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Abstract

Within the framework of the search for the still unknown exact value of the real and
complex Grothendieck constant Kg in the famous Grothendieck inequality (unsolved
since 1953), where F denotes either the real or the complex field, we concentrate our
search on their smallest upper bound. To this end, we establish a basic framework,
built on functions which map correlation matrices to correlation matrices entrywise
by means of the Hadamard product, such as the Krivine function in the real case or
the Haagerup function in the complex case. By making use of multivariate real and
complex Gaussian analysis, higher transcendental functions, integration over spheres
and combinatorics of the inversion of Maclaurin series, we provide an approach by which
we also recover all famous upper bounds of Grothendieck himself (K& < sinh(r/2) ~
2.301 - [52]), Krivine (K¢ < ;s &~ 1,782 - [90]) and Haagerup (KG < 1.405,
numerically approximated - [57]); each of them as a special case. In doing so, we aim
to unify the real and complex cases as much as possible and apply our results to several
concrete examples, including the Walsh-Hadamard transform (“quantum gate”) and
the multivariate Gaussian copula - with foundations of quantum theory and quantum
information theory in mind. Moreover, we propose a shortening and a simplification of
the proof of the strongest estimation until now; namely that K& < m ([22]). We
summarise our key results in form of an algorithmic scheme and shed light on related
open problems for future research works.
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1. Introduction and motivation

1.1. Problem background

Despite its emergence more than six decades ago, the techniques and results of the actually
pathbreaking work of A. Grothendieck in the metric theory of tensor products are still not
widely known nor appreciated. Very likely this is due to the fact that Grothendieck included
virtually no proofs, and that he used the (duality) theory of the rather abstract (yet very
powerful) notion of tensor products of Banach spaces (cf. [2, 33, 37, 52]). Actually, [52]
appeared in 1956. The fundamental idea exploited in [33] is a one-to-one correspondence
between Grothendieck’s finitely generated tensor norms and maximal Banach operator ideals
(in the sense of Pietsch - cf. [117]) via trace duality. Theory and applications of operator
ideals are widely known (not by functional analysts only), as opposed to the tensor norm
theory of Grothendieck. In this respect, [33, 37, 77] are very valuable sources which strongly
help to make Grothendieck’s approach accessible to a wider community.

In particular, the famous Grothendieck inequality (also known as the fundamental theorem
of the metric theory of tensor products), published in Grothendieck’s seminal paper [52] had
a profound influence on the geometry of Banach spaces and operator theory; particularly
between 1970 and 1990. We highly recommend those readers who have a solid knowledge
of functional analysis to study Chapter 8 of the superb monograph [2]. Here is worked
out in great clarity, step-by-step (without the use of tensor products of Banach spaces,
and without the use of abstract operator ideal theory), how the Grothendieck inequality
can be equivalently characterised, including Grothendieck’s key result, that the inequality is
equivalent to the deep fact that any bounded linear operator T € L(L'(u),ls) (where the
measure g lives on a o-finite measure space) already is absolutely 1-summing and satisfies
the norm inequality ||T||p, < K& ||T|| (cf. [2, Remark 8.3.2 (b)], [33, Theorem 23.10], [34],
[77, Theorem 10.7] and Remark 4.10). An exceptional proof of the latter result (which is
built on a factorisation of T' € L(ly,5) over the disc algebra A(D)) is given in [150, Theorem
IILE.7] (cf. also Remark 5.13 below).

Meanwhile, in addition to this impact, the Grothendieck inequality exhibits deep appli-
cations in different fields (including theoretical computer science, computational complexity,
analysis of Boolean functions, random graphs (including the mathematics of the systemic
risk in financial networks, analysis of nearest-neighbour interactions in a crystal structure
(Ising model), correlation clustering and image segmentation in the field of computer vision),
NP-hard combinatorial optimisation, non-convex optimisation and semidefinite programming
(cf. [54]), foundations and philosophy of quantum mechanics, quantum information theory,
quantum correlations (cf. Subsection 3.1), quantum cryptography, communication complex-
ity protocols and even high-dimensional private data analysis (cf. [39])! Also in these fields
there exist many challenging related open problems.

The interest in Grothendieck’s work revived when J. Lindenstrauss and A. Pelczynski
recast its main results in the more traditional language of operators and matrices (see [37,



Theorem A.3.1] and [97]) which is also the basis of our own research.

Theorem 1.1 (Grothendieck inequality in matrix form). Let F € {R,C}. There is
an absolute constant K > 0 such that for any m,n € N, for any A = (a;j) € M, »(F), any
F-Hilbert space H, and any (uy,. .., un) € BY, (v1,...,v,) € B}, the following inequality is
satisfied:

33 ailun ] < K sup {33 aumias| : Il < 11l < 1v, 5.

i=1j=1 i=1j=1

The smallest possible value of the corresponding absolute constant K is called the Grothendieck
constant K§, (cf. also Theorem 3.7). The superscripts R and C are used to indicate the
different values in the real and complex cases. Regarding functional analytic key reformu-
lations of the Grothendieck inequality, involving the infinite-dimensional Banach spaces of
type C(K), C(L) and L'(u), we highly recommend the readers to study [119, Section 2],
including the detailed and very helpful proof of the equivalence of [119, Theorem 2.3] and
the Grothendieck inequality in matrix form (on which our paper is based). Observe that
in the case m = n = 1, already K = 1 satisfies the Grothendieck inequality. However,
it is well-known that K& > K& > 1 (cf. also Corollary 3.33). In his seminal paper [52],
Grothendieck proved that K& < sinh(Z) & 2.301 (within our framework recovered as special
case in Example 6.48). In 1974, Grothendieck’s result could be improved by R. E. Rietz, who
showed that K& < 2.261 (cf. [123]). Until present (rounded to three digits) the following
encapsulation of K% holds; rounded to 3 digits (cf. [22], Example 6.48 and Example 6.51):

" 1 T
1,676 < K& < =
“ 2sinh™'(1)  2In(1 +v/2)

~1,782.

The complex constant is strictly smaller than the real one. Namely, if we merge the values
of the upper bounds of K& achieved to date (cf. [57, 90, 118, 119], Theorem 1.3 and our
approximative calculation of the number Ci ~ 1.40449 at the end of Example 7.15), we obtain
(rounded to three digits):

4
1<—<1.338§Kg§1.405<\/§<el‘7<g<K§§\/§Kg, (1.1)

7r
where v := >0 ,(—1) % = —I"(1) =~ 0.577 denotes the Euler-Mascheroni constant. Until

present, the best-known lowest upper bound of K is given by K& < 1.40491, carried out by
U. Haagerup in [57] (approximatively achieved again in Example 7.15).

Regarding apparently surprising equivalent formulations of Theorem 1.1 (including their
detailed verifications), revealing the depth of the structure beneath the “surface of the in-
equality”, we refer to [77, Equivalent formulations, p. 109 ff].

Computing the exact numerical value of the constants K& and K is still an open prob-
lem (unsolved since 1953). This is where our own research continues. We look for a general
framework (primarily build on methods originating from (block) matrix analysis (cf. [68]),
multivariate statistics with real and complex Gaussian random vectors, theory of special
functions, modelling of statistical dependence with copulas and combinatorics, whose com-
plexity increases rapidly in dimension, though) which allows us either to give the value of
K&, respectively KS explicitly or to approximate these values from above and from below
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at least. However, our approach - which in particular allows a short proof of the real and
complex Grothendieck inequality, even with J.-L. Krivine’s upper bound of K& - confronts
us strongly with the question whether the seemingly non-avoidable combinatoric complex-
ity actually allows us to determine the values of K§, respectively K{ explicitly, or not. A
detailed description of this research problem can be studied in Subsection 9.1 of our paper.

If either the size m x n of the arbitrarily chosen matrix A € M,, ,(F) or the dimension
d of the finite-dimensional Hilbert space F¢ is predefined, we obtain the corresponding two
weakened forms of Theorem 1.1:

Proposition 1.2. Let F € {R,C}.
(i) For any d € N there is a constant K*(d) > 1 such that
|23 asi(us, vdpg| < KF(d) sup {| 0D aymigs| < pil < 1, 1g5l < 10,5} (1.2)

i=1j=1 i=1j=1

for any m,n € N, for any A € M,,,.(F), for any (ui,...,u,) € BYJ', and for any
(v1,...,v,) € BY.

(i) For any (m,n) € N? there is a constant K*(m,n) > 1 such that

D aytun v)u| < K (myn) sup {| 33 aypigy| - Ipil < Llgsl <165} (13)
=1 j=1 i=1 j=1
for any Hilbert space H, for any A € My, (F), for any (uy, ..., un) € Bj}, and for any
(v1,...,v,) € B}

Let KE(d) denote the smallest possible value of the corresponding constant K¥(d), introduced

by Krivine (cf. [33, Proposition 20.17]), and let K7(m,n) be the smallest possible value of

the constant K¥(m,n), introduced by B. S. Tsirel’son for F = R (cf. [141] and the detailed

elaboration in [93, 94]). Consequently, K5(d) < KE for all d € N, whence sup K& (d) < KZ..
deN

Similarly, it follows that sup Kg&(m,n) < K&. It seems to us that the numbers K (m,n)
(m,n)EN?

and K§(d) in general do not stand in relation to each other. Hence, to avoid any risk of
confusion, it is important to understand whether authors refer to Kg(m,n) or to K&(d) (or
even to K7,) in their work, when they talk about “the Grothendieck constant” (such as it is the
case in [14, 23, 43, 44, 83]). For any d € N3, explicit lower bounds of Kg(d) in closed, analytic
form are provided in [23, Theorem 1] and [43, Theorem 2.2]. Very recently, the lower bound
of K&(3) (which is precisely the threshold value for the nonlocality of the two-qubit Werner
state for projective measurements in quantum information theory (cf. [1], [43, Section 3] and
Example 3.25)) could be improved. [14] namely reveals that 1.4367 < K5(3) < 1.4546. To
achieve this result, however, a high computing power was required. In [83], an application of
duality in semidefinite programming (implemented via the so-called “convex hull algorithm”
in MATLAB) lead to the following values of K&(m,n): K&(5,5) = K&(4,n) = /2, where
n € {4,5,6,7}.

Note that K5 (1) = 1. Since the sequence (K&(d))4en is non-decreasing it even follows
that K& = dlg& KE(d) = sup{K&(d) : d € N} (see Proposition 3.18). Moreover, we may add

(see Corollary 3.35):
KE(2d) < KE(2) K&(d) = V2 KS(d) for all d € N.
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In particular, by taking the limit d — oo, we reobtain K% < /2 K§.

Another important special case of the Grothendieck inequality (known as the little Grothendieck
inequality) appears if just positive semidefinite matrices A are considered. Let k% denote the
Grothendieck constant, derived from the Grothendieck inequality restricted to the set of all

positive semidefinite n x n matrices, with entries in F. Then (cf. [108, 116] and Remark
4.10):

Theorem 1.3 (Grothendieck, 1953; Niemi, 1983). LetF € {R,C} and H be an arbitrary
Hilbert space over F. Let n € N. Then

ki = g (Grothendieck)

4
kS = - (Niemsi).

An approximation of the largest lower bounds of both Grothendieck constants (which is not
the subject of our current work) can be found in [32]. The real case is treated in [122] as
well.

1.2. Preliminaries, terminology and notation

This subsection serves to provide the foundation upon which our whole work is built. To
this end, we list the basic notation and symbolic abbreviations used throughout our paper.
More specific terminology, including terms introduced for the first time and related symbolic
shortcuts will be introduced on the spot. The few remaining symbolic shortcuts which are
not explicitly described, are either self-explanatory or can be found in any well-established
and relevant undergraduate textbook in mathematics.

Numbers and sets — As is usual, we denote the set of complex numbers by C and the set of
real numbers by R. Z represents the set of all integers and N stands for the subset of positive
integers. We will use the symbol F to denote either the real field R or the complex field C.
If we wish to state a definition or a result that is satisfied for either real or complex numbers
(i.e., if F € {R,C}), we simply will make use of the letter symbol F. Where there is no
risk of confusion, we suppress the symbol F. In order to save unnecessary case distinctions,
we constantly view the set R as a subset of C, so that R={z € F:2 =%z} ={z € F:
Im(z) = 0}. T := {2z € C : |z|] = 1} denotes the unit circle (“one-dimensional torus”),
D := {2z € C : |z| < 1} the open unit disk and D := {2z € C : |z] < 1} the closed unit
disk. If F'is an arbitrary normed space, then Sp := {z € F : ||z||p = 1} denotes its unit
sphere and Bp := {zx € F : ||z||p < 1} its closed unit ball. Thus, S = FNT. In particular,
Sg ={—1,1} and S¢c = T. Ny := {0} UN denotes the set of all non-negative integers (often
also somewhat unhappily denoted as Z ). If m € N, we put [m] := NN[1,m| = {1,2,...,m}
and N,,, := NN [m,o0) = {m,m+ 1,m+2,...}. Fix n € Ny. In addition to the factorial

n

n! := [I(n — i) € N, the double factorial n!! € N will play a dominant role. The latter is
i=1



defined as
nll:= J] (n—2i),

=0
where R 5 2 — [z := max{v € Z : v < z} denotes the floor function (and R 3 z +— [z] :=
min{v € Z : x < v} the ceiling function). We adopt the usual approach to include (—1)!! ;=1
as well. A straightforward proof by induction on n € Ny, including the well-known fact that

I'(3) = /7 shows that

" 2:0(2+1) ifniseven
nll —
\[221“ +1) ifnisodd

where {z € F: Re(z) > 0} 3 2 — I['(2) := [;° e " t*~! dt denotes the Gamma function which
will play an important role in our paper (cf. [135, Chapter 6.1] and Lemma 4.3).

