consequently,

pii(s,t) = pii(s,s + x) = —gpi.This observation leads to a further
crucial definition:



Transition probabilities (V)

Definition (time-homogeneous Markov chain)

Let {Y(¢) : r > 0} be a continuous-time Markov chain with
discrete state space S ={0,1,...,n} such that P(Y(s) =) > 0 for
alls>0andforallies. If

pii(s.1) =p;(0,1 =) =P(Y(t—5) =j| Y(0) = i)

for all states i,j € S and for all 0 < s < ¢, the (continuous-time)
Markov chain is called time-homogeneous.



Transition probabilities (V)

Definition (time-homogeneous Markov chain)

Let {Y(¢) : r > 0} be a continuous-time Markov chain with
discrete state space S ={0,1,...,n} such that P(Y(s) =) > 0 for
alls>0andforallies. If

pii(s,1) = pij(0,1 =) =P(Y (1 —s) = j| Y(0) = i)

for all states i,j € S and for all 0 < s < ¢, the (continuous-time)
Markov chain is called time-homogeneous.

Observation

{Y(r) : t > 0} is a time-homogeneous continuous-time Markov
chain with discrete state space S = {0, 1,...,n} if and only if

P(Y(s+1)=j|Y(s) = i) £ py(s,s+1) = p(0,0) £ py (1)

andP(Y(s) =i) >0 forall s,t >0 and for all statesi,j e S.



Chapman-Kolmogorov equations (l)

Theorem (Chapman-Kolmogorov equations -
time-homogeneous case)

Let{Y(t):t>0} be a time-homogeneous continuous-time
Markov chain with discrete state space S ={0,1,...,n}.
Assume that P(Y(0) =i,Y(s) =k) >0 for all i,k € S and for all
s>0. Then

pii(s+1) = ipik(s) -pri(t)
=0

for all states i,j € S and for all s,t > 0.



Chapman-Kolmogorov equations (ll)

Proof.
WLOG we may assume that s > 0 (why?). Notice that for any
i,j € S we have

pi(s+1) = P(Y(s+1)=j|Y(0)=i)
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Proof ctd.
it follows that
P(Y(s+1)=j,Y(0)=i,Y(s) =k)
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and the claim follows.



Chapman-Kolmogorov equations (lll)

As the proof clearly shows, we even may ignore the assumption
of time-inhomogeneity in the following sense:

Theorem (Chapman-Kolmogorov equations - the general
case)

Let{Y(t):t> 0} be a continuous-time Markov chain with
discrete state space S = {0, 1,...,n}. Assume that
P(Y(t) =k, Y(s)=i)>0foralli,keS and forall0<s<t. Then

n
pij(s,u) = Zpik(S, 1) - prj(t,u)
k=0

for all statesi,je S and forall0<s<t<u.



Chapman-Kolmogorov equations (IV)

Recalling the very basics of linear algebra (matrix
multiplication), we actually have proven the following

Corollary

Let{Y(t):t>0} be a continuous-time Markov chain with
discrete state space S = {0, 1,...,n}. Assume that

P(Y(t) =k, Y(s)=i)>0foralli,keS and forall0<s<t. Then

P(s,u) = P(s,t)P(t,u)

forall0 <s<t<u.



Chapman-Kolmogorov equations (V)

In particular, we obtain:

Corollary
Let{Y(r):t> 0} be a time-homogeneous continuous-time
Markov chain with discrete state space S ={0,1,...,n}.
Assume that P(Y(0) =i,Y(s) =k) >0 for all i,k € S and for all
s>0. Then

P(s)P(t) = P(s + 1) = P(1)P(s)

for all s,t > 0. In particular, P(0) = I,., and P(n) = P(1)" for all
ne N().



Chapman-Kolmogorov equations (V)

In particular, we obtain:

Corollary
Let{Y(r):t> 0} be a time-homogeneous continuous-time
Markov chain with discrete state space S ={0,1,...,n}.
Assume that P(Y(0) =i,Y(s) =k) >0 for all i,k € S and for all
s>0. Then

P(s)P(t) = P(s+1) = P(1)P(s)
for all s,t > 0. In particular, P(0) = I,., and P(n) = P(1)" for all
ne N().
We will recognise very soon that the matrix language allows us

to deal with multiple state case calculations in a very easy and
straightforward way including the multiple decrement case.



Chapman-Kolmogorov equations (VI)

Example

Suppose that there only two states of the world, 0 = Rain and 1
= No Rain. The following data are known to you:
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Example
Suppose that there only two states of the world, 0 = Rain and 1
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* Given that it is raining today the probability of rain
tomorrow is 0.7.

* @Given that it is not raining today, then the probability of no
rain tomorrow is 0.6.
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Example

Suppose that there only two states of the world, 0 = Rain and 1
= No Rain. The following data are known to you:

* Given that it is raining today the probability of rain
tomorrow is 0.7.

* @Given that it is not raining today, then the probability of no
rain tomorrow is 0.6.

Assume that the simulation of this simple weather “forecast” is
based on a time-homogeneous Markov chain with discrete
state space. What is then the probability that it will be raining at
time t = 3 given that it is raining today at timet =17



Chapman-Kolmogorov equations (VI)

Example

Suppose that there only two states of the world, 0 = Rain and 1
= No Rain. The following data are known to you:

* Given that it is raining today the probability of rain
tomorrow is 0.7.

* @Given that it is not raining today, then the probability of no
rain tomorrow is 0.6.

Assume that the simulation of this simple weather “forecast” is
based on a time-homogeneous Markov chain with discrete
state space. What is then the probability that it will be raining at
time t = 3 given that it is raining today at timet =17

Hint: rephrase this problem by making a consequent use of the
symbolic notation which you have learned so far!



Transition semigroup (l)

Next, let us recall from calculus that there is one and only one
continuous function f : R — R which satisfies the equality
f(x+y)=f(x)-f(y) forall x,y e R and f(0) = 1; namely

f(x) =a" =exp(xIn(a)), where a:= f(1) > 0! This might lead to

the following natural
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Can we represent the matrix P(t) as P(t) = P(1)" = exp(¢Q) for
some suitable matrix Q (t > 0)? If this were the case, how could
the matrix P(1)' respectively Q be defined?