Vectors, matrices, norms and linear operators in general — Fix m,n € N. The set of all
m X n-matrices with entries in a given non-empty subset S C F is denoted by M, ,(5). The
matrix ring M, ,(F) is abbreviated as M, (F). As usual, e; € F" denotes the column vector
having a 1 in the ¢th place and zeros elsewhere. If we wish to emphasize the dependence on
the dimension n of the vector space F", then we speak of the set {e§” ,e(zn), o emMy C
(cf., e.g., (3.71)). I, := (e1teal ---1e,) € M, (F) describes the identity matrix. Initially, if
not indicated otherwise, any vector (deterministic or random) x € F" is set as column vector,
so that the allocated row vector is decribed by transposition (z + z'). Translated into
Dirac’s bra-ket language, which is also used in quantum information theory, it holds that
e; =]t —1) and ¢] = (i — 1| (i € [n]). In particular, [0) = e, |1) = ey and |n — 1)(1| =
eneg € M, (F) (cf. [107, 134] and (3.72)). If A € M,,,(S) is given, it is sometimes very
fruitful to represent the entries of A as A;; := e Ae; = e] ATe; = (A7), so that A = (aj;),

where a;; := A;j. A € M, ,(F) is defined as 4;; := A;;, implying that A* := A" = AT and

L
_ n

x*:=7T' =z'. Recall that the Euclidean norm is given by ||z|s := Vz*x = | ¥ |z;]? for any
\ =i

r = (21,...,2,)" € F". If we equip the n-dimensional vector space F" with the Euclidean
inner product, we obtain the n-dimensional Hilbert space F% .= (F™, (-, -)2), where the inner

product on " is given by (z,y)s := (z,y)py 1= y'v = Z z;7i- In particular, (z,w)p =z - W
=1

for all z,w € F. As usual in mathematics, we adopt the convention that any inner product
(-, -)u, defined on an arbitrary Hilbert space H, is linear in the first argument and conjugate
linear in the second one, implying that (z, )" == (@, 45 = (y,2)y (2,y € H) is conjugate
linear in the first argument and linear in the second one; a rather common approach in
(quantum) physics. An orthonormal basis in F} is given by the set of vectors {ey, es,...,€,};

i.e., by the standard basis of F". Occasionally, if 1 < p < oo, we put F} := (F", || - [[,), where

|z, == (X, |$i|p)1/p ifl<p<oo
P \max{|zi] i€ 0]} ifp=oo

denotes the p-norm of x = (xy,...,2,,)" € F*. If there is no risk of confusion regarding F,
we simply speak of the space I’ (as usual). As usual, if n € Ny, then S"~" denotes the unit
sphere in R7. Throughout the paper, we also identify any linear operator 7" : F* — F™ with



its representing matrix with respect to the respective standard bases: T = (T3;) i j)em]x[n]-
In particular, we have

T = e/ Te; = (Tej,ei)pp = (ej, T e;)py = (T*);; for all 4, j € [m] x [n],

where T* : FJ' — 3 is the adjoint operator. Furthermore, in the case n = 1, F is
considered throughout as the one-dimensional Hilbert space (F3, (-, -)), where (z,w), := 2 W
for all z,w € F. As usual, O(n) denotes the orthogonal group, consisting of all invertible
matrices A € M, (R) such that A=! = AT. U(n) describes the unitary group, consisting of
all invertible matrices A € M,,(C) such that A=! = A*. SO(n) := {4 € O(n) : det(4) = 1}
is the special orthogonal group, and SU(n) := {A € U(n) : det(A) = 1} describes the special
unitary group.

An important inner product on the F-vector space M, ,,(IF) of all m x n-matrices with
entries in F, which turns M,, ,(F) into an mn-dimensional Hilbert space, is the Frobenius
inner product, which is defined as follows: if A = (a;;) € M, ,(F) and B = (b;;) € M, ,,(F),
then

n

(A, B)p :=tr(AB*) = =33 a;b; = (B, Ay,
1

i=1j=

where

tr(C) = Z:(Cje,,eZ 9 = Zcm = tr(C") = tr(C*) = tr(O)
i=1 i=1

denotes the trace of a given (quadratic) matrix C' = (¢;;) € Mnn(lﬁ‘) One can easily verify
the well-known fact that the set of all elementary matrices {e; e : (i,7) € [m] x [n ]} is an
orthonormal basis in the mn-dimensional F-Hilbert space (M ( ). |- l|7) (since (e;e] )as =
bia 055 for all (o, 8) € [m] x [n] and tr(zy") = y'z for all z,y € F"). We adopt the
symbolic notation of the “£-community” to represent the set of all bounded linear operators
between two normed spaces (F, || - ||g) and (F,|| - ||r) by L(E,F). As usual, the Banach
space E' := L(E,F) denotes the dual space of E. (The “B-community”, often encountered
among researchers in the field of C*-algebras, uses B(FE, F') instead, so that for example,
B(H) = L(H, H), if H is a given Hilbert space (cf., e.g., [64, Chapter 1.3])). Remember that
every linear operator T : Fy — F from a finite-dimensional normed space Fy to an arbitrary
normed space F already is bounded. It should also be noted that actually (A, B)r = (A, B)us
coincides with the Hilbert-Schmidt inner product, defined on the Hilbert space L£(F3,Fy").
To this end, recall that if H and K are arbitrarily given F-Hilbert spaces, T' € L(H, K) is
a Hilbert-Schmidt operator if and only if (||Te,||x).cs € [*(J) for some orthonormal basis
(e,).cs in H. Here, J denotes an arbitrary index set which must be neither finite nor at most
countable (cf., e.g., [78, Proposition 20.2.7]). Hence, if S,T € Sy(H, K) are two Hilbert-
Schmidt operators, the Cauchy-Schwarz inequality implies that

(S, T)gs == Z(Teb, Se)x = Z(eb,T*SeJK =tr(T"9),

edJ vedJ

is a well-defined inner product on the F-vector space So(H, K) of all Hilbert-Schmidt opera-
tors. In fact, it turns So(H, K) into a Hilbert space itself (cf. [29, Exercises 1X.2.19, 1X.2.20]
and [78, Proposition 20.2.7]). Let us also note the easy-to-prove fact that

IT: (M, 0(F), |- lF) o (M, 0 (F), |-lF), A (B tr(BAT))

8



is an isometric isomorphism, whose inverse is given by II7! = ¥, where
M (F) 2 W(t) := (t(ese] ) for all t € (Mynn(F), || - [|7)"-

Obviously, also the canonically defined mapping

O+ (M u(F), | - lr)" —> (M (F), || - ) 8 = (M > (M7, 2))

is an isometric isomorphism, implying that the composition of these two isometric isomor-
phisms lead to the finite-dimensional version of trace duality with respect to the norm
|- ll7 =1 - |lmgs (cf. [79, Theorem 6.4]):

10O : (Myn(F), |- lr) — (Mo (F), || - Ir)', A= (B = tr(BA)).

Although it is our intention that the main ideas developed in our paper can be captured
without knowledge of advanced functional analysis and related operator theory, we will add a
few text passages which should show how also our approach extends into the area of functional
analysis and operator ideal theory. Related references will be listed, of course. In particular
- despite its elegance and power - we intentionally avoid the explicit use of the language of
abstract tensor products of Banach spaces and related tensor norms (originally coined by A.
Grothendieck in his seminal paper [52]) as far as possible. Of course, any attentive reader
will recognise that tensor products occasionally also are lurking in our framework (primarily
in the form of concrete Kronecker products of matrices). Remarks in this regard could be
skipped at the first reading. However, for particularly stubborn readers and authors, we
strongly refer to [29, 33, 64, 77, 79, 117, 147].

Since (symmetrically) partitioned random vectors and block matrices play a key role in our
analysis, it is sometimes very useful to transform matrices into column vectors by making use
of a technique known as matrix vectorisation (cf. [98, Chapter 10]). If A = (ajlas! -+ la,) €
M, »(F), with columns a; € F™ (j € [n]), then

vec(A) == vec(ay,...,a,) = (a | ...la))" € F™
denotes the column vector constructed by stacking the columns of A on top of each other. A
concise entrywise implementable construction (built on Euclidian division with remainder)
of vec(A) will be treated at the beginning of Subsection 3.4 (cf. (3.69)). Obviously,

vec : (Mo (F), (-, ) ) — F5™, A+ vec(A)
is an isometric isomorphism (between finite-dimensional Hilbert spaces). In particular,
(vec(A),vec(B))s = tr(B*A) and |[vec(A)||s = /tr(A*A) (1.4)

for all A, B € M,,,(F). We also need vec’s cousin, the Kronecker product of matrices (cf.
[98, Chapter 10]), on which the construction of a matrix is based which delivers /2 as a
lower bound of the real Grothendieck constant K¢ and plays a key role in the foundations
of quantum mechanics, quantum information and even in evolutionary biology: the Walsh-
Hadamard transform (cf. Example 3.27, Remark 3.29 and Remark 3.30)! The Kronecker



product is constructed as follows: if A € M, ,,(F) and B € M, ,(F), then

Mll M12 e Mln
I\\/Jlmp,nq(lﬁ‘) SAR B = :21 :22 | :2 ’
Mml Mm2 e an

where M;; := a;;B € M, ,(F). If C € M,,,(F) and D € M, ((F) are two further matrices,
then elementary block matrix multiplication instantly results into the well-known fact that

(A® B)(C® D) = AC® BD . (1.5)

We will also provide a rigorous entrywise implementable construction of the Kronecker prod-
uct at the beginning of Subsection 3.4 (again built on Euclidian division with remain-
der). In the context of partitioned random vectors, we will apply the vec operator in
the following sense: if x = (21,...,Zn, Tyt ..., Ton) € F2, then z = vec(ai,ay), where
ar = (21,...,2,)" € F" and ay := (¥py1,...,To,) € F™

Fix v = (v,...,v)" € F and A = (a;;) € M,,,(F). Let ¥ : [m] x [n] — [I] and
A : [l] — [m] x [n] be given. In the context of our analysis, ¥ should be viewed as
a mapping which maps an index (¢, j) € [m] x [n] of the matrix element a;; € F to the
index W(i,j) € [I] of an allocated vector element. Conversely, A should be regarded as a
mapping which maps the index a € [I] of the vector element v, € F to an index A(«a) =
(A1(a), Aa(ar)) € [m] x [n] of an allocated matrix element. More precisely formulated, if we
consider the (linear) composition operator Cy, : F' — M, ,(F), we map the given vector
v € F! to a matrix Cy(v) := vy € M, ,(F) as follows:

(vw)i; = vwg,y) for all (4, 7) € [m] x [n].

Analogously, we map the matrix A = (a;;) € M,,.,(F) to a vector Ay € F', according to the
rule

(OA(A))a = (AA)a = GA(a) = Q(A1(a),A2(a)) for all a € [l],

where C)y : ML,,, ,(F) — F' denotes the related linear composition operator. Similarly, the
matrix A € M, ,(F) can be mapped to the matrix A, € M, ,(F), where o is now a given
mapping of type o : [r] X [s] — [m] X [n]. Observe that A, consists of entries of the originally
given matrix A, so that we could view A, as a subordinated matrix of A (cf. Remark 5.3).
For example, A" = A, = C,(A), where the mapping 7 : [n] x [m] — [m] x [n] is defined
as transposition: 7(v,u) := (u,v) (cf. (3.69)). A very recent application of vectorisation
within the framework of single quantum systems (where entangled states do not play a role),
including a related application of the Grothendieck inequality can be found in [145, 146].
Partitioning, C* versus R, matrices with special form and positive semidefiniteness —
With regard to the study of a class of crucially important partitioned multivariate complex
Gaussian random vectors for our analysis (cf. Section 2), we firstly have to shed some light
on the structure of the following two important mappings, which we will encounter many
times in this paper. Similar constructions and particular cases are listed in [5, Chapter 1.2]
and [68, Problem 1.3.P20 and Problem 1.3.P21]. To this end, fix m,n € N and w € C". Put

C" 5 w = Re(w) + i Im(w) = Jo(w) = J" (w) 1= vec(Re(w), Im(w)) € R*" (1.6)

10



and

 [Re(A) —Im(A)
Mm,n(c) 5 A RQ(A) = (Im(A) RG(A) S Mzm,gn(R) (17)
Observe, that if n > 2, Jo(w) = vec(Re(w), Im(w)) = vec(Re(wy), ..., Re(w,), Im(w), ..., Im(w,))
in general does not coincide with vec(Jy(wy), Jo(ws), ..., Jo(w,)). However, given arbitrary

z,w € C", we obtain an important equality which will be applied several times in our paper;
namely:

JQ[Qn]VeC(Z, w) = vec(Re(z), Re(w), Im(z), Im(w))

1.8
= Gvec(Re(2),Im(z), Re(w), Im(w)) = G vec(J2(2), Jo(w)), (18)
where
I, 0 0 0
G=G, = 8 I(iz [0" 8 =G =G € O(4n) is orthogonal . (1.9)
0 0 0 I,

Observe that the matrix Gy € O(4) precisely coincides with the “swap gate” (also known as
“flip operator”), used in quantum information theory (cf. [134, Problem 28] and Example
3.25). In general, if vec(zy, x9, x3,74) € R is given, then G = G,, swaps the column vectors
e € R™ and z3 € R" and maps vec(xy, T9, 23, x4) to vec(zy, 3, X2, 24). Also the matrix G
will be needed repeatedly; for example, in the proofs of Lemma 2.14 and Corollary 2.15.

Not only in this context, we occasionally need the following construction. Let f,g :
F* — F be two arbitrary functions (k € N). Then the function f ® g : F** — F is (purely
symbolic) defined as

(f @ g)(vec(z,y)) := f(z)g(y) for all z,y € F".