Transition semigroup (l)

Next, let us recall from calculus that there is one and only one
continuous function f : R — R which satisfies the equality
f(x+y)=f(x)-f(y) forall x,y e R and f(0) = 1; namely

f(x) =a" =exp(xIn(a)), where a:= f(1) > 0! This might lead to
the following natural

Problem

Can we represent the matrix P(t) as P(t) = P(1)" = exp(¢Q) for
some suitable matrix Q (t > 0)? If this were the case, how could
the matrix P(1)" respectively Q be defined?

To understand how one can solve the latter problem we firstly
state (without proof) the following



Transition semigroup (I1)
Theorem and Definition (Matrix exponential)
Let A be an arbitrary d x d-Matrix with real entries (d e N) and
teR. Put A’ = I,. Then the limit

B(1) := A
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B(t) := ¢ := exp(tA)
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Let A be an arbitrary d x d-Matrix with real entries (d e N) and
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Transition semigroup (I1)

Theorem and Definition (Matrix exponential)

Let A be an arbitrary d x d-Matrix with real entries (d e N) and
teR. Put A’ := I,. Then the limit

oo N n

_ A, =S A La
B(1) i= ¢ = exp(1A) i= 3. A" s= lim 3} A

n=1 """ v=1

exists and defines a further d x d-Matrix B(t) with real entries.



Transition semigroup (I1)

Theorem and Definition (Matrix exponential)
Let A be an arbitrary d x d-Matrix with real entries (d e N) and
teR. Put A’ := I;. Then the limit

&) n n

B(t) := ¢ := exp(tA) := > I—'A” = lim )’ i'A”
n=11 oo e

exists and defines a further d x d-Matrix B(t) with real entries.
More precisely, for any i,j € {1,2,...d},
o) t”

B(1)y = ), —(A"),

n=1"""

is a well-defined real number, satisfying B(t);; < ¢™A) < oo for all
i,jel,2,...d, where n(A) is a positive real number.



Transition semigroup (1)

Theorem and Definition (Matrix exponential — ctd.)

Moreover, the matrix valued function t — B(t) = ¢'* satisfies the
following ordinary matrix differential equation (OMDE):

d d
CB(r) = S - Ac™® = AB(1) = B(1)A = ¢AA 1
= (1) prd e (t)=B(t)A=e (1)

with B(0) = e*= 1.



Transition semigroup (1)

Theorem and Definition (Matrix exponential — ctd.)

Moreover, the matrix valued function t ~ B(t) = ¢'? satisfies the
following ordinary matrix differential equation (OMDE):

%B(z) = c%em = AcA = AB(1) = B(1)A = ¢ A (1)

with B(0) = ¢*A= I,. More precisely, we have the following
system of OMDEs:

CB(1)y = (%), = (A4), = (AB(1), = (B(1)A), = (¢*A),

with B(0);; = (eOA)U =4; foralli,je{1,2,...d}.



A first — non exam paper relevant —
mathematical remark

Remark for “Geeks”

You might ask what type of convergence actually is meant
here? More precisely, which norm in the linear space of all

d x d-matrices could we use here to justify the expression “lim”?
For example (since all norms in finite-dimensional vector
spaces are equivalent) we could check convergence of the
above series with respect to the following matrix norm:

n(A) = {gg);{Zlaul}
In fact, it can be shown that n(A") < n(A)" and |(A");| < n(A)" for
allneN andi,je{1,2,...d}. If you wish, please feel free to
verify this!



Transition semigroup (1)

Remark
Notice that in the definition of the matrix element
B(1)j=y2, 1 (A”)l_j, (A”)U_ is considered and not a;!

n=1 gl
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Remark
Notice that in the definition of the matrix element
B(1)j=y2, 1 (A”)l_j, (A”)U_ is considered and not a;!

n=1 pl

Corollary
t — B(1) = A is the only solution of the OMDE (1). Moreover,
we have

e(s+t)A _ esAetA _ etAesA
for all s,t € R. In particular, for any t € R the matrix ¢ is
invertible, and its inverse is given by ¢™'A.



Transition semigroup (1)

Remark

Notice that in the definition of the matrix element

B(1); = %2, %(A”)lj, (A"),, is considered and not !
Corollary

t — B(1) = A is the only solution of the OMDE (1). Moreover,

we have
e(s+t)A _ esAetA _ etAesA

for all s,t € R. In particular, for any t € R the matrix ¢ is
invertible, and its inverse is given by ¢™'A.

If A and B are two d x d-matrices with real entries such that
AB = BA (i.e., if the matrices A and B commute) then

oAB) _ JAB forallteR .



Transition semigroup (1V)
Proof.
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Suppose that P (t) is another solution to P (t) = AP (t) with P(0) = I.
Then using the product rule,

d i _ i —tA ch’i
pre [P = (dt') )P(1)+e (ltP(i)

— e M (—A)P(t)+e AP () =0

and therefore ¢=*AP (t) is constant in ¢. In particular we have e~ P (t) =
¢~ %P (0) = I. Applying this result with P () = ¢4 implies e=*4et4 = T
and then replacing A by —A show ef4e ™ = I. So we may conclude that
etA = [em]*l and therefore e~*4 P (¢) = I implies P (t) = ¢*4. ol

Given s € R let P(t) := e(tt9)4¢=sA Then P (t) = AP (t) with P (0) =
es4e™sA = [ and therefore

A = P(t) = A mA _ (t+)A [PSA] -




Transition semigroup (V)

Proof.
Suppose that A and B commute. Then it follows that B and A"

commute for all n € N, implying that also the matrices B and
exp(tA) commute for all € R. Put P(z) := exp(tA) exp(zB). Then:

d d d
pin=2 — :
% (1) % exp(tA) exp(1B) + exp(tA) = exp(B)
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Transition semigroup (V)
Proof.
Suppose that A and B commute. Then it follows that B and A"

commute for all n € N, implying that also the matrices B and
exp(tA) commute for all € R. Put P(z) := exp(tA) exp(zB). Then:

%P(z) = % exp(tA) exp(1B) + exp(tA)dit exp(B) .
Hence,

%P(r) = Aexp(tA)exp(tB) + exp(tA)Bexp(sB)
= Aexp(tA) exp(rB) + Bexp(rA) exp(B)



Transition semigroup (V)
Proof.
Suppose that A and B commute. Then it follows that B and A"

commute for all n € N, implying that also the matrices B and
exp(tA) commute for all e R. Put P(¢) := exp(tA) exp(:B). Then:

d d d
pin=2 — :
% (1) % exp(tA) exp(1B) + exp(tA) = exp(B)

Hence,

%P(r) Aexp(tA) exp(tB) + exp(rA)Bexp(1B)
Aexp(tA) exp(1B) + Bexp(rA) exp(1B)

(A+B)P().