Clearly the mapping J, : C* — R*" is bijective, and [|Ja(a)|[pz» = |lalcy for any a € C™.
Moreover,

Jo(@) = (IS _OI ) Jo(a) for all a € C". (1.10)

Recall that S*~! denotes the unit sphere in RY (v € Np). Thus, Scy = J5 ' (S*7!) describes
the unit sphere in C}. Let z,w € C". Then,

Re((w, 2)cp) = Re(z"w) = Jo(2) T Ja(w) = (Jo(w), J2(2))r2n (1.11)

induces an inner product which turns C" into a real finite-dimensional Hilbert space and
Jp into an isometric isomorphism between the real Hilbert spaces (C", Re((:,-)cy)) and R3"™.
Clearly, J, cannot be extended to a linear mapping between C"* and C?>* O R?*". However,
by construction J; ! : R?® — C" clearly satisfies

w1 +ixy = Jy o = (I,}il,)x for all z = vec(wy, 15) € R*™ = R" x R", (1.12)
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Figure 1: Ro(A) = Joo Ao Jy!

implying that the linear and non-injective mapping between the complex vector spaces C?"
and C", induced by the matrix (I,!il,) € M, 5,(C) actually is a linear extension of J; .
Moreover, it follows that

Im({w, z)cp) = Im(2" w) = Re(z"(—iw)) = Jo(2) T Jo(—iw) = (Jy(—iw), Jo(2))pzn  (1.13)

and Jo(Aw) = Ry(A) Jo(w) and Ra(rA) = rRy(A) forall r € R, z,w € C" and A € M, ,(C).
In particular, the following diagram commutes
Note also that Ry(1,,) = I3, and

Ry(GH) = Ry(G)R2(H) for all (G, H) € My,,,(C) x M, ,(C).
Moreover,
Ry(A*) = Ry(A)" for any A € M, ,,(C). (1.14)

In particular,

Ry(AT)T = Ry(A) = (IS 0 ) Ry(A) (IS 0 ) for any A € M, ,(C)

Thus, from the algebraic viewpoint, Ry : M, (C) — My, (R) is an injective unitary *-ring
homomorphism. In particular, A € M, (C) is invertible if and only if R2(A) € My, (R)
is invertible (since Ry(A)Ro(A™') = I, = Ro(A 1) Ry(A) for any A € GL(n;C)). In the

case n = 1, we reobtain the well-known Abelian group isomorphism R, : T —> SO(2).
Consequently, it follows that

Re((Aw, z)cp) = Re(2"Aw) = Jo(2) T Ry(A) Jo(w) = (Ry(A) Jo(w), J2(2))rzm and
(A, 2)ep) = Im(e"Auw) = —o(2) Rali A)VJa(u) = —(Rali AVa(e), (g
for all (z,w) € C™ x C* and A € M,,, ,(C).
Lemma 1.4. Let n € N and C € M,(R). Then the following statements are equivalent
(i) C is skew symmetric.
(i) 2" Cy = —y"Cx for all z,y € R™.
(iii) 2TCz =0 for all z € C".
)

(iv) 2"Cz =0 for all z € R™.
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Proof. Since C' is skew symmetric, it follows that 2'Cy = (z"Cy)" = y"(=C)z for all
x,y € R" wherefrom the implication (z) = (i) follows. (ii) obviously implies condition
(4ii): we just have to factor out (z7 +iy")C(x +iy) for arbitrary z,y € R™ and apply (ii) to
the four consecutive factors. (iii) = (iv) is trivial. Assume that the hypothesis (iv) holds.
Let 2,y € R" be given. Then2"Cx =0,y Cy = 0and (2" +y")C(x+y) = 0. Consequently,

O0=(z' +y")Cz+y)=2"Cy+y Cx=z"(C+C")y,
and (i) follows. O

Combining Lemma 1.4 with (1.14) and (1.15), we immediately obtain another neat result,
including a full characterisation of Hermitian matrices A = A* € M,,(C) by their symmetric
real representation Ry(A) = Ry(A)"T € My, (R).

Proposition 1.5. Let n € N and I' = Re(I') + ¢ Im(I") € M,(C). Then the following
statements are equivalent:

(i) T is Hermitian.
(i) " is skew Hermitian.
o(T') is symmetric.

(iv

(v

(vi) Ry(iT) is skew symmetric.

)
)
(iii) Re(T") € M,(R) is symmetric and Im(I") € M, (R) is skew symmetric.
) R
) #T'zeR forall z € C".

)

A B

In particular, if ¥ = (C’ D

) € My(M,(R)), then the following applies:

Y = Ry(T") for some Hermitian matriz I' € M,,(C) if and only if A= D

. . (1.16)
and B+ C =0 and X is symmetric.
Thereby, the uniquely defined Hermitian matriz is given by I' = A+ iC.

Another important implication refers to the role of the matrix Ry(A) regarding a full clarifi-
cation of the reason for the difference between the structure of positive semidefinite matrices
in M,,(C) and the structure of positive semidefinite matrices in M, (R) (cf. e.g. [68, Theorem
4.1.10] and the field-independent definition in the form of Lemma 1.7 below):

Corollary 1.6. Letn € N and A = Re(A)+i Im(A) € M, (C). Then the following statements
are equivalent:

(i) 2*Az >0 for all z € C".
(i) 2*Az >0 for all z € C" and A is Hermitian.
(iii) 2" Ro(A)x >0 for all z € R*™ and Ry(A) is symmetric.

If in addition Im(A) = 0, then (i) is equivalent to
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(i) 2TAx >0 for all x € R™ and A is symmetric.

Corollary 1.6 reveals the role of symmetry in the established definition of a positive semidef-

1
inite real matrix. For example, if we consider the non-symmetric real matrix A := (_01 O)

and z := (1,i)" € C? then 2" Ax = 0 for all x € R?, but 2*A z = 2i. Thus, throughout the
paper, we apply the following characterisation of positive semidefinite (respectively positive
definite) matrices, which does not depend on the choice of the field F € {R, C}:

Lemma 1.7. Let F € {R,C},n € N and A € M,(F). A is positive semidefinite (respectively
positive definite) in M, (IF) if the following two conditions are satisfied:

(i) A= A~
(ii) z*Az > 0 (respectively z*Az > 0) for all z € F" \ {0}.

In particular, A € M,(R) is positive semidefinite in M,(R), if and only if A € M,(R) C
M, (C) is positive semidefinite in M,(C).

Remark 1.8. If we identify (bounded) linear operators A € L(F", F") and matrices A €
M, (F), then A € L(F™,F") is positive semidefinite if and only if A is a positive self-adjoint
operator. Since any positive operator A € L(C™, C") is self-adjoint, positivity coincides with
positive semidefiniteness on £(C", C"), in contrast to positivity on L(R™, R"); i.e., there are
0

o . 1
positive non-symmetric operators B € L(R", R") (such as B := 10

), implying that
these operators cannot be positive semidefinite in M, (C).
Given ) # S C T, we put (cf. [56])

M, (S)" :={A: AeM,(S) and A is psd in M, (F)}.

Thus, M,(C)" ={A € M,(C):2*Az >0 for all z € C"} and M,(R)" = {A e M,,(R): A =
AT and 2" Ax > 0 for all z € R"}. Moreover, A € ML,(C)* if and only if Ry(A) € My, (R)*.
Here, the subclass of all correlation matrices, i.e., of all psd matrices with ones on their
diagonal (cf. [82, Definition 2.14.] and Lemma 3.2) plays the main role in our work. Only
through their structure, including the deep impact of correlation-preserving mappings (cf.
Definition 5.16) our main results could be developed. We actually work with exactly those
correlation matrices that are used in statistics. So, our approach could also be interesting for
the statistical community; especially for those researchers who are working in spatiotemporal
modelling and functional data analysis (FDA).

All basic properties of positive semidefinite (respectively, positive definite) matrices in-
cluding the “striking if not almost magical” structure of related 2 x 2 block matrices, used
and listed throughout our paper (without proof) can be found in [16, Chapter 1]. A further,
very detailed analysis of the convex psd cone and its geometry, considered from the point of
view of convex optimisation is listed in [31, Chapter 2.9]. (Note also that in addition to the
symbol “ M, (R)* 7, the terms “S}” and “P, ” are often found in the literature.)

Measurability, probability, random vectors — If not specified differently,(Q2, F) always de-
notes a measurable space which is not specified in more detail. However, we have to make use
of different probability spaces, including (F*, B(F*), vt ), where +; denotes the real or complex
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Gaussian measure, described in detail in Subsection 2.1. As usual, if P is a given probability
measure on some (€2, F) and X : Q@ — [ a P-integrable F-valued random variable, then (cf.,

e.g., [11])
Ee[X] := Ep[Re(X)] + i Ep[lm(X)] := /Q Re(X)dP + i /Q Im(X) dP.

In order not to unnecessarily complicate readability, we use the symbols d"z and A, inter-
changeably to denote the real n-dimensional Lebesgue measure (e.g., [gn fdA\, = [z f(2)\n(dz) =
Jgn f(x)d"x). Unless otherwise stated, random wariables will be denoted by capital letters
(such as X : Q@ — R, or Z : Q — C), whereas random vectors will be denoted by bold

capital letters (such as X : © — R or vec(Z, W) : Q — C>"). X £ Y stands for the
equality Px = Py of the respective probability laws.

Within the framework of standard measure theory (including classical LP-spaces), we will
tacitly assume that we always are working with equivalence classes of almost everywhere
coinciding F-valued functions, respectively vector valued measurable mappings on some un-
derlying measure space (€2, F, ). However, since paths of stochastic processes will not play
a role in this paper, we do not have to pay special attention to the structure of null sets. In
this regard, a typical example is the real-valued signum function:

1 ifzx>0
sign(z) :=¢0 ifzx=0.
-1 ifz<O

If we namely view sign as an element of L>(R) (with [[sign||,, = 1), it follows that
sign = 21y o) — 1 in L>(R)

(since {0} is a Lebesgue null set), where 14 denotes the indicator function of A € F. Observe
that H := 1)y is also well-known as Heaviside step function, which is especially used for
applications of Fourier analysis in electricity engineering. This perspective will become an
important part of our approach (cf. Example 6.27).

Finally, let us remark, that we also make use of the purely symbolic notation x = y to
indicate that « can be canonically identified with the quantity y (such as M, ;(F) = F") or
that it is just a shortcut for the previously rigorously defined quantity y (cf., e.g., (2.18)).

2. Complex Gaussian random vectors and the proba-
bility law CN,, (0, ¥2,(C))

2.1. General complex Gaussian random vectors in C" and their
probability distribution

Regarding a deeper analysis of the underlying structure of the Grothendieck inequality in

the complex case, including the Haagerup equality, it is very helpful to work with centred

random vectors whose probability law follows the multivariate complex Gaussian distribution,
fully characterised through certain correlation matrices, whose entries are elements of ID.
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This approach allows us to generalise the Haagerup equality by substituting the complex
sign function, chosen by Haagerup (see [57]), through arbitrary “circularly odd” functions
b:Ct — T, where k € N (see Corollary 7.4).

It is far beyond the scope of this paper, to recall the rich structure of the multivariate
complex Gaussian distribution in detail. However, for the convenience of the readers we
list and describe all those properties of that probability law which are implemented in some
of our following proofs in relation to the complex version of the Grothendieck inequality
and beyond in a self-contained way. We highly recommend the readers to study related
chapters in the references [5, 51], respectively [69, Chapter 2.1] and [72, Appendix E.2],
where that class of random vectors and their distribution functions is comprehensively and
rigorously introduced including the corresponding symbolic (mostly self-explaining) notation.
Significant facts about real Gaussian random vectors are also listed and discussed thoroughly
in [95, Chapter 5.11.1] and [129, Chapter 1.10]. In [11, Chapter 30], a real Gaussian random
vector is viewed and treated as a special case of a measurable mapping between a probability
space and a measurable space. Recall the powerful general characterisation of the Gaussian
law of random vectors with values in R" (cf. e.g. [11, Theorem 30.2]):

Proposition 2.1. Let (u,X) € R™ x M,(R)" and X = vec(Xy, Xa,...,X,) be a random
vector in R™. Then the following statements are equivalent:

()
X~ N,(u, %),
(ii) For all a € R",

a' X = Zai X; ~ Ni(a"p,a"Ya);

i=1
(iii) The characteristic function of X is given by
R" 3 a+— ¢x(a) := Elexp(ia' X)] = exp(ia' p— 1a'Sa).

Consequently, the following important fact (which we apply in this paper frequently) follows
at once:

If X ~ N,(1t,Y), then AX + b~ N,(Au+b, AXAT) for all m € N and (b, A) € R™ x M,,, ,(R).
(2.17)

Furthermore, recall that a random vector Z = vec(Zy, Zs, ..., Z,) which maps into C" is a
complex random vector if for all v € [n] Z, = X, +iY,, where X, = Re(Z,) and Y, = Im(Z,)
both are real random variables (each one defined on the same probability space). Along the
lines of the notation for (deterministic) vectors in C™ one puts

X = Re(Z) := vec(Re(Z1),Re(Zs), ..., Re(Z,)) = vec(X1, Xo, ..., X,)

and
Y =1Im(Z) := vec(Im(Z;),Im(Z), ..., Im(Z,)) = vec(Y1,Ys, ..., Y,),

implying that Z = X +:¢Y = Re(Z) + ¢ Im(Z). Let
)‘S = (J2_1)*)‘2n
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be the Lebesgue measure on C™ (i.e., the image measure of the real Lebesgue measure \y,).
FixO<p<oo. If z=x+4 1y € C, then

21 = (@ + "% < max {27271 1} (jaf” + |y[?) < max{2/2,2} |27

(see [78, 2.10.E]). Consequently, the change-of-variables formula (cf. e.g. [12, Chapter 19]),
applied to the image measure \C, implies that

h € LP(C", %) if and only if Re(h) o J; ' € LP(R*™, \y,) and Im(h) o Jy* € LP(R*, \y,).

The construction of A\S namely implies that

p )C = p 4)\C — P -1 = ) |P
L) /\n(dz)_jcn|h| dAS /R%|h| o J; d)\gn_/Rm Ih(z + iy)| /\gn(d(:p,yz). |
2.18

Equipped with these basic, well-known facts about the Lebesgue measure on C", we reintro-
duce complex Gaussian random vectors in the following, seemingly elementary way:

Definition 2.2 (Complex Gaussian random vector). An n-dimensional complex random
vector Z is a complex Gaussian random vector if the real 2n-dimensional random vector
J2(Z) = vec(Re(Z),Im(Z)) is a real Gaussian random vector.