Consequently, since P(0) = I, the unique solution of the latter
OMDE is given by P(7) = ¢/(A*B), O



Let us see how surprisingly easy this works.

Example
Consider the following two 2 x 2-matrices:

0 1 0 0
A._(O 0) andB.:(_1 0).

Consider theirsum C:=A+B = (_01 (1))



Markov semigroup (I)

Let §:={0,1,2,...,n}. As before, we will use S to describe a
“finite state space”, consisting of n + 1 “states”. We are going to
consider “time-dependent” matrices M(s, t) = (mj;(s, 1))
indexed by the elements of § (0 < s <1).

ijeS



Markov semigroup (I)

Let §:={0,1,2,...,n}. As before, we will use S to describe a
“finite state space”, consisting of n + 1 “states”. We are going to
consider “time-dependent” matrices M(s, ) = (m;;(s, t))ijeS
indexed by the elements of § (0 < s < ¢). Important vectors will
be the following n + 1-dimensional (column) vectors

0:=(0,0,...,0)"

and



Markov semigroup (I)

Let §:={0,1,2,...,n}. As before, we will use S to describe a
“finite state space”, consisting of n + 1 “states”. We are going to
consider “time-dependent” matrices M(s, ) = (m;;(s, t))i/'eS
indexed by the elements of § (0 < s < ¢). Important vectors will
be the following n + 1-dimensional (column) vectors

0:=(0,0,...,0)"

and
e:=(1,1,...,1)".

To understand some very important calculations in the general
multistate modelling framework (based on non-time-
homogeneous Markov chains) we consider the special case of
time-homogeneity first.
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Markov semigroup (Il)

Definition (Markov semigroup)

A matrix valued function 7 — M(r) for 7 > 0 as above is a Markov

semigroup if

(1) M(r) is a Markov matrix for all 7 > 0; i. e., m;;(t) > 0 for all
i,jeSandr>0and Y my(r) =1forallieSandr>0;

(2) The Chapman-Kolmogorov equation (or equivalently the
“semigroup property”) is satisfied:

M(s +1) = M(s)M(r) for all s,z > 0.
(3) ¢~ M(z) is continuous at 0, i. e.,

0, ifi+j

P S
t1_1)1(1)1+m,](t)—mz](0) 6’]’ {17 Ifl=]

foralli,jeS.
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Example
If we put
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where Y is a time-homogeneous Markov chain with discrete
state space S = {0, 1,2,...,n} our previous considerations show
that the conditions (1) and (2) in the definition of a Markov
semigroup are satisfied for t — M(t) = P(¢).



Markov semigroup (Il1)

Given our knowledge so far, we already are able to recognise
the most significant example of a Markov semigroup for this
course:

Example
If we put

my () = py(1) = py(0,1) = B(Y(1) =j|Y(0) = i),

where Y is a time-homogeneous Markov chain with discrete
state space S = {0, 1,2,...,n} our previous considerations show
that the conditions (1) and (2) in the definition of a Markov
semigroup are satisfied for t — M(t) = P(¢). In the following we
will implicitly assume that also condition (3) in the definition of
a Markov semigroup is satisfied. (The latter can be achieved by
choosing e. g. Y to be a right-continuous Markov chain.)
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Markov semigroup (1V)

Thus, altogether we may state the following

Theorem and Definition
t — P(t) is a Markov semigroup. This Markov semigroup is
called the time-homogeneous Markov semigroup (THMS).
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Definition (infinitesimal generator)

A (n+1)x(n+1)-matrix Q = (qij)l.J.GS is called a (Markov)
infinitesimal generator if

(1) g;>0foralli#jand
(2) Siogi=0forallies.

Remark
The following statements hold:
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Markov semigroup (V)

Definition (infinitesimal generator)

A (n+1)x(n+1)-matrix Q = (qij)l.J.GS is called a (Markov)
infinitesimal generator if

(1) g;>0foralli#jand
(2) Siogi=0forallies.

Remark
The following statements hold:

() Xiomy(t) =1 forallies if and only if M(t)e =e;

(i) Xioqiy=0forallies if and only if Qe = 0 if and only if
die = Z;Ll qij = —qii forallies.
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Our next aim is to completely characterise Markov semigroups
through their infinitesimal generators. We will see very soon
that the latter ones - and their generalisations - will play the key
role when we have to do calculations in multiple decrement
models!
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t=0,i e the (n+1)x (n+1)-matrix 4|, M(t) exists. Its matrix

, ij(h) =0y
elements are given by Jim %(i, jes).



Markov semigroup (VI)

Our next aim is to completely characterise Markov semigroups
through their infinitesimal generators. We will see very soon
that the latter ones - and their generalisations - will play the key
role when we have to do calculations in multiple decrement
models!

To this end, we next state a key fact, yet without (the tricky and
non-trivial) proof:

Theorem
Lett— M(t) be an arbitrary Markov semigroup (¢t > 0). Then the
matrix valued function t -~ M(t) is differentiable from the right at
t=0,i e the (n+1)x (n+1)-matrix 4|, M(t) exists. Its matrix

, ij(h) =0y
elements are given by Jim %(i, jes).
Given this result we are now able to formulate - and prove - the

next statement which is crucial for this course.



Markov semigroup (VII)

Lemma
Lett — M(t) be an arbitrary Markov semigroup (t > 0). Put

Q:= ‘i\mM(r). Then 1\./1(1) = %M(t) exists for all t > 0.

Todt
Moreover, the following statements are satisfied:
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Lemma
Lett — M(t) be an arbitrary Markov semigroup (t > 0). Put

Q:= ‘i\mM(r). Then 1\./1(1) = %M(t) exists for all t > 0.