Although that definition of complex Gaussian random vectors seems to be a quite inconspic-
uous one, it encapsulates a rich underlying structure which strongly differs from that one of
real Gaussian random vectors. Firstly, without having to know any further details about the
structure of complex Gaussian random vectors, the change-of-variables formula (cf. e.g. [12,
Chapter 19]) implies that

E[g(2)] =ElgoZ] = [ goZdP= [ gdPy= [ gd(};").Pr
can be written as
Elg(Z)] = Epg[g 0 J5 '] = E[Re(g(J; (X)))] + i E[Im(g(J; (X)))]

for any Pz-integrable function ¢ = Re(g) +¢ Im(g) and any complex Gaussian random vector

Z, where X < J2(Z) is a real 2n-dimensional Gaussian random vector. Consequently, the
expectation vector p = E[Z] := vec(E[Z,],E[Zy],...,E[Z,]) as well as the variance matrix
I = var(Z) = E(Z — 1)(Z — )] = (E[(Z: — 1)(Z; — 5))i<igen € Ma(C)* and the
cross-covariance matrix C' = cov(Z,Z) = E[(Z — u)(Z —p)*] = E[(Z — p)(Z — )] =
(E[(Z; — 1:)(Z; — pj)])1<ij<n € M, (C) are well-defined. Let S € My, (R)* be the variance
matrix of Jo(Z). Then

J2(Z) ~ Non(J2(p), S)
where S = E[Jo(Z — p)Jo(Z — p)T]. A straightforward computation of C' + ' = 2E[(Z —
w)(Re(Z —p))'] and C — T = 2 E[(Z — p)(Im(Z — p)) "] implies that

Re(C +T) Im(C—T) Re(C) Im(C)
2= <Im(c +T) —Re(C - F>> e <1m<0 ) - Re<0)>

o (2.19)
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where Ay, := % (;n _ZZ[; > € U(2n) is an unitary matrix (with det(Ag,) = (—i)™). Observe

G p—

that

where the complex random vector W := vec(Z — pu,Z — p) = vec(Z,Z) — i, with g :=

is the variance matrix of the random

vec(p, ), maps into C?". Consequently, <£’ ?

vector vec(Z,Z). Observe that

R 5 Jy(vec(Z,Z)) = AJo(Z) ~ Ny, (Ady(p), ASAT), (2.20)
I, O
I, O . (T C
where A = 0 I € My, 2,(R). Thus, since a'Sa = %(Agn a) (C F> Nopa =
0 -1,

%E[(Agn a)*WW* Ay, a] = E[(W* Ay, a)*W* Ay, a] for all a € R*™, it follows that the real
matrix S is always positive semidefinite (cf. Corollary 1.6); i.e., S € My, (R)". If in addition
CT =TC, then (see [132, Theorem 3])

det(S) = 4171 det (RQ(F) + (iﬁgg; jlﬁé%)) ) = 41” det(IT — CT).

In particular, if C' = 0, then %RQ(F) = § is positive semidefinite, implying that
Re(I') = Re(I")" and — Im(T") = Im(T") " (2.21)
(cf. Proposition 1.5-(iii)) and
det(Ry(T")) = | det(I)|?. (2.22)
Hence, det(y/Ra(T)) = [det(I')|. In particular, Re(Z) ~ N,(Re(u),:Re(I)), Im(Z) ~
N,(Im(p), 2 Re(T)) and E[Re(Z;) Im(Z;)] = Im(I';) = 0 for all i € [n]. However, because of
Proposition 2.5, the random vectors Re(Z) and Im(Z) in general are not independent!
Since the distribution of J5(Z) is fully specified by u, I' and C' (due to (2.19)), we write

Z ~ CN,(u, I, C) if Z is an n-dimensional complex Gaussian random vector. Thus, if X and
Y are n-dimensional real random vectors, then

25 X+i 5Y ~ CN,(p, T, C) if and only if vec(X,Y) ~ Nay, (JQ(M), RQ(F)—|—<Im<C) “Re(C)) )

or equivalently that

Z ~ CN, (1, T, C) if and only if J»(vV2Z) ~ Ny, (Jg(u), Ro(T) + (iﬁggi _Iﬁffgﬂ )

Regarding the main topic of our paper, we only need to work with C' = 0, what will happen
from now on. In this case, we just write Z ~ CN,(u,I'). Thus, Z = %X + i\%Y ~
CN,(u, 1), if and only if

vee(X,Y) = V2J5(Z) = V2vec(Re(Zy), ..., Re(Z,),Im(Zy), ..., Im(Z,)) ~ Nay(Jo(p), Ro(T)),
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implying that (2.17) carries over to the complex case:

if Z ~ CN, (11, I'), then AZ +b ~ CN,(Au + b, AT'A*) for all m € N and (b, A) € C™ x M, »,(C).
(2.23)

Remark 2.3. Let n € Nand 0 # ¥ € M, (R)" be given. Fix some X ~ N, (0,%). A natural
question would be, to ask whether Z := %X +i0 ~ CN,(0,%) in particular is a complex
Gaussian random vector? However, if this were the case, it would follow that

vec(X, 0) = Jo(V2Z) ~ Noa(0, Ry(X)) = Nay (0’ <§ g) )

implying that 0 # ¥ = E[XX '] = E[00"] = 0, which is absurd.

Remark 2.4. In general, the random vector vec(Z, Z) is not a complex Gaussian one, even if
Z is. In order to recognise this, let e.g. Z ~ CN;(0,1) be given. Then J5(v/27) ~ Ny(0, I).
Thus, (2.20) implies that

Jy(V2vec(Z,Z)) ~ N4(0,AAT).

However, since the matrix

1 1.0 0
110 0
T_|-_-L ¥ Y
AA_00;1 -1
001—1 1

does not coincide with a block matrix of type (A _B> € My(My(R)), vec(Z, Z) is not a

complex Gaussian random vector. That observation also holds in the multi-dimensional case
(see Lemma 2.7-(iii)).

Occasionally, in view of embedding both, the complex and the real case into a single state-
ment, we also unambiguously say that Z ~ FN,(u, ') if the random vector Z maps into
F", where F € {R,C}. Note that for both fields, we explicitly include the case of variance
matrices I' € M,,(F)" which are not invertible, so that a probability density function of
Z ~ FN, (1, T") would not have to exist; as opposed to the characteristic function of Z which
completely determines the probability law Pz. The characteristic function of Z ~ CN,,(p, T")
can be reduced to the well-known characteristic function of the 2n-dimensional real Gaussian
random vector J5(Z) ~ Na,(Jo(p1), 3 Ro(T)). This follows from

C" 3 ¢+ ¢z(c) : = Elexp(i Re(c*Z))] = Elexp(iJ, (c)J2(Z))]

= exp(iJa(c) " Ja(n)) exp(— 3 Ja(c) " Ra(T) Ja(c))
= exp(i Re(c* ) exp(—1 Re(c¢'Tc))
= exp(i Re(c" ) exp(—5¢*Te)

(cf. [5, Theorem 2.7], [11, Theorem 30.2], [72, Definition E.1.13 and Theorem E.1.16] and
Lemma 2.7-(ii) below).

Proposition 2.5. Letn € N, p € C*, I' € M,(C)" and Z ~ CN,(u,I"). Then Re(Z) and
Im(Z) are independent if and only if Im(I") = 0.
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Proof. (2.21) and Lemma 1.4 imply that

¢vec(Re(Z),Im(Z))(VeC<Re(C)7 Im(c))) = sz(C)
= Pre(z)(Re()) Pin(z) (Re(c)) exp(—3 Im(c) " Im(T") Re(c))
for all ¢ € C". Hence, Re(Z) and Im(Z) are independent if and only if
Ore(z)(Re(C)) Pm(z)(Re(c))(1 — exp(—5 Tm(c) " Im(T") Re(c)) = 0

for all ¢ € C". Consequently, if we apply the absolute value of the latter equality to any
vector e, + iex, € C", where k, [ € [n], it follows that

|1 — exp(—3 Im(T'w))[ =0
for all k,1 € [n], and the claim follows. O

Similarly, if " (respectively Ry(I")) is invertible, the complex density function under the
Lebesgue measure AS on C" can be constructed as

C" 3 am pur(a) = 0.1 ryr) (J2(a))

1 * -1 a —
= B exp(—(Ja(a — ) Ro(T ) (Ja(a — 1))
(2.22) 1 * -1

These facts, including (2.17), (2.21), (2.23) and Proposition 2.1, immediately imply the
following comprehensive characterisation of the probability law CN,(u, ).

Proposition 2.6. Letn € N, p € C*, T' € M,(C)* and Z a complex n-dimensional random
vector. Then the following statements are equivalent:

(i) For all c € C", ¢pz(c) = Elexp(i Re(c* Z)] = exp(i Re(c* ) exp(—5¢ T c).

(i) V2 Jo(2) = vec(v2Re(Z1), ..., V2Re(Z,),vV/2Im(Zy), ... ,v/2Im(Z,)) ~ Nap(v/2 Jo(p), Ra(T)).
(i) Z~ CN,(p, ).

(v) Forallce C", ¢*Z ~ CNy(c*u, c*Tc).
(vi) For all c € C", /2 Jo(c* Z) ~ No(V/2 Jo(c* 1), Ra(c*T ).

)
)
(iv) Foralla € T, aZ ~ CN,(ay,T).
)
)
(vii) For all c € C", v/2Re(c*Z) ~ Ni(v2Re(c* ), c*T c).

In particular, if Z ~ CN,(u,T'), then Re(Z) L] Im(Z) ~ N,(0,Re(I")), and Re(Z;) and
Im(Z;) are independent for all i € N. Z ~ CN,(u,T) if and only if Z ~ CN,(z,T).
Moreover, if u =0 and I' = I,,, then {Re(Z1),...,Re(Z,),Im(Z;),...,Im(Z,)} are pairwise

independent.
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In relation to a further investigation of the complex Grothendieck constant (built on complex
Hermite polynomials), we need a further analysis of the structure of the random vector
vec(Z,Z) (cf. Theorem 7.11). That analysis, encapsulated in the next lemma, includes a
short proof of a generalisation of a result of L. J. Halliwell (see [58, Appendix B]), built
on a “change of mean trick”, that allows us to pull both, the characteristic function and
the moment generating function of a real Gaussian random vector out of a single formula,
without having to assume the existence of a density function. In doing so, we will recognise
again that in general, the complex random vector vec(Z,Z) in C*" is not Gaussian, even if
the random vector Z in C" were a complex Gaussian one.

Lemma 2.7. Let n € N;YX € M,(R)" and T' € M, (C)". Let X ~ N,(0,%) and Z ~
CN,(0,T'). Then

(i) Elexp(c" X)] = exp(3 ¢'Xc) for all c € C™.
(i) Elexp(a*Z+ b*Z)] = exp(a*Th) for all a,b € C".
(iii) For all a,b € C,

gbvec(zz)(vec(a, b)) = exp(—%a*Fa) exp(—ib*fb) exp(—% Re(a*T'D))

= exp ( — Yvec(a, b)" (g 1(')‘> vec(a, b)) exp(—3 Re(a'Th)).

In particular, vec(Z, Z) ~ CNa, (O, (
for all a € C™.

1(; 19) ) if and only if I' = 0. Moreover, E[exp(a*Z)] =1

Proof. (i) Let ¢ = a+ i € C™ be given, where a, f§ € R". Fix an arbitrary Y ~ N, (0, [,,).
Since ¥ = R?, for some (uniquely determined and not necessarily invertible) matrix R €

M., (R)*, (2.17) implies that X < RY. Hence,
Efexp(c™X)] = Elexp(a” RY) exp(i(R5)TY)]

= (2m)72 [ exp(a” Ry — yl) exp(i(R3) y) d"y.

An easy calculation shows that

n
2

exp(a’ Ry — 5llyll3) = exp(—3lly — Ralf3) exp(5a " R*a) = (27)2 9Ra,1, (y) exp(za ' Sa).

Consequently, it follows that

Elexp(c"X)] = E[exp(i(RB)"Y)] exp(}a L) = ¢5(RB) exp(3a Ta)
is the product of the value of the characteristic function of the random vector Y iNY +
Ra ~ N,(Ra, I,) at RS and the real number exp(3a'Xa). Thus, since Elexp(i(RB)"Y)] =
exp(i T Sa) exp(—1 3T 3), we finally obtain

Elexp(c'X)] = exp(iB' Sa) exp(—18 L) exp(3a' Ta) = exp(3c' Ze).
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(ii) Put C* > ¢ := vec(a+b,ia—1ib). Then c = (ZI]" _Z."] ) vec(a, b) = /2 Ay, vec(a, b) (cf.

(2.19)) and a*Z 4+ b*Z = ¢ Jo(Z). Since X := Jo(Z) ~ Nan(0, 5 Ro(T)) (due to Proposition
2.6), we may consequently apply (i) to X and ¢, and it follows that
Elexp(a*Z + b*Z)] = exp(3c" Ro(D)c).

A straightforward calculation shows that
0o Iy ,.

Consequently, since Ay, = (A%,)~! is unitary, the construction of the vector ¢ implies that

c" Ry(T)c = 2vec(a,b) " (Ag, Ro(I')Ag,)vec(a, b)
— 2vec(a,b) " (IQ g) vec(a,b) = 2(a*Tb + b*Ta)
= 2(a*Tb + a’'T*D).

Since I' = I'*, the equality (ii) follows.
(iii) If we apply (2.20) and equality (i) to ¢ := i AT Jy(vec(a,b)) = i Jo(a +b) € C*" and
X := Jo(Z) ~ Nay (0, 1 Ro(T')), it follows that

Drec(z,zy(vec(a, b)) = Elexp(i Jo(vec(a, b)) AJa(Z))] = Elc' Jo(Z)]
= exp(ic" Ry(T)c)
= exp(—j Re((a” + ") (a +b)))

However, since I' is Hermitian, it follows that b'T'b = (b"T'b)T = b*T'b. In the same way, we
obtain b'T'a = a*I'b, which completes the proof of (iii). O

Remark 2.8. The main difficulty in the proof of Lemma 2.7-(i) arises from the fact that the
normal random variables o' X and 37X are correlated, so that we cannot simply represent
Ep, [exp(a’X) exp(i3TX)] as a product of two expectations. However, it is possible to con-
struct a completely different proof of Lemma 2.7-(i), which is built on (an application of the
one-dimensional case of) Theorem 6.5. We strongly encourage the readers to work out the
details.

Let p € N. It is well-known that the image measure Px of a real Gaussian random vector
X ~ N, (0, I,) actually coincides with the Gaussian measure 7, on R? (cf. e.g. [20, Proposition
1.2.2.]), constructed via

1
B(R") 5 B~ 3(B) = (21) 2 [ exp(=3 |23, (dz) = P(X € B).
B
Due to Proposition 2.6 this fact can be easily transferred to the complex case. To this end,
let n € N, Z ~ CN,(0,1I,) and b = Re(b) + i Im(b) : C* — C. Consider the two mappings
1

r(b) := Re(b) o 7

1
Jo1 i R*™ — R and s(b) ::Im(b)oﬁJQ_I:RZ”—HR.
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By construction, it follows that for any x,y € R",
r(b)(vec(x,y)) = Re(b( x+i f y)) and s(b)(vec(z,y)) = Im(b(% r+i % v)). (2.24)

Obviously, s(b) = r(—ib), bo L J2_1 = r(b) +is(b), Re(b) = 7(b) 0 v/2.J5, Im(b) = 5(b) 0 /2.J;
and r(ab) = ar(b) for any a € ]R

Let p,q € [1,00), such that 11) + % = 1. A direct application of Hélder’s inequality (to the
vectors (r(b),s(b))T € R? and (1,1)T € R?) implies that

|
s(
max{|r ()7, |s(b)P} < (bl = (b o jﬁ ) < (r®)] - 1+ [s)] - 1P < 27/ (@) + [sO)P).
Hence, max{|r(b)[?, |s(b)|P} € LP(R?", 75,), if and only if b € L?(C", Py), and

/ bdPy = [ bd(55) P s = [, (G0 +)m(dy)

= [, r(b)dyn +1i /Rn s(b) dyan = E[r(b)(X)] + i E[s(b) (X)),

R2

(2.25)

where X 2 V2 Jo(Z) ~ Nyy(0, I,). In particular,

(2.25)

B(C") 3 A i (A) : =P(Z € A) = E[Lu(Z)] =" 720(12(V24))
=" /JZ(A) exp(—|[2[|2) Mg (dz) 27 Trn/AeXp(—HJQ(z)H;‘) AS(dz)

emerges as the Gaussian measure on C", implying that
7;(1: = (%Jg_l)*'hn =Pz

is absolutely continuous with respect to AS, with Radon-Nikodym derivative
d n —
B = " exp(— [ 2(2)]3).

Remark 2.9. In [33, Section 8.7], the complex Gaussian measure on C" is defined in such
a manner that it coincides with the real Gaussian measure 7, on R?*. Given that construc-
tion, the important factor v/2 - which actually emerges from the underlying structure of the
probability law of a complex Gaussian random vector - is ignored. In our view, that approach
creates a bit of dissonance. For example, Corollary 4.8, which shows us that for both fields,
F = R and F = C, the little Grothendieck constant k% actually emerges from a common
source, can no longer be maintained.

Hence, b € LP(C",~Y) if and only if max{|r(b)[?, |s(b)|P} € LP(R?*" ~% ), and

[ Re@)ays +i [ )y = [ vays =EW@)] L [ r@) v i [ s(b)dan.
n Ccn cn R2n R2n
(2.26)

In particular, b € L*(C",~S) if and only if r(b) € L*(R*",7,,) and s(b) € L*(R*™,~y,), so
that (in either case)

EBEZ)NE)] = [bli% = [ bPars O [ r(bR) dyen = IFQ)IE,, + Is@)IZ,  (2:27)
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(since r(]|b|?) = r(b)* + s(b)?). In particular, for any function f : R** — C, it follows that
fov2Jy € L3(C"AS) if and only if Re(f) € L*(R*",73,) and Im(f) € L*(R*",7,,), whence

1 o V2AI1% = | Re(£)I2,, + | Im(£)]2,, (2.28)
in either case. Consequently,
9% [lg = llgll-. (2.29)

for any real-valued function g : R” — R, where g€ := (¢ ® 1) 0 v/2 J, (since 72, = Y0 @ ).
Moreover, if b,c € L?(C",~S), then r(bc) = r(b)r(c)+s(b)s(c) and s(be) = s(b)r(c) —r(b)s(c).
(2.26) therefore implies that

(b, €)ag = (r(b),7(¢))ra, + (8(b), 5(¢))r,
+ 1 <S(b)v T(C»Wzn —1 <’I"(b), S(C»Wzn'

Remark 2.10. If in addition the function b : C* — C is holomorphic, then b actually is an
element of the Segal-Bergmann space (cf. [71, Chapter 3.10])

(2.30)

HL?(C") := {c: C* — C : ¢ is holomorphic and [|c[,c < oo}
In a similar vein, one can now prove easily the more comprehensive

Corollary 2.11. Letn € N, p € [1,00), p € C", T' € M, (C)" and Z ~ CN, (1, I"). Let
b= Re(b) +i Im(b) : C* — C, such that

R* 3y 7(b)(y + V2 Jo(1)) € LP(R™, 7,,)
and
R™ 3y o s(b)(y + V2 Ja(p)) € LP(R?™, 7).
Then b € LP(C™,Pg), and
E(2)] = |det(D)I( [, 76}y + VIR0 vondy) +i [ 5Oy + V2T (1))en(dy)).

Proof. We just have to observe that
E[b(Z)] = E[r(0)(Y)] + i E[s(b)(Y)]
= [, 1O R0+ V2 ()an(de) +i [ s0)(/RalD)a+ V2 Ja(1))30(d)

R2n
(2.22)

2 |det()I( [, )+ V2R 120(dy) +i [ sO)+ V2 (1)720(dy)),

R2n

where Y £ /2 J5(Z) ~ Nau (V2 Jo(11), Ra(T)). O

2.2. Partitioned complex Gaussian random vectors in C?>" and the
probability law CNy, (0, 32,(C))

For the remainder of the paper we put, without loss of generality, u = 0, so that we are work-
ing with centred Gaussian random vectors (with respect to both fields, R and C). Moreover,
we make use of a specific class of partitioned correlation matrices, which turns out to be of
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crucial importance regarding the topic of the paper. To this end, let F € {R,C}, n € N and
¢ e FND. Put

1 0¢0 .0
1 ...00¢C ...0
(L, L)\ _Ob.lOO.C
Ezn(C%—(Un Iﬂ)-&(()@h— co. 10 ...0 (2.31)
0C...001 .0
00 ..C00 .1

= S9n(Re(C)) + Ro(—i Im(C)I,,).

Since |¢| < 1, it follows that

< (cl?n Cff)(?) ’ (b) Vg = lla+ GBI+ (L =[G Bl > 0

for all a,b € F", implying that ¥s,({) in fact is positive semidefinite and hence a correlation
matrix (due to Lemma 3.2). Lemma 3.2 also clearly implies that

1 _

C(2:F) = {%(Q) = (= °):ceFnD). (2.32)
¢ 1

Moreover, the determinant of the Kronecker product 9, (¢) = 35({) ® I, is calculated as (cf.

(67, Problem 4.2.1]):

det(2,(C)) = det(1,)* det(a(¢))" = (1 — [¢[*)".

If in addition |¢| < 1, then |la+ ¢ bl|2. + (1 —[¢|*)||b]|2. > O for all (a,b) € (F* xF*)\ {(0,0)},
implying that in this case 3,(() even is positive definite and hence invertible, with inverse
San(0) ! = 1 Tan(—) = 1 (_?]n jf”), implying that also (1 - ¢[2) s, (¢) " =
Yon(—C() is a correlation matrix of rank 2n.

In particular, for any p € (—1,1), the density function of the 2n-dimensional random
vector vec(Xy,Xs) ~ No,(0,35,(p)), where both, X; and X, are n-dimensional random
vectors, exists. It is given by

1 1
P05 (p) (T1, T2) = (2r)" (1 — p2)n/2 exp ( - W@%(‘P)l‘a $>R§n)

_ L (= Il el = 2t )y
(2m)" (1 = p?)n/2 2(1 = p?)

M, (1, 725 1) Qo.15,, (T1, T2)

M, (1, 22;n) o1, (1) o,1, (T2)

©0,%2,(p) (xz, 1‘1) )

(2.33)
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where z1, x5 € R", x := vec(z1, x2) and

M,(xq, 9;m) =

1 2 2 2 2
ox ( p(x1, xa) — p*(||21]]” + [|22]]?)

=" Hi—p) ) Ml

(2.34)

denotes the n-dimensional Mehler kernel (cf. [60]). Moreover, since det(3,(¢)) = 0 if and
only if ( € D, we achieve the following result:

Proposition 2.12. Let F € {R,C}, n € N and ( € DNTF. Then

w0 = (5 47) € cen)

Moreover, the following statements are equivalent
(i) X2,(C) is a correlation matriz of rank 2n.
(i1) Yo, (C) is invertible.
(iii) ¢ € D.
1

1-[¢]?
also the 2n x 2n-matriz (1 — |{[*)X2,(¢) ™! is a correlation matriz of rank 2n.

If one of these equivalent statements is given, then Yo,(¢)™1 = Yon(—C). In particular,

It is not obvious that the probablity law Ny, (0, 32, (p)) can also be described as follows (cf.
[110, Definition 11.6 and Definition 11.10]):

Proposition 2.13. Letn € Nandp € [-1,1]. Let X = (Xy,..., X)) " and Y= (Y;,..., V)T
be two R™-valued random vectors. Then the following statements are equivalent:

(i) UGC(X, Y) ~ N2n<07 E2n(p>>'
(i) vec(X;, Yi, X;,Y;) ~ Non 0, <Z20<'”> Eip)) ) for alli # j € [n].

(iii) The random component vector pairs vec(X;,Y;),. .., vec(X,,Y,) are mutually indepen-
dent, and vec(X;,Y;) ~ N2(0,35(p)) for alli € [n].

Proof. We just sketch the main ideas and leave the elaboration of the proof to the readers.
Suppose that (i) holds. Since

vee(X;,Y;, X;,Y;) = A(4, j)vee(X,Y),
el 0OF
2; ez;Tr , it follows that
0" ejT

where M4y2n(R) > A(Z’]) =



is the correlation matrix of the Gaussian random vector vec(X;, Y;, X;,Y;) (cf. (2.17)), which

proves (ii). If (ii) is given, the structure of the correlation matrix (Zzo(p) > ?P)) implies
2

that for ¢ # j the characteristic function of vec(X;,Y;, X;,Y;) can be written as the product of
the two characteristic functions of the pairs vec(X;, Y;) and vec(X,Y;), respectively. Finally,
if (iii) is given, it follows that for all a,b € R"

(vec(a, b)) Tvee(X,Y) =DV,

i=1

where V; := a; X; + b; Y; ~ Ni(0, a? + 2pa;b; + b?) for all i € [n| and V;,...,V, are mutually
independent. Consequently, it follows that (vec(a,b)) vec(X,Y) ~ Ni(0, ||al|* + 2pab +
|1]|%), and (i) is achieved. O

Regarding the underlying structure of the Haagerup equality (and its generalisation - see
Theorem 7.2) an analysis of the structure of partitioned complex 2n-dimensional Gaussian
random vectors whose probability law is induced by the correlation matrix ¥, (() leads to
another important

Lemma 2.14. Let n € N, ( = z +iy € D and vec(Z, W) ~ CNy,(0,32,(C)), where the

complex random vectors Z and W both map into C". Then the following statements hold:
(i) For any o, 8 € T, vec(aZ, BW) ~ CNay (0, Xo,(a BC)).
(i)
(ii)) V2 vee(Re(Z), Re( W) ~ Naw(0, San(Re(€))) and vZ vec(lin(2), Tm( W) ~ Nou (0, Zan(Re(C)).
)

(iv) If ¢ € [-1,1], then V2 vec(Re(Z),Im(Z), Re( W), Im( W)) = V2 vec(Jo(Z), Jo( W)) ~
Nin(0,%4,(C)), and vec(Re(Z), Re(W)) and vec(Im(Z),Im( W)) are independent.

vec(W, Z) ~ CNy, (0, X2,(()).

(v) If ¢ € D\ {0}, then 1iec(sign(Z)Z, W) < vec(sign(C) Z, W) ~ CNa, (0, X2, (|C])). More-
over, /2 vec(Jy(sign(C) Z), Jo( W) £ /2 vec(Jy(sign(¢) Z), Jo( W) ~ Niun(0, San([C])).

Proof. (i) Let a,, f € T. Then
aZ\ (al, O Z
sw) =\ o g1 )\w

al, 0 I, =zIL,\ (al, 0\ _ I, afzl,
0 pI,) \zl, I, 0 BL) \aBzlI, I, '

The claim now follows from [5, Theorem 2.8].

(ii) Again, by analogy with the above approach, the claim from from [5, Theorem 2.8].
(iii) Since v/2 Ja(vec(Z, W)) = v2vec(Re(Z), Re(W), Im(Z), Im(W)) ~ Ny (0, Ry(22,(¢)))
and

Ra(Zan(0)) = (Im@%(o) Re(Zan(C)) ) - (zznam(o) S (Re(C)) ) ’
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claim (iii) follows.
(iv) Firstly, we fix an arbitrary ¢ = x + iy € D. (1.8) implies that

vec(Re(Z),Im(Z), Re(W), Im(W)) = G vec(Re(Z), Re(W),Im(Z), Im(W)),

where G' € O(4n) is the matrix, introduced in (1.9). Since /2 vec(Re(Z), Re(W), Im(Z), Im(W))

V2 Jy(vec(Z, W)) ~ Ny (0, Ry(22,(¢))), an application of (2.17) therefore implies that
V2vec(Re(Z),Im(Z), Re(W), Im(W)) ~ Ny, (0, GRy(22,(0))G) .