Todt
Moreover, the following statements are satisfied:

(1) M(0) = L.
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Lemma
Lett — M(t) be an arbitrary Markov semigroup (t > 0). Put
Q:= 4|0, M(r). Then M(r) := L M(r) exists for all t > 0.

Todt
Moreover, the following statements are satisfied:

(1) M(0) =TL,4;.
(2) Forallt>0, we have

M(#) = M(#)Q (Kolmogorov’s Forward Equation)

and

1\./[(1‘) =QM(1r) (Kolmogorov'’s Backward Equation) .
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Markov semigroup (VII)
Lemma
Lett — M(t) be an arbitrary Markov semigroup (t > 0). Put
Q:= 4|0, M(r). Then M(r) := L M(r) exists for all t > 0.

Todt
Moreover, the following statements are satisfied:

(1) M(0) =TL,4;.
(2) Forallt>0, we have

M(#) = M(#)Q (Kolmogorov’s Forward Equation)
and
1\./[(1‘) =QM(1r) (Kolmogorov'’s Backward Equation) .

(3) M(1) =¢Q forallt > 0.
(4) Q is an infinitesimal generator.
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Markov semigroup (VIII)

Proof.
Condition (1) is an easy exercise. Obviously, by the chain rule
of differentiation

v N d d
m(r) @ o M(s 1) = S M(r+5)

Hence, the Chapman-Kolmogorov equation implies that in fact

M(7) = QM(7) = M(1)Q and (2) follows. We learned that the
latter equation together with the initial condition M(0) = I,,.,; has
a unique solution which is given by (3).
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which will become crucial for this course.
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Proof ctd.
Although the proof of (4) is rather simple it involves calculations

which will become crucial for this course. So, let us unfold them
step by step. Since by definition Q = %\WM(;), it follows in
particular that
gii = lim ’L/(h) >0
Yonsor b T
for all i #j (since m;;(h) > 0). Finally, by definition

Qe = (%|0+M(t))e = %‘M(M(t)e) = dit‘me =0.



Markov semigroup (IX)

Observation
Notice that the proof of condition (4) does not make use of the
Chapman-Kolmogorov equation! This is an important fact

which will come into play when we are considering the
non-time-homogeneous case.
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Now we are able to formulate and prove a significant result:

Theorem

The collection of all Markov semigroups is in one-to-one
correspondence with the collection of all infinitesimal
generators. More precisely, we have:

(i) IfQ is an infinitesimal generator, then t — ¢'Q is a Markov
semigroup.

(i) Ifr— M(r) is an arbitrary Markov semigroup (t > 0), then
there exists an infinitesimal generator Q such that for all
>0 M(z) = ¢'Q. This infinitesimal generator Q is uniquely
determined. It is given by Q = 4, M(z).
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Proof.
ad (i). Let Q be an infinitesimal generator. Put M(z) := ¢/<.
Recall the very important fact that

V(1) = SM() = M()Q - QM(1).

Thus, since Q is assumed to be an infinitesimal generator it
follows that in particular M(z7)e = M(t)Qe = 0 for all 7 > 0.



Markov semigroup (XI)

Proof.
ad (i). Let Q be an infinitesimal generator. Put M(t) := ¢'Q.
Recall the very important fact that

V(1) = £ M(1) = M()Q = QM(1).

Thus, since Q is assumed to be an infinitesimal generator it

follows that in particular 1\./I(t)e =M(t)Qe =0 for all £ > 0.
Consequently, we have

M(r)e=M(0)e=1,,1e=e

forall > 0.
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Q#0. Then

! v
0<y::max{2‘qij‘} < 00,
ieS =0
implying that the matrix (h,-j)id.es =H:= %Q +1,,1 is well-defined.

Then (exercisel) h; >0 for all i,j € S. Since Q = YH — vI,,11, it
therefore follows that

m;j(t) = exp (- ty)(exp (t’yH))_. >0
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Proof ctd.

To see that m;;(r) > 0 for all i,j € S requires a slightly bit more of
brain power. Nothing is to prove if Q = 0. So, let us assume that
Q#0. Then

4 v
0<7::max{2‘qij‘} < 00,
ieS =0

implying that the matrix (h,-j)id.es =H:= %Q +1,,1 is well-defined.
Then (exercisel) h; >0 for all i,j € S. Since Q = YH — vI,,11, it
therefore follows that

m;j(t) = exp (- ty)(exp (t’yH)) >0

)

for all i,j € S. Moreover, since sQ and rQ are commuting
matrices, the Chapman-Kolmogorov equations are satisfied for
t — M(¢), and part (i) follows.
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the uniqueness statement.
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ad (ii). Thanks to the previous lemma we “only” have to prove
the uniqueness statement. To this end suppose that Q; and Q;
are two infinitesimal generators such that M(z) = ¢/€' and

M(r) = ¢'Q. Let k e {1,2} be arbitrary. Then for all 4 >0

M(h) = " =1, + hQy +o(h);

i.e,
M(h) = " =L, + hQy + hpy (1)

where ¢y is a (matrix-valued) function such that Il1ir% wr(h) =0.
Consequently, it follows in particular for any « > 0 that

£(Q2-Q1) =£(1(e) - 9a(e)),

and hence Q; = Q.. O
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We are very well prepared to turn to shed full light on the
THMS:



Markov semigroup (XII)

We are very well prepared to turn to shed full light on the
THMS:

Example (THMS)
The THMS t — P(t) = (pij(t))iﬁS is a Markov semigroup, where
pyj(t) = pyi(0,1) =P(Y (1) =j| Y(0) = 1) .
Therefore, we may represent the THMS (uniquely) as
P(1) = 'Q,

where Q is the (unique) infinitesimal generator satisfying this
representation.



Backward propagator (I)

After the studies of the time-homogeneous case we now turn to
the non-time-homogeneous case.



Backward propagator (I)

After the studies of the time-homogeneous case we now turn to
the non-time-homogeneous case. However, as the following
definition shows we already have managed the most part of
work - also in this more general case! Namely:



Backward propagator (ll)

Definition (Backward propagator)
LetS=1{0,1,2,...n}.
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(s,1) » M(s,t) for 0 < s <t is called a Backward propagator (BP)
if
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(1) M(s,t) satisfies
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Definition (Backward propagator)

LetS§={0,1,2,...n}. A(n+1) x (n+1)-matrix valued function

(s,t) = M(s,t) for 0 < s <t is called a Backward propagator (BP)

if

(1) M(s,r) satisfies m;j(s,r) >0 forall i,j e Sand 0<s<tand
Yo mij(s,t) =1forallieSand 0 <s <t

(2) The Chapman-Kolmogorov equation is satisfied:

M(s,u) = M(s,t)M(t,u) forall0<s<t<u.



Backward propagator (ll)

Definition (Backward propagator)

LetS§={0,1,2,...n}. A(n+1) x (n+1)-matrix valued function

(s,t) = M(s,t) for 0 < s <t is called a Backward propagator (BP)

if

(1) M(s,r) satisfies m;j(s,r) >0 forall i,j e Sand 0<s<tand
Yo mij(s,t) =1forallieSand 0 <s <t

(2) The Chapman-Kolmogorov equation is satisfied:

M(s,u) = M(s,t)M(t,u) forall0<s<t<u.

(3) The following limits are all well-defined and exist:

. myi(s,s+h)
(s) = 1
pils) = i =

foralls>0and foralli#,.



Backward propagator (lll)

Given our knowledge so far, we already are able to recognise
the most significant example of a BP for this course:



Backward propagator (ll1)

Given our knowledge so far, we already are able to recognise
the most significant example of a BP for this course:
Example

If we put

myi(s, 1) = py(s,1) = P(Y(1) = j| Y (s5) =),

where 0 < s <t andY is a Markov chain with discrete state
space S ={0,1,2,...,n} our previous considerations show that
the conditions (1) and (2) in the definition of a BP are clearly
satisfied for (s,t) — M(s,1) = P(s,1).



Backward propagator (ll1)

Given our knowledge so far, we already are able to recognise
the most significant example of a BP for this course:

Example
If we put

myi(s, 1) = py(s,1) = P(Y(1) = j| Y (s5) =),

where 0 < s <t and'Y is a Markov chain with discrete state
space S ={0,1,2,...,n} our previous considerations show that
the conditions (1) and (2) in the definition of a BP are clearly
satisfied for (s,t) — M(s,t) = P(s,1). In the following we will
implicitly assume that also condition (3) in the definition of a BP
is satisfied.



Backward propagator (V)

Thus, altogether we may state the following



Backward propagator (V)

Thus, altogether we may state the following

Theorem and Definition
(s,t) — P(s,1) is a BP.



Backward propagator (V)

Thus, altogether we may state the following

Theorem and Definition
(s,t) — P(s,1) is a BP. This BP is called the Markov backward
propagator (MBP).



Force of transition (I)

We now are going to adopt the seemingly usual notation of
actuaries in the framework of multiple state models, implying
that we have received at the next crucial actuarial
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Definition (force of transition)

In the case of a MBP we construct - similarly to the case of the
infinitesimal generator of the THMS -a (n+ 1) x (n+ 1)-matrix Q
which satisfies precisely all of the conditions of an infinitesimal
generator, yet without actually being one. Let i,; € S such that
i#jandt>0. Then
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Definition (force of transition)

In the case of a MBP we construct - similarly to the case of the
infinitesimal generator of the THMS -a (n+ 1) x (n+ 1)-matrix Q
which satisfies precisely all of the conditions of an infinitesimal
generator, yet without actually being one. Let i,; € S such that
i#jandr>0. Then
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Force of transition (I)

We now are going to adopt the seemingly usual notation of
actuaries in the framework of multiple state models, implying
that we have received at the next crucial actuarial

Definition (force of transition)

In the case of a MBP we construct - similarly to the case of the
infinitesimal generator of the THMS -a (n+ 1) x (n+ 1)-matrix Q
which satisfies precisely all of the conditions of an infinitesimal
generator, yet without actually being one. Let i,; € S such that
i#jandr>0. Then

pii(t,h+1)

i. BT
= ;i (1) = lim
2% Hl_/( ) P 7

(is now well-defined and) denotes the so called force of
transition from state i to state j at ¢ (also known as
(i - j)-transition intensity at ).



Force of transition (I1)

Proposition
Leti,je S suchthati+j. leth,t>0. Then:



Force of transition (I1)
Proposition
Leti,je S suchthati+j. leth,t>0. Then:

pii(t,t+h) = byl + hoy(h),

where }lm% oi(h) =0.



Force of transition (I1)
Proposition
Leti,je S suchthati+j. leth,t>0. Then:
pit,t+h) = by + hipi(h),
where }Im% :(h) =0. Moreover, for all t > 0 we have:
pii(t,t+h) = 1= hyl® + hapy(h)

where * == ;o (1) = ;4 1ij(t) and hliI(I)lJr Pi(h) = 0.



Force of transition (I1)
Proposition
Leti,je S suchthati+j. leth,t>0. Then:
pij(t,t+ h) = hyf + hpy(h),
where }Im% :(h) =0. Moreover, for all t > 0 we have:
pi(t e+ 1) = 1= hyl® + by, (h)
where 111® = ;o (t) = X4 kij(t) and hliI(I)lJr Pi(h) = 0.
Proof.

Just put ¢ (h) := - 1;(¢) and recall that
Yi4ipi(t,t+h) +pi(t,t+h) = 1forallieS.

p,'j(l‘,t+h)
h



Force of transition (lII)

Definition B , -
Letz>0andieS. We put /" == (1) = = p1;* = = ¥ .



Force of transition (lII)

Definition -
Letr>0andieS. We put i1 = (1) := — pi® = - it .
Observe that by construction the following identity holds for all
i€S. .
0= pig(t) + p* = 3 pij (1)
Jj=0
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Definition -
Letr>0andieS. We put i1 = (1) := — pi® = - i b -
Observe that by construction the following identity holds for all
i€S. .,
0= pig(t) + p* = 3 pij (1)
j=0
The following “dictionary” is of large importance since it enables

a better studying of different sources (such as e.g. books). You
may use a similar table during your final exam.



Force of transition (lII)

Definition -
Letr>0andieS. We put i1 = (1) := — pi® = - it .
Observe that by construction the following identity holds for all
i€S.