A straightforward block matrix multiplication shows that

I, 0 =«I, —yl, 0 0 0 —yl,
- 0 I, yl, zI, | 0 0 yl, 0
GRy(224())G = eI, yl, I, 0o |~ Ban() + 0 yl, 0 0
—yl, I, 0O I, —yl, 0 0 0

Since by assumption ¢ € [-1,1] = DNR, y = Im(¢) = 0, and the first part of claim
(iv) follows. To verify the independence assertion, put X := v/2vec(Re(Z),Re(W)) =
V2 Re(vec(Zy,Z,)) and Y := v/2vec(Im(Z), Im(W)) = v/2 Im(vec(Z,, Z5)). Since

vee(X,Y) = vV2Ja(vec(Z, W)) ~ Ni, (0, Ro(E0,(C))),

it follows that for all (a,b) € R?" x R?"

Bvee(x,y)(vec(a, b)) = eXP(—;(aTEQn(C)G + 5" 5,(0)b)) = dx(a)py (D).

Thus, X and Y are independent, and (iv) follows.
(v) follows from (i) and (iv). O

Next, we will recognise that for any p € [—1,1], the real probability law Ny, (0, X4,(p))
actually originates from the complex probability law CNa, (0, Xa,(p))! Since:

Corollary 2.15. Let p € [—1,1]. Let Xy, Y1, X5 and Y be four R"-valued random vectors.
Then the following statements are equivalent:

(i) vec( Xy, Xo) ~ Nau(0,%0,(p)), vec( Yy, Ya) ~ Nopu(0,X0,(p)), and vec(Xy, Xs) and
vec( Yy, Ys) are independent.

(
(
(11) U@C(Xl, .XQ, Yl, YQ) ~ N4n(07 RQ(EQn(p)))
(111) U@C(Xl, Yl, XQ, YQ) ~ N4n(0, E4n(p))
(

(iv) vee( Xy, Y1, Xo, Y3) = V2vec(Re(Z,),Im(Z,), Re(Z,),Im(2Z5)) = vec(J2(Z1), Jo( Z)),
where vec(Zy, Zy) ~ CNay(0, Xa,(p)).
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Proof. Let (i) be given. Since vec(Xy, Xs,Y1,Ys) = vee(X,Y), where X := vec(Xy, Xy)
and Y := vec(Y1,Ys), the assumed independence of the random vectors X and Y implies
that for all a,b € R??

¢vec(X,Y) (vec(a, b)) = ¢X<a>¢Y(b>
= exp(— 5 (" Dau(p)a + BT an (D)

= exp(—évec(a, b)" Ro(San(p)) vec(a, b)).

Proposition 2.1 therefore concludes the proof of (ii).
Now, assume that (ii) holds. Then (2.17) implies that

VeC(Xl,YhXQ,YQ) = Gvec(Xl, XQ,YI,YQ) ~ N4n(0, GRQ(EQn(p>)GT),

where G € O(4n) is the matrix, introduced in (1.9). Since GRy(Z2.(p))GT = Zu.(p), (iii)
follows.

Suppose that (iii) is given. Put Z; := %(Xl +14Y,) and Zy := %(Xg +4Y3). Then

vec(Zy, Zs) = Vec(%, %) + ivec(%, %) Hence,

\/§J2(V€‘C(Z1, Z2)) = VG‘C(Xl, Xg, Yl; Yg)
This, since vec(Xy, Xs, Y1, Ys) = Gvec(Xy, Y, Xs, Ys) and GEy,, (p)GT = Ry(Zan(p)), (iv)

follows from Proposition 2.6 .
Finally, if (iv) holds, then we may apply Lemma 2.14 and assertion (i) follows. ]

Similarly, under the inclusion of Corollary 4.5, respectively [33, Proposition 8.7] (including a
minor adjustment of the factor ¢; of the complex Gaussian probability measure in their proof,
required due to the shape of the complex density function induced by the law CN;(0,1) =
RN, (0, 315)), we obtain

Lemma 2.16. Letn € N, 2 € DNTF, X = vec(Xy,...,X,) ~ FN,(0,1,), vec(Y,Z) ~
FN,(0,%9,(2)) and u,v € Spn. Then

WXL X ~ FN,(0,1) and (1:]*;) ~ Ny (0, Xo((u"v)z2)) .

In particular, (u*X> ~ FNy(0, X (u*v)) and
v X
- P T yP] _ p p] — p AF
E[| > a Xi|"] =E[ja” X"] = [lallty EIX,[] = allt, CF
k=1
foralla = (ay,...,a,)" € F" andp € (—1,00), where C := (‘[%)p I'(2) and CfF=T(1+5).
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3. A quantum correlation matrix version of the Grothendieck
inequality

3.1. Gram matrices, quantum correlation, and beyond

In this section, we aim at another equivalent reformulation of the Grothendieck inequality
(occasionally abbreviated by “GT?”) for both fields, built on the inclusion of correlation
matrices; i.e., positive semidefinite matrices with entries in F € {R,C} whose diagonal is
occupied with 1’s only. Since we need equivalent descriptions of a correlation matrix including
its fundamental representation as a Gram matrix (cf. [68, Theorem 2.7.10]), we proceed with
a fundamental acronym, to indicate a comprehensive class of matrices with entries in F
which properly contains the class of all Gram matrices (cf. [68, page 441]) and reveals a deep
connection to the foundations and philosophy of quantum mechanics.

Definition 3.1. Let F € {R,C}, m,n € N and H be an F-inner product space with inner
product (-,-) = (-, )g. Let u = (ug,ug,...,uy,) € H™ and v = (v, v9,...,v,) € H". We put

évl, UI; évg,uli . évn,uli
Ly (u,v) == (v, %)) Gj)eim)xm] = U1,3U2 U27EU2 Umzu2 € M, (F).
(U1, Um) Vo, Up) -+ (U, Up)

Observe that I'y(u,v)* = I'g(v,u) for all (u,v) € H™ x H™. I'y(u,v) should be viewed as
an element of the image of the matrix-valued sesquilinear mapping

Ty H™ x H" — M, (F).

In particular, if 'y were restricted to the product S x S%, we would obtain a matrix-valued
sesquilinear mapping, which is defined on the infinite-dimensional C'*°-manifold S7; x S};; an
interesting fact, which actually underlies our chosen notation (cf. [130, Example 1.34 and
Definition 1.36]. If m = n and u = v € H™, we get again the Gram matrix of the vectors
Uy Uy € H:

luil* (ug,w) oo (U, ug)
T (u,u) = (ul,.w) Hu?H2 <umf w) | T
(U, Up) (U U)o [t |?
If (r,s) € F™ x F", then
Tis1 Ti1S2 ... Ti8y
FF(T,S):FFl(r’S):rST:?@)ST: T35, T3S ... T35,
TmS1 T1S2 ... TpSp

More generally, if H = F§ for some d € N, it follows that (z,y)y = y*z for all 2,y € H.
Consequently, we obtain an important factorisation:

Ppa(u,v) = UV for all (u,v) € (F5)™ x (Fg)", (3.35)
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where U 1= (uyiug! - 1uy,) € My,,(F) and V := (v ivg! -+ - 1v,) € My, (F). Thus,
tr(A*FFg(u, v)) = tr(F]Fg(u, v)*A) = tr(V*(UA)) = (UA, V) p (3.36)

for all A € M, ,(F) (cf. also Proposition 3.13). A straightforward proof shows that any Gram
matrix is positive semidefinite (cf. [68, Theorem 2.7.10]). Moreover, if (a;;) = A = (AY?)? =
AV2(AYAT € M, (F)* is positive semidefinite and X ~ FN,(0,1,,), then Z := AY2X ~
FN,(0, A), implying that A = AY2E[XX*|AY? = E[ZZ"] (cf., e.g., [115, Lemma 12.10.])
and a;; = (AY%e;, AY Qei)pg for all 7, j € [n]. Let us also recall the following characterisation
of the set C(n;F) of all n x n correlation matrices (with entries in F):

Lemma 3.2. Let F € {R,C}, n € N and £ = (0y5) € M,(F). Then the following statements
are equivalent:

(i) ¥ € C(n; F).
(ii) X € M,(F)" and o;; = 1 for all i € [n].
(iii) There exist vectors xy,..., T, € Spy such that

0ij = (¥, Ti)wp = o} x5 for all i, j € [n].

(iv) There exist an F-Hilbert space L and x = (x1,23,...,x,) € L™ such that |z;||, = 1 for
alli € [n]| and
Y= FL(I', .’ﬂ)

(v) ¥ = E[ZZ"] for some n-dimensional Gaussian random vector Z ~ FN,(0,%), and
oy =1 for alli € [n].

In particular, the set C(n;F) is convex, and |o;;| < 1 for alli,j € [n].

Remark 3.3 (The elliptope &, = C(n;R)). In the real case, the set of all n x n-correlation
matrices, which is very rich in geometrical and combinatorial structure, is also known as the
so-called elliptope (standing for ellipsoid and polytope) &,, studied in detail by M. Laurent
and S. Poljak (cf. [19, Example 5.44.], [31, Chapter 5.9.1] and [35, Chapter 31.5]). From these
sources, we learn, among many other deep facts, that for any n € N the set £, = C(n;R) is a
convex polytope, which in general is not a polyhedron, so that it cannot be described as a finite
intersection of weak half spaces (cf. [3, Chapter 5.10]). Since both sets, C'(n; R) and C'(n; C)
are compact (with respect to the topology of pointwise convergence), and since norms on
finite-dimensional [F-vector spaces are equivalent, it follows that any linear functional on the
finite-dimensional Hilbert space (M, (F), || - ||r) = F} attains its maximum (and minimum)
on the compact set C'(n;F) C M, (F), including the linear functional tr(A*-) : M, (F) — F,
where A € M, (F) is given. From the point of view of real (convex) semidefinite optimisation,
both, the primal SDP

sup  tr(ATY) = sup {tr(ATZ) ctr(eye, X)) =1forallv € [m+n], X € M,,(]R)*}
el (m+n;R)

and its dual SDP have non-empty, compact sets of optimal solutions and hence attain their
respective optima (cf. [19, Theorem 2.15, Theorem 2.29 and Exercise 2.41] and [21, Chapter
5]). We do not know whether this “strong duality” is also valid in the complex case (cf.
Lemma 3.10).
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Of particular relevance is the set
Ci(n;F) :={©:0 € C(k;F) and 1k(©) = 1}

of all n x n correlation matrices of rank 1. The Gram matrix structure implies a neat
characterisation of C(n;F). At the same time, we recognise again the structure of all pure
states on the Hilbert space Fj. To this end, recall that Sg = {—1,1} and Sc =T ={z € C:
|z| = 1}.

Proposition 3.4. Let m,n € N. Then the following statements hold:
(1)
{A: A€M, (F) and rk(A) =1} = {pg" : (p.q) € F™\ {0} x F"\ {0}}
={Lr(p, @) : (p,q) € F"\ {0} x F" \ {0}}.

{A: Ae M, (F)" and rk(A) =1} = {zz* : 2 € T\ {0}} = {Tr(2,2) : 2 € F™\ {0} }.

In particular,

{A: AeM,(F)" and rk(A) =1 and tr(A) = 1} = {xz* : 2 € S§*} = {Tr(2,2) : 2 € SF'}.
Moreover,

M, (Sp)" = {za* : 2 € SE} = {T(z,2) : 2 € Sp} = Cy(n; F).

Proof. (i): Let rank(A) = 1. Then {Az : x € F"} is contained in the linear hull [v] of some
v € F™\ {0}. Thus, for any j € [n], Ae; = \jv for some \; € F. Put ¢ := (A\y,...,\,)" € F"
and p :=v € F™\ {0}. Then a;; = ¢/ Ae; = piq; for all (i,5) € [m] x [n]. Hence, A=pq".
Since A # 0, it also follows that ¢ # 0. The remaining part of (i) is trivial.

(ii): Let A = (a;;) € M,(F)*. Then A = B? for some B € M, (F)*, where rk(B) = 1 (cf. [67,
Theorem 7.2.6]). Let b € F™ \ {0} such that {Bxz : x € F"} C [b]. For any i € [n], Be; = A\; b
for some \; € F. Put y := (y1,...,%n)", where y; := ||b]|2 \i. Then

(yy )i = vi%5 = b3 X Aj = (Bes, Bej)ey = ¢f BPe; = aj = a5
for all 4, j € [n]. Thus, A = zz*, where x := 7 # 0. In particular, if |a;;| = 1 for all 4,5 € [n],
then |z;|?> =1 for all 7 € [n].
To conclude (ii), fix © € M, (Sp)" = M, (F)* N M, (Sr). Nothing is to show for n = 1,
of course. So, let n > 2. Since ©* = © = (IJ;;) € M, (F)* is positive semidefinite and

satisfies |U;;] = 1 for all 4,5 € [n], it follows that ¥;; = e/ Oe; = €;O¢; > 0, implying that
Vi = |Ui;| = 1 for all i € N and hence © € C(n;F). Thus,

S b
o= ()
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for some correlation matrix ¥ = (0;;) € C(n—1;F) and b € Sp~'. Let x € F*~! be arbitrary
and put F" 5 g := vec(z, —b*zx). Since

(X —-b)r=y"0y>0

(by construction), the matrix (¢;;) = C = ¥ — bb* € M,_1(F)" is positive semidefi-
nite as well. Consequently, C' can be represented as a Gram matrix: C = T'y(w,w),
w = (wy,...,wy_1) € H*'. The Cauchy-Schwarz inequality therefore implies that |c;;| =

(wj, wi)m| < y/|cil \/|cj;] for all i, j € [n — 1]. However, since o;; = ¢ = 1 = |b;|? for all
i € [n— 1], it follows that ¢;; = 0 for all 4, j € [n — 1]. Thus, ¥ = bb* and

X b 7
o= (b* 1) — B0,
where b := vec(b, 1) € S2. O

Note that for all m,n, u, v € N, for all Hilbert spaces H, for all (u,v) € H™" = H™x H" and
for all (w,z) € H**" = H* x H”, the following block matrix representation in M, 4. (F)
always is satisfied:

<PH<u,w> PHW;) = Ta((u,v), (w, 2)).