0= pii(t) + p1i* = > pij (1) -
=0

The following “dictionary” is of large importance since it enables
a better studying of different sources (such as e.g. books). You
may use a similar table during your final exam. By making use
of the shorthand actuarial notation, we arrive at the following
“translation”:



Force of transition (V)

Definition (British actuarial notation (1))
In the following (if not explicitly specified) let i,j € S and x,z > 0.
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Definition (British actuarial notation (l))
In the following (if not explicitly specified) let i,j € S and x,z > 0.
+ The force of transition from state 0 to state j of a life aged x
is given by 12, := u¥ := g (x).



Force of transition (V)

Definition (British actuarial notation (l))
In the following (if not explicitly specified) let i,j € S and x,z > 0.
+ The force of transition from state 0 to state j of a life aged x
is given by 12, := u¥ := g (x).
+ The (state 0-)iotal force of transition of a life aged x is given

by (ap). = 10® = p1oe(x), Where pi® == fi;4(s) := 0 1y for
alls>0,i€S.



Force of transition (V)

Definition (British actuarial notation (l))
In the following (if not explicitly specified) let i,j € S and x,z > 0.
+ The force of transition from state 0 to state j of a life aged x
is given by 12, := u¥ := g (x).
* The (state 0-)total force of transition of a life aged x is given
by (ap) = p® 1= poe(x), where (i® = io(s) = Xy i’ for
alls>0,i€S.

» The survival probability that a life aged x in state 0 is still in
state 0 at age x + 1 is given by: ,(ap), = p2°, where
pi = pij(x,t+x) foralli,jes;



Force of transition (V)

Definition (British actuarial notation (I) ctd.)



Force of transition (V)

Definition (British actuarial notation (I) ctd.)

+ The (state 0-)total transition probability of a life aged x
between x and x + 7 is given by ,(aq), = tpg: where for all

€SP = Tl



Force of transition (V)

Definition (British actuarial notation (I) ctd.)

+ The (state 0-)total transition probability of a life aged x
between x and x + r is glven by ,(aq). = p°*, where for all

leSth _Z]%ztpx = 1



Force of transition (V)

Definition (British actuarial notation (I) ctd.)

+ The (state 0-)total transition probability of a life aged x
between x and x + t is glven by ,(aq). = p°*, where for all

ieS pit=Yumwi L1~

* Let0O#jeS. The transmon probability from state 0 to state j
for a life aged x between x and x + 7 is given by ,(ag)’ := p*’.



Force of transition (VI)

Remark (Lecturer's comment and advice)

Since in my view the British actuarial notation could easily lead
to confusion, we will consequently use the logically consistent
language of multistate modelling - throughout (the second part
of) this course.



Force of transition (VI)

Remark (Lecturer’s comment and advice)

Since in my view the British actuarial notation could easily lead
to confusion, we will consequently use the logically consistent
language of multistate modelling - throughout (the second part
of) this course. The “dictionary” will also help you to solve
problems from the “red book” very soon.



Force of transition (VII)

Similarly to the case of the time-homogeneous Markov
semigroup (THMS) we now are going to represent transition
intensities in form of a suitable matrix.



Force of transition (VII)

Similarly to the case of the time-homogeneous Markov
semigroup (THMS) we now are going to represent transition
intensities in form of a suitable matrix.

Definition

Leti,jeS={0,1,2,...,n} and r > 0. Then the

(n+1) x (n+1)-matrix Q(¢) = (Mlj(t))iJGS is called hazard rate
matrix or intensity matrix.



Force of transition (VII)

Similarly to the case of the time-homogeneous Markov
semigroup (THMS) we now are going to represent transition
intensities in form of a suitable matrix.

Definition

Leti,jeS={0,1,2,...,n} and r > 0. Then the

(n+1) x (n+1)-matrix Q(¢) = (ulj(t))iJGS is called hazard rate
matrix or intensity matrix.

Using our matrix notation and recalling the Markow backward
propagator, the previous proposition immediately leads to

Proposition
Leth,t>0. Then

P(t,t+h) =141 + hQ(2) + h®,(h),

where }llm% ®,(h) =0.



Kolmogorov’s forward equation for the
MBP (1)

Theorem (Kolmogorov’s forward equation for the MBP)

Assume that (s, 1) — P(s,1) is continuously partially
differentiable. Let0 < s <t. Then

9P(s,1)

2 = P(.0Q().



Kolmogorov’s forward equation for the
MBP (1)

Theorem (Kolmogorov’s forward equation for the MBP)

Assume that (s, 1) — P(s,1) is continuously partially
differentiable. Let0 < s <t. Then

9P(s,1)
ot

i.e., foralli,jeS={0,1,2,...,n} and 0 < s <t we have

=P(s,0)Q(1),



Kolmogorov’s forward equation for the
MBP (1)

Theorem (Kolmogorov’s forward equation for the MBP)

Assume that (s, 1) — P(s,1) is continuously partially
differentiable. Let0 < s <t. Then

OP(s,t
D _pis.0Q0).
i.e., foralli,jeS={0,1,2,...,n} and 0 < s <t we have

Opij(s,t)
ot



Kolmogorov’s forward equation for the
MBP (1)

Theorem (Kolmogorov’s forward equation for the MBP)

Assume that (s,t) — P(s,t) is continuously partially
differentiable. Let0 < s <t. Then

OP(s,t
D _pis.0Q0).
i.e., foralli,jeS={0,1,2,...,n} and 0 < s <t we have

Ipij(s,1) _ > pik(s, 1) pj (1)
ot k=0



Kolmogorov’s forward equation for the
MBP (1)

Theorem (Kolmogorov’s forward equation for the MBP)

Assume that (s,t) — P(s,t) is continuously partially
differentiable. Let0 < s <t. Then

OP(s,t
D _pis.0Q0).
i.e., foralli,jeS={0,1,2,...,n} and 0 < s <t we have

ap"fé(:”) = Zn:plk(s 1) (1) © pis(s.1) () + %:Plk(s 1) e (1) -
k#j



Kolmogorov’s forward equation for the
MBP (II)

Proof.
LetO<s<rand 2 >0. Then

P(s,t+h) = P(s,t)P(t,1+h)



Kolmogorov’s forward equation for the
MBP (II)

Proof.
LetO<s<rand 2 >0. Then

P(s,t+h)

P(s,t)P(1,t+h)
P(s, 1) (L1 + hQ(z) + hd,(h))



Kolmogorov’s forward equation for the
MBP (II)

Proof.
LetO<s<rand 2 >0. Then

P(s,t+h) = P(s,t)P(t,1+h)
P(s, 1) (L1 + hQ(z) + hd,(h))
P(s,t) + hP(s,1)Q(¢) + h¥; ,(h),

where ¥, ,(h) := P(s,1) ®,(h). Since clearly }lln’é U, ,(h) =0, the
proof is finished.