Cy(v,w) Tg(v,z

In particular,

= (5 S0)- () (00 (0 () e

for any d € N, where U := (uyiug! -+ lup,) € Mg, (F) and V := (viivgl - - 1o,) € My, (F).
(due to (3.35)). Regarding the topic of our paper, the block structure of the elements of
C(m + n;F) is of particular interest. To this end, put

Qumn(F) :={S:S =Tg(u,v) for some F-Hilbert space H and (u,v) € Sy x Si}.

Any Hilbert space (H, (-,-)g) can be isometrically embedded into the Hilbert space

<H’ <" >ﬁ) = (HEBF§7 <'7 >H + <'7 >F§)

(external direct sum of H and F2). Thus, for any (h, k) € By x By, it follows by construction
that

h = (h,0,y/1 = ||h|lx) € Sz, k := (k,\/1 = ||k||w,0) € S5 and (k, k)5 = (k, [}z . (3.38)

Note that dim(H) > 3. Consequently,
Qun(F) ={S5:S =Tg(x,y) for some F-Hilbert space H and (z,y) € B} x By}. (3.39)

Observe also that for C'(v;F) C Q,,(F) for all v € N. By “inflating” the set 9, ,(F) to a
(m+n)x (m+n) - correlation matrix, we obtain the non-trivial fact that Q,, ,(F) is absolutely
convex:
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Corollary 3.5. Let m,n € N and ¥ € M,,,.,,(F). Then the following statements are equiva-
lent:

(i) ¥ € C(m+n;F).

v)>, for some Hilbert space H over F and some (u,v) € S% X

Cy(u,u) Ty(u,v)

(iii) ¥ = (T (u,v)* Tp(v U)>, for some Hilbert space H over F and some (u,v) € By} X
H\Y, H\Y,

(iv) There exist d € N, U € Myn(F) and V' € My, (F), such that u; := Ue; € Sga for all
i € [m], vj == Ve; € Sga for all j € [n] and

E_U*UU*V_U*O u v
S \VvUu vv) \v* 0)\0 0)°
In particular, S € Q.,,(F) if and only if there exist correlation matrices A € C(m;F) and
B e C(n;F), such that <§1* f}) € C(m+n;F) is a correlation matriz. The set Q,, ,(F) is
absolutely convex.

Proof. (i) = (ii): If (i) holds, then ¥ = I'y(w, w) for some F-Hilbert space H and some

W= (W1, ..., Wy W1, Wran) € SHT" (due to Lemma 3.2). Thus, if we put u; := w; for
i € [m] and v; 1= wy,4+; for j € [n], then (ii) follows.

(iii) = (iv): Since H = [t1, .. . Up, U1y -, Vp) D (U1, ... U, V1, . .., 0,5, the orthogonal pro-
jection from H onto the finite-dimensional Hilbert space [u1, ... Up, v1,. .., v,] does not alter

any of the inner product entries of I'yy (u, v), so that we may assume without loss of generality
that the Hilbert space H = F5 is finite-dimensional (for some k € [m + n]). (iv) now follows
from (a potential application of) (3.38) and (3.37), where d € {k, k + 2}.

(iv) = (i): (iv), respectively (3.37) implies that 3 € M, ,(F)*. Since (U*U);; = (e] U*)(Ue;) =
(Ue;)"(Ue;) = ||ugl|> = 1 for all i € [m] and (V*V);; = 1 for all j € [n], it also follows that
Y, =1forall v € [m+n).

To verify the absolute convexity statement, we have to show that Q,, ,(F) is convex and sat-
isfies (FND) - Qpn(F) = Quun(F) (cf., e.g., [78, Proposition 6.1.1]). So, let S, Sy € Q,yn(F).
Choose Ay, Ay € C(m;F) and By, By € C(n;F), such that

Al Sl . Ag Sg .
(Sf Bl) € C(m+n;F) and (S;‘ B2> e C(m+n;F).

Let A € [0, 1]. Since C(v;TF) is convex for all v € N, it follows that AA; +(1—\)As € C(m; F),
AB; + (1 = A)B;y € C(n;F) and

)\Al + (1 — )\)AQ /\Sl + (1 — )\)SQ . Al Sl B A2 5’2 '
(()\51 +(1=X)S9)* AB1+(1=X\)By) A Sy B +(1=A) S; By € C(m+ n;F).

Consequently, AS;+(1—X)Sy € Q. n(F). (FND)-Q,, 1 (F) = Q. (F) follows from (3.39). O
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Remark 3.6 (Tsirel’son’s characterisation of quantum correlation matrices). In the
real case, i.e., if F =R, Q,,,, = Qnn(R) coincides with the class of so-called quantum corre-
lation matrices. These matrices are particularly essential in the foundations and philosophy
of quantum mechanics (cf. [9, Chapter 11], [93, 94], [140, Theorem 1] and [141, Section 4]).
To this end, recall that in quantum mechanics a matriz p € M, ,,(C) is called a (quantum)
state if p € M, ,(C)" and tr(p) = 1 (cf., e.g., [9, Chapter 0.10]). In fact, we have (cf. [9,
Chapter 11]):

THeEOREM (TsIREL’SON, 1980). Let m,n € N and S = (s;;) € M, ,(R). Then the following
statements are equivalent:

(i) S € Qma(R).

(ii) There exists a unital C*-algebra A, self-adjoint elements Ay, ..., Ay, B, ..., B, and a
state T on A, such that A; B; = B; A;, max{||4;||, || B;||} <1 and S;; = 7(A;B;) for all
(i,5) € [m] x [n].

(iii) There is a state p € My, .q,(C) (for some dy,ds € N), Hermitian matrix families
(Wi,...,W,) € Mg, (D)" and (Zy,...,Z,) € My, (D)", such that

= tr(W; ® Z;)p) for all (i,7) € [m] x [n].

Here, according to the construction, the Hermitian matrix W; ® Z; € My, 4,(D) is given by
the Kronecker product of W; € My, (D) and Z; € Mg, (D).

In particular, if k& € N3, then every real standard (k x k)-correlation matrix — used in
everyday statistical calculations — actually contains a quantum correlation matrix block part
€ Qmi—m (m € [k —1]) and its transpose! Although, the Grothendieck inequality actually
“compares” the set Q,, ,(F) of all real (respectively complex!) quantum correlation matrices
with their extreme counterparts of rank 1 (cf. Proposition 3.4-(i), (3.40), (3.41), Theorem 3.7,
Corollary 3.15 and Theorem 3.20), Tsirel’son’s groundbreaking result, per se, won’t be dis-
cussed in technical depth in this paper, though. Regarding a detailed introduction to this
fascinating subject including full and detailed proofs of Tsirel’son’s results, we particularly
refer to [9, Ch. 11.2] and [50, 93, 94], and the cited sources there.

3.2. The Grothendieck inequality, correlation matrices and the
matrix norm | - ||% ,

Fix F € {R,C} and m,n € N. Let A € M,,,,(F) and H be an arbitrary Hilbert space. If
(x,y) € H™ x H™, then

33 elan ) = 32 3 i = (AT (a,0) = FATH G )

i=1j=1

Moreover, observe that (cf. [46, Lemma 2.2.], [77, Remark 10.1] and Remark 3.16 regarding
the existence of the respective maxima)

G . *
JAlG = max 1\2]21% v )| = o (AT, 0)
(3.40)
_ ‘ZZ“U U, Vj) | ’

~ Jual <<t |4 =
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In particular (if H = F, where (z,w)y = wz for all z,w € F), we have:

n

JAI§ = = max [o(ATe(p, )] = max |33 aypig
i=1

(p,q)€SE* X Sf Ipil<1,|g;]<1 =

, (3.41)

Consequently, if the matrix A € M,,, ,(F) is viewed as a bounded linear operator from {7 into
[7*, then (3.41) and the fact that [ is isometrically isomorphic to the dual space of I (via
the linear map x : I — (I, defined as I" > z — (2,x(q)) = q¢'z = ™, q:z;), implies
that

(3.41)
Al =  max  |tr(A*Tx(p, = max tr(A*Tr(p,
| Allg (p,q)esg»xs;;' (A" Tr(p, q))| X (A" Tr(p, q))|
_ a7 — TV — 3.42
pomax  fr(Aaph) = max (gD = max (g x(@)l (342)
= Al can my = I All%.

where BY := By , v € N. Consequently, Theorem 1.1 is equivalent to

Theorem 3.7. Let F € {R,C}. There is an absolute constant K > 0 such that for any
m,n € N, for any A € M,,,(F) and any F-Hilbert space H, the following inequality is
satisfied:

max [tr(A* Dy (u,0))| = Al < K[| All%, -

(u,w)EST xS},
KE > 1 is the smallest possible value of the corresponding absolute constant K.

The operator norm || - ||]£o’1 on the right side of the Grothendieck inequality is a particular
example of a mized subordinate matriz norm (cf., e.g., [21, A.1.5] and [124, 136]). Here, we

have to recall two key results, particularly regarding the computational complexity of HAH]&1
(cf. [66, 121, 124, 136]):

Theorem 3.8 (Rohn, 2000). Computing ||Al|%,, is NP-hard in the class of Mazimum Cut
Matrices.

Even an approximation of ||A||% ; is NP-hard (see also [124, Theorem 6]):

Theorem 3.9 (Hendrickx and Olshevsky, 2010). Unless P = NP, there is no polynomial
time algorithm which, given a real matriz A with entries in {—1,0,1}, approzimates ||A||%,
to some fized error with polynomial running time in the dimensions of the matriz.

These observations immediately result in another important well-known fact which will be
used later in this paper to show that for both fields the calculation of K can also be elab-
orated by means of semidefinite programming, which is a convez optimisation problem (cf.
Corollary 3.15, Proposition 3.11 and [21, Chapter 4.6.2]). Namely,

Lemma 3.10. Let F € {R,C}, m,n € N and A € M, ,(F). Let HIL* denote the class of all
F-Hilbert spaces. Put

A(A) = AF(4) = L (j ’6‘) . (3.43)
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Then A(A) is Hermitian and

vec(x,y) A(A)vec(x,y) = Re(z* Ay) for all (z,y) € F™ x F". (3.44)
In particular, A(A) € My (F)T if and only if A =0. Moreover,
C SN\ i g
tr(A(A) ( P D)) = L(#tr(A*R) + tr(A*S)) (3.45)
for all (C, D) € M,,,(F) x M,(F) and S, R € M,,, ,(F). 0 < pelhax tr(A(A)Y) < oo, and
ceC(m+n;
G _ * _ *
Sup Al = A |[tr(A*S)| = A Re(tr(A*S)) 10
= _max tr(A(A)X) < Kg(m,n)||Alleoa |

YeC(m+n;F)

Proof. (3.44) and its impact on the positive semidefiniteness of A(A) follows immediately.
Since
c S\ | (AR* AD
A(4) <R* D) =2 (A*C A*S) !

it follows that

tr(A(A) ( g* g) ) = $(tr(AR") + t2(A"S)) = S(tr(A"R) + tr(A"S)).

Observe, that (3.45) does not at all depend on the choice of the matrices C'and D! Regarding
the proof of (3.46), we firstly verify the second equality. To this end, fix S € Q,, ,(FF). Since
any z € I satisfies |z|] = Re(Cz), where ¢ := 1if 2z = 0 and ¢ := é' if z # 0, it follows
in particular that [tr(A*S)| = Re(atr(A*S)) = Re(tr(A*asS)) > 0 for some a € Sy. Since
aS € Q,,n(F), the completion of the proof of (3.46) now follows by applying (3.45) twice,
including the fact that [tr(A(A)X)] < e max [tr(A(A)V)]| for any ¥ € C(m + n;F) C

m+n,m+n

Qm+n,m+n (F> . D

Let A € M,(F). Put dy(A) = d5(A) := sup |tr(A*©)|. Because of Proposition 3.4-(ii) it
0cC (n;F)
follows that

di(A) = max |z* Az| = max [tr(A"zx™)| < HAHIEO L
mESD? IESD? ?

Observe that dy # || - |5, (due to [45, Corollary 2.11]). If B is symmetric, respectively
Hermitian, then d;(B) coincides with the seminorm ||B||,; of S. Friedland and L.-H. Lim
(cf. [45, Proposition 2.5]). Moreover, in the positive semidefinite case [45, Proposition 2.8]
implies that

di(M) = max |z*Mz| = max |z*Mz| for all M € M, (F)". (3.47)
TESE z€[—1,1]"
o . . _ ]F 1 O A
Recall from Lemma 3.10 the Hermitian matrix A(A) = A™(A) := 3 a4 0l where m,n €

Nand A € M(m x n;F). Observe that in the following inequalities, which are an immediate
application of [45, Corollary 2.6., (29) and Proposition 2.8., (31)], seemingly no Hilbert space
presence is required (cf. also (3.46) and Corollary 6.41).
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Proposition 3.11. Let F € {R,C} and m,n € N. Then K&(m,n) is the smallest constant
c > 0, satisfying

[tr(A(A)X)| < c||Alloon for all ¥ € C(m +n;F) and A € M, ,,(F). (3.48)
The little Grothendieck constant kg, is the smallest constant v > 0, such that
[tr(BY)| < v||Blleo for all ¥ € C(n;F) and B € M, (F)*. (3.49)

In fact, if we allow the implementation of a possibly strictly larger absolute constant than K¢,
our approach leads to a further, more general inequality, which encompasses the real and the
complex Grothendieck inequality as a special case (cf. Theorem 6.40 (real case), respectively
Theorem 7.14 (complex case)). Moreover, it extends the symmetric Grothendieck equality
of Friedberg and Lim in [45] from symmetric F-matrices to arbitrary F-matrices (cf. (3.62)
and Remark 3.22):

Theorem 3.12. Let F € {R,C}. Then there exists an absolute constant K¥ > 1 such that
(B )| < KRy (B).
for any k € N, any ¥ € C(k;F) and any B € My(F). Moreover,
C(k;F) C KY aca(Cy(k;F)) for all k €N,

K¥ € [K§,sinh(%)] and KE € [K§, 2 —1].