Kolmogorov’s backward equation for
the MBP (I)

Theorem (Kolmogorov’s backward equation for the MBP)

Assume that (s,t) — P(s,t) is continuously partially
differentiable. Let(0 < s <t.



Kolmogorov’s backward equation for
the MBP (I)

Theorem (Kolmogorov’s backward equation for the MBP)

Assume that (s,t) — P(s,t) is continuously partially
differentiable. Let0 < s <t. Then

OP(s,t)
R0 Qup(s.).



Kolmogorov’s backward equation for
the MBP (I)

Theorem (Kolmogorov’s backward equation for the MBP)

Assume that (s,t) — P(s,t) is continuously partially
differentiable. Let0 < s <t. Then

OP(s,t)
R0 Qup(s.).

i.e., foralli,jeS={0,1,2,...,n} and 0 < s < t we have

8p,~j(s, l)
os



Kolmogorov’s backward equation for
the MBP (I)

Theorem (Kolmogorov’s backward equation for the MBP)

Assume that (s,t) — P(s,t) is continuously partially
differentiable. Let0 < s <t. Then
OP(s,t
D - Q).
S

i.e., foralli,jeS={0,1,2,...,n} and 0 < s < t we have

ap’fa(”) - Zn: ik (s) prj(s,t)



Kolmogorov’s backward equation for
the MBP (I)

Theorem (Kolmogorov’s backward equation for the MBP)

Assume that (s,t) — P(s,t) is continuously partially
differentiable. Let0 < s <t. Then
OP(s,t
D - Q).
S

i.e., foralli,jeS={0,1,2,...,n} and 0 < s < t we have

T = B0 Y 050 T k50
k#i



Kolmogorov’s backward equation for
the MBP (II)

Proof.
Let 0 < s <. Choose h > 0 suitably small such that s+ 4 < ¢. Then

P(s,t) = P(s,s+h)P(s+h,1)



Kolmogorov’s backward equation for
the MBP (II)

Proof.
Let 0 < s <. Choose h > 0 suitably small such that s+ 4 < ¢. Then

P(s,1)

P(s,s+ h)P(s+h,t)
(L1 + hQ(s) + h®;(h))P(s + h,t)



Kolmogorov’s backward equation for
the MBP (II)

Proof.
Let 0 < s <. Choose h > 0 suitably small such that s+ 4 < ¢. Then

P(s,1) P(s,s+h)P(s+h,t)
(L1 + hQ(s) + h®;(h))P(s + h,t)

P(s+h,t) + hQ(s)P(s+h,t) + hAgip (),

where Ag.p(h) := ®,(h)P(s + h,t). Due to the assumption we
have lln% Agins(h) =0and lllm(l) P(s + h,t) =P(s,1). O



Kolmogorov’s forward equation and
implications (I)

Particularly Kolmogorov’s forward equation implies some
statements which are useful in tackling further problems from
the “red book” (as you have seen in the lecture unit from

19/04/2013).
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Corollary

Fix an arbitrary x > 0 (and consider a live aged x). Leti,j € S.
Then the following representation holds:
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implications (I)

Particularly Kolmogorov’s forward equation implies some
statements which are useful in tackling further problems from
the “red book” (as you have seen in the lecture unit from
19/04/2013).

Corollary
Fix an arbitrary x > 0 (and consider a live aged x). Leti,j € S.
Then the following representation holds:

d ij_

%lpx -
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Particularly Kolmogorov’s forward equation implies some
statements which are useful in tackling further problems from
the “red book” (as you have seen in the lecture unit from
19/04/2013).

Corollary

Fix an arbitrary x > 0 (and consider a live aged x). Leti,j € S.
Then the following representation holds:

d . n ik ki
Elp.lxj = thjc :u’xJH
k=0



Kolmogorov’s forward equation and
implications (I)

Particularly Kolmogorov’s forward equation implies some
statements which are useful in tackling further problems from
the “red book” (as you have seen in the lecture unit from
19/04/2013).

Corollary

Fix an arbitrary x > 0 (and consider a live aged x). Leti,j € S.
Then the following representation holds:

d o &
Elp.lxj = thjc :u’xJH =
k=0



Kolmogorov’s forward equation and
implications (I)

Particularly Kolmogorov’s forward equation implies some
statements which are useful in tackling further problems from
the “red book” (as you have seen in the lecture unit from
19/04/2013).

Corollary

Fix an arbitrary x > 0 (and consider a live aged x). Leti,j € S.
Then the following representation holds:

d o & ok
Elp.lxj = thjc :u’xJH = Z(lp; Mx{rt_lp,lvj xH)
k=0 ki



Kolmogorov’s forward equation and
implications (I)

Particularly Kolmogorov’s forward equation implies some
statements which are useful in tackling further problems from
the “red book” (as you have seen in the lecture unit from
19/04/2013).

Corollary

Fix an arbitrary x > 0 (and consider a live aged x). Leti,j € S.
Then the following representation holds:

d ;& ek ok ik
i = St = > (i i~ 1)
k=0 ki

Notice that in fact we have obtained an ordinary differential
equation (ODE).



Kolmogorov’s forward equation and
implications (Il)

Proof. )
Just observe that for fixed x we have ,py = p;(x,x+1) =

(pij © ) (1), where () := (x, 7+ x). Now apply the chain rule of
differentiation and recall that 11, := —4l5, = — iy 1051 O



Kolmogorov’s forward equation and
implications (Il)

Proof. )

Just observe that for fixed x we have ,py = p;(x,x+1) =

(pij o vx) (1), where ~,(t) := (x,1+x). Now apply the chain rule of
differentiation and recall that 11, := —4l5, = — iy 1051 O
The next implication will play an important role within the
multiple decrement model framework which you will see in the
lecture unit on Friday, 26/04/2013 - particularly if we assume
that j = 0.



Kolmogorov’s forward equation and
implications (lll)

Proposition
Suppose thatj € S is a state such that ;/;j =0 forallk #j.
() Let0O<s<t Then:



Kolmogorov’s forward equation and
implications (l11)
Proposition
Suppose thatj € S is a state such that ;/;j =0 forallk #j.
() Let0O<s<t Then:

pjj(s,1)



Kolmogorov’s forward equation and
implications (l11)
Proposition
Suppose thatj € S is a state such that ;/;j =0 forallk #j.
() Let0O<s<t Then:

pjj(s,t) =



Kolmogorov’s forward equation and
implications (lll)

Proposition
Suppose thatj € S is a state such that M'S‘j =0 forallk #j.
() Let0O<s<t Then:

pjj(s,t) = exp(_/st%jdu)



Kolmogorov’s forward equation and
implications (lll)

Proposition
Suppose thatj € S is a state such that u's‘j =0 forallk #j.
() Let0O<s<t Then:

)= exp ([ ) =exp (<3 [ it )

ki



Kolmogorov’s forward equation and
implications (lll)

Proposition
Suppose thatj € S is a state such that ;/;’ =0 forallk #j.
() Let0O<s<t Then:

pits.0) = exp( [ ullau) =exp (=Y [ pltau).

ki

(i) Fixx>0. Then for all t > 0, we have:



Kolmogorov’s forward equation and
implications (lll)

Proposition
Suppose thatj € S is a state such that ;/;’ =0 forallk #j.
() Let0O<s<t Then:

pits.0) = exp( [ ullau) =exp (=Y [ pltau).

k#j
(i) Fixx>0. Then for all t > 0, we have:

oy



Kolmogorov’s forward equation and
implications (lll)

Proposition
Suppose thatj € S is a state such that ;/;’ =0 forallk #j.
() Let0O<s<t Then:

pits.0) = exp( [ ullau) =exp (=Y [ pltau).

k#j
(i) Fixx>0. Then for all t > 0, we have:

tP,]x] =



Kolmogorov’s forward equation and
implications (lll)

Proposition
Suppose thatj € S is a state such that u';’ =0 forallk #;.
() Let0O<s<t Then:

pits.0) = exp( [ ullau) =exp (=Y [ pltau).

k#j
(i) Fixx>0. Then for all t > 0, we have:

tp{;cj = exp( /Otuiﬂu du)



Kolmogorov’s forward equation and
implications (lll)

Proposition
Suppose thatj € S is a state such that u';’ =0 forallk #;.
() Let0O<s<t Then:

pits.0) = exp( [ ullau) =exp (=Y [ pltau).

k#j
(i) Fixx>0. Then for all t > 0, we have:

tpﬁcjzexp(fot'u;{rudu):eXp(_kz#:’/Otﬁéliudu).
]



Kolmogorov’s forward equation and
implications (lll)

Proposition
Suppose thatj € S is a state such that ;/;j =0 forallk #;.
() Let0O<s<t Then:

pits.0) = exp( [ ullau) =exp (=Y [ pltau).

k#j
(i) Fixx>0. Then for all t > 0, we have:
.. .. t .
= exp( [ uddu) =exp (=3 [l du).
ki

Proof.
Cf. the lecture unit from 19/04/2013.
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Sojourn probability (1)

Regarding annuity calculations we need the notion that a life
remains in the same state over an extended period of time.
Thus, let us recall from 19/04/2013 the following definition:

Pl =P(Y(x+5) =i forallsin [0,7] | Y(x) =i);

that is, the probability that a life aged x stays in state i € S
throughout the period from age x to age x + . ,p" is known as
sojourn probability (or occupancy probability).

Note that ,p < pii. (why?)

The following statement - and its important implication which
you have seen on 19/04/2013 (yet without proof) - is not
obvious.



Sojourn probability (II)

Lemma
ForallieS and for all x,t > 0, we have
= P(Y(s)=i,Vse[0,x+1])
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Sojourn probability (II)

Lemma
ForallieS and for all x,t > 0, we have
= P(Y(s)=i,Vse[0,x+1])

i _

Dy = P(Y(s) =i,Vse[0,x])

Corollary
Forallie S and for all x,t,h > 0 we have:

i

ii i di
t+hPx = tPx * hPx+s -

For “geeks” only we give a short proof of the previous lemma
(which is not required as necessary knowledge for your final
exam paper). We abbreviate the Markov property as “(MP)”.



Sojourn probablity (1II)
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Proof.

P P(Y(x+s)=i,Vse[0,¢] | Y(x)=i)

(MP) ]P’(Y(x+s) =i,Vse[0,1] | Y(s)=iVse [O’X])



Sojourn probablity (1II)
Proof.

" ]P’(Y(x+s) =i,Vse[0,t] | Y(x) = i)
P(Y(x+s)=i,Vse[0,t] | Y(s) =i Vse[0,x])
P(Y(s)=i,Vse[x,x+1]| Y(s) =i Vse[0,x])

s ”CEE I



Sojourn probablity (1II)

Proof.
tpf? = ]P’(Y(x+ s)=1i,Yse[0,t] | Y(x) = i)
) p(y(x+s) =i Vs e[0,1] | Y(s) =i Vs e [0.x])
v ]P’(Y(s) i,Vse[x,x+t]|Y(s)=iVse][O, ])

P(Y(s)=i,Vse[0,x+1])
P(Y(s) =i,Vs€[0,x])




Sojourn probablity (1II)
Proof.

,pgi = P(Y(x+s)=iVse[0,1]| Y(x) =1i)

(MP) ]P’(Y(x+s) =i,Vse[0,1] | Y(s)=iVse [07x])

P(Y(s)=i,Vse[x,x+1]| Y(s) =i Vse[0,x])
P(Y(s)=i,Vse[0,x+1])
P(Y(s) =i,Vse[0,x])

RN

O

Verify the corollary! Now it’s simple. Also this verification is not
required as necessary knowledge for your final exam paper.