3.3. Characterisation of K7, through operator ideals and violation
of Bell inequalities (a brief digression)

Readers who are familiar with operator ideals in the sense of A. Pietsch (cf. [33, 79, 117])
should take notice of Remark 3.17 below regarding the Grothendieck norm (3.40) on the left
side of the Grothendieck inequality. To round out the picture, we list a rather elementary
result (Proposition 3.13), which however unveals the link between matrices in Q,, ,(F) and
a well-known functional analytic formulation of the Grothendieck inequality; namely as an
inequality between Banach ideal matrix norms, when matrices are viewed as bounded linear
operators from {7 into I}" (respectively from [} into I7?), being elements of certain 1-Banach
ideals (in the sense of A. Pietsch), or equivalently as an inequality between certain tensor
product norms on tensor products of Banach spaces. The latter approach was developed
by Grothendieck. Regarding the underlying functional analytic details, we refer the readers
o [33, 117]. Primarily, we need an intuitive understanding of bounded linear operators
between (finite-dimensional) Banach spaces, factoring through a Hilbert space and the basics
of nuclear operators (cf. [117, Chapter 6.3]).

So, let E and F' be F-Banach spaces and S € L(E, F'). By definition, S € Lo(E, F) if
and only if there exist an F-Hilbert space H and bounded linear operators R € L(H, F),
T € L(E,H), such that S = RT. S € Ly(F, F) is said to be 2-factorable (cf., e.g., [33,
Corollary 18.6.2]).

E—»F
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It can be shown that (L2(E, F), || - ||z,(5,r)) is an F-Banach space. The norm is defined as
15 E— Fliz, = 15| coe.ry o= inf | R T,

where the infimum is taken over all factorisations S = RT through any Hilbert space.

The unit ball of the Banach space Ly(I7,[7) completely characterises the convex set
Q. (F), since:

Proposition 3.13. Let m,n € N and S € M, ,(F). Then the following statements are
equivalent:

(1 S e BLQ Inim) -
(ii

(ii

)
) There exist d € N and (u,v) € (Sge)™ X (Spa)" such that S = ga(u,v).

) There exist an F-Hilbert space H and (u,v) € Bj} x B}, such that S = 'y (u,v).

) There exist d € N, U € My,,(F) and V € My, (F) such that ||U : I — ]| =
|V :lp — 1§ =1and S=U"V.

(iv

Proof. (i) = (ii): Let

m__ 8 L gm

N,

for some Hilbert space H and ||B||||A|| = [|S]|z, < 1 (cf. [33, Corollary 18.6.2]). Obviously,
we may assume without loss of generality that H = I%, for some k € N, ||B]| < 1 and
|A] < 1. As usual, we identify H' and H (by the Riesz representation theorem). Let
A e L(17, (I7)) be the well-known linear mapping (which even is an isometric isomorphism,

since dim(I7}) = m < 00), whose duality bracket is given by

(z,Az) :=2"2 =) za; ((z,2) €12 x17).

=1

Obviously, ||A|| < 1. Let B’ € L((I™)', (I5)") the dual operator of B. Then ||B'|| = || B| < 1.
By construction, it follows that the matrix of S (with respect to the standard bases) is given
entrywise as

Sij = (BA)U = GZTBAGJ‘ = <BA6j7A€Z'> = <A6j, (B,A)€Z> = <yjami>H for all (Z,j) € [m] X [’I’L} ,

where y; := Ae; € By and z; := (B'A)e; € By = By. Consequently, S = I'ge(u,v) for some
(u,v) € (Spa)™ X (Spa)", where d € {k,k + 2} (due to (3.38)).

(iii) = (iv): Since H = [y, ... Upm, V1, .., V) ® [U1, ... Un,v1,...,v,]T, the orthogonal pro-
jection from H onto the finite-dimensional Hilbert space [u1, ... Up, v1,. .., v,] does not alter
any of the inner product entries of I'yy (u, v), so that we may assume without loss of generality
that the Hilbert space H = [ is finite-dimensional. Due to (3.38), we can assume (after a
possible transition from g to I91?) that (u,v) € S% x S%. Hence, we may apply the factori-
sation (3.35), implying that S = I'y(u,v) = U*V, where U := (uyiug! - tuy,) € My, (F)
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and V := (viivg! -+ 1v,) € My, (F). If we view U as U € L(I7,19) and V as V € L(I7,13),
then a straightforward calculation shows that for any y = (y1,...,yn)" = Yio1yie; €17,

HVsz:Hiyj(Ve] |, = sz]vjtkuyuw (max [o;112) = llyllp

whence |V]| < 1 = ||w1]la = [[Verlla < |[V||. Thus, |[V] = 1. Similarly, we obtain that
IIU]| =1, and (iv) follows.

(iv) = (i): Again, we identify (¢ with its dual. It is also well-known that ¥ : (I™) — I is
an isometric isomorphism, defined as

m

Ua:=> (e, a)e;  (a€ (I7)).

=1

Put W :=0U :1¢ = (19) — ™. (145 Uz := Uz for all z € I", of course.) The mapping
rule of ¥ implies that for any j € [n],

(WV)GJ = Z<€i7U,Vej>6i = Z<U6i7 Vej>l§l e
i=1 i=1
= ;(% (U V)ejhg e = ;(e;(U*V)ej)ei = Se; .

Consequently, § = WV € Ly(If,1%), and ||S|z, < (IWIHIVI| < [TV = [UIIVI] <

17 %co

1. O]
In other words, if m,n € N and F € {R,C}, then

Bﬁg(l?,lm an U{FIFd u, ’U ( ,U) < (SFg)m X (SFg)n} (350)

Corollary 3.14. Letd,m,n € N, (z,w) € (C$)™ x (CI)" and (a,b) € (R3)™ x (R3%)". Then
ch(z, U)) = FRgd(xa y) + iFREd(xa y/) )

and
I'paa(a,b) = Re(T'ca(C, €)),

where (¢,€) € (CH™ x (CH™, (x,y) € (RI)™ x (R2)" and y' € (RI)" are given as xz; =
Jo(zi),y; = Jo(w;), vy = Jo(—iw;) = Ro(—ila)y;, G = Jy'(a) and & = Jy'(b) ((i,4) €
[m] x [n]). In particular, {Re(S) : S € Q,n(C)} C Qppn(R), {Im(S) : S € Q,,,(C)} C
Qmn(R) and Q,,,(C) C 9O,y n(R) +1i O, n(R). Moreover, {Re(X) : ¥ € C(n;C)} C C(n;R).

Proof. We just have to apply (3.50), (1.11) and (1.13), taking into account the algebraic
properties of the mappings Jo and R,. [

Let (u,v) € Sf x S§. Since I'g(u,v)* = 'y (v, u), it follows that also I'gy(u,v)* € Q. (F).
Consequently, if we recall Theorem 3.7 and Lemma 3.10, we arrive at the following crucial
implication of Proposition 3.13 (cf. [50]):

40



Corollary 3.15. Let F € {R,C} and m,n € N. Let A € My, ,(F) such that ||A|5,, < 1.
Then the following statements are equivalent to each other and to (1.3):

()

tr(A* Ty (u,v))| < K&(m,n) for all Hilbert spaces H and for all (u,v) € ST x S% .
G H H

(i)
max [tr(A*S)|= max |tr(AR)| < Kg&(m,n).

SEQm n(F €Bryam.im,)

(iii)

max  tr(A(A)Y) < K& (m,n).

SeC(m+n;F) (A(A)%) < Kglm,n)
Recall that for any v € N, the canonical isometric isomorphisms () = %, and (I%) = l¥
(since %, is finite-dimensional) explicitly characterise the respective dual spaces. Put

X = Lo(IT, 1), Y = L2107, Z .= N(},12) and W .= L(I0,,1T7), (3.51)
where (N, || - ||x) denotes the 1-Banach ideal of all nuclear operators, which is the smallest

1-Banach ideal (originally created by A. Grothendieck in his famous thesis [53]). Let us
quickly recall that a linear operator 7' : ' — F’ between two F-Banach spaces E and F' is
said to be nuclear if there exist sequences (an)nen € B/, (Yn)nen € Br and (A\y)nen € L
such that

T = Z )\n<: an>yn ’
n=1

and the series converges in L(F, F') (cf. Remark 3.19, [53] and [117, Chapter 6.3 and Theorem
9.2.1.]). It is a well-known fact that the Banach space Z is isometrically isomorphic to the
dual Banach space Y’. The isometric isomorphism 7 : Z — Y’ is given by canonical trace
duality

Z 38— 15 =7(5), where (B, 7g) :=tr(BS) for all BeY (3.52)

(see [117, Theorem 9.2.1]). Readers, who are familiar with tensor norms and Banach ideals
could verify the above trace duality very quickly, (since V' = (I7" ®. [}) = (I} ®. ") =
Z(y, 1) = Z (cf. [33, Corollary 5.7.1 and Proposition 16.7])). Observe that Proposition
3.13 implies that B; C Bx = Q,,,(F). However, since X consists of elementary operators
only (i.e., linear operators between finite-dimensional F-vector spaces), it follows that we may
identify the equivalently normed finite-dimensional Banach spaces (Z, || - || z) and (X, || - [|x)
topologically (yet not isometrically!), implying that Q,,,(F) = Bx C X C Z. Fix Be Y.
Then A := B* € W, and ||B|ly = [|[A*|ly = ||Allw = ||Al|co1- (3.46) implies that

tr(BS)| = [tr(A*S)| < K&(m,n) || Alleen = K&(m,n) ||Blly for all (B,S) €Y x Q,,..(F).

By making use of polarisation with respect to the dual pairing (Y, Z) (cf., e.g., [78, Chapter
8.2]), the latter inquality is equivalent to

Qun(F) C Ki(m,n) By, = Kg(m,n) By.
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So, we get again a well-known norm inequality variant of the Grothendieck inequality (cf.
also [33, Corollary 14.3] and [50, Section 1.2]); namely:

Qunn(F) C Kg(m,n) By C K¢ By (3.53)

and ||S]|z < K&(m,n) < KE for all m,n € Nand S € Q,, ,(F).
Thus, we recognise that the isometric isomorphism 7 : Z — Y can be extended to the

well-defined bounded linear operator 7 : X — Y’ where the latter is given as 7(R) :=

Kg(m,n)7'<m R) for all R € X i.e.,

1

Y x X 3 (B,R) = (B,7(R)) := K¢(m,n) <B7T(Kg(mm

R)) = tx(BR). (3.54)
Note that ||[7(R)| = K&(m,n) HK]F o) RHZ < KE(m,n)||R||x < K& ||R||x for all R € X

(due to (3.53)), whence ||7]| < KG(m n) < K¢.
Consequently, since K¢ (m,n) is the smallest constant which satisfies inequality (1.3) (or
equivalently (3.46)), it even follows that

K&(m,n)= sup |9z (3.55)
5€Qm,n(F)
. ey (354) L .
(since [tr(A*9)| =" (A", F(S)] < KG(m,n) 17(ggmmy ATy < KG(m,n) [l gz Sz

for all S € Q. »(F) and A € By).

Remark 3.16. (Attainability of maximum in GT) For any A € W the linear func-
tional f4a : X — R/ R — (A" 7(R)) = tr(A*R) satisfies |fa(R)| < ||[T(R)] [|Allw <
KE|IR||x [|Alloox for all R € X. Hence, f4 : X — R is continuous and attains it max-
imum on the compact unit ball Bx = Q,, ,(F) (since X is finite-dimensional). Thus, we may
indeed replace the supremum by the maximum in Theorem 3.7. Similarly, the maximum is
attained in (3.55), whence

Eg(m,n) = ISz > 1

for some Sy € Bx \ Bz = Qmn(F). Recall that 7: Z =5 Y" is an isometric isomorphism (cf.
(3.52)) and observe that

(S, (7'jy)(B)) = (B,7(8)) = tr(BS) for all (S,B) € Z x Y .

Thus, 7'jy : Y —> Z’ again is an isometric isomorphism (since Y is finite-dimensional). It
therefore follows the existence of some By € Sy, such that

Kg(m,n) = [|Sollz = [tx(A5S0)] 4
where A, := B} € Sw. Moreover, the polar of By satisfies
B% = BZ’ = T’jy(By). (356)

Consequently, for any matrix A € M, ,,(IF), the following equivalence holds: |tr(A*R)| < 1
for all R € By if and only if ||Allw = [|Al|cc,s < 1. In summary, we have:

K&(m,n) = |tr(A5So)| > 1 and |tr(A;R)| <1 for all R € By; (3.57)
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a fact which plays a key role in quantum mechanics (cf. Remark 3.21). Moreover, due to
(3.50), Sp = F]Fgo (uo, vg), for some dy = do(m,n) € N and (ug, vg) € (S]Fgo)m X (SFSO)”. Hence,
K&(m,n) < sup |tr(AGT o (1, 0))| < K& (do).

2

(u,0)€(S g )™ X (S dg )™
2 2

Remark 3.17 (Adjoining GT). Readers who are familiar with adjoint normed operator
ideals and trace duality in general (cf. [117, Chapter 9.1]) immediately recognise that Corol-
lary 3.15-(ii) implies that the Grothendieck inequality actually is equivalent to an inequality
between two matrix norms, induced by two (adjoint) Banach ideals; namely:

(3.46)
sup [[AlIF =" |Allp, < Kg(m,n) [Allses < K& [ Allsoa
HeHILF

for all matrices A € M, ,,(IF), m,n € N, or, equivalently,
Beag iy € Kc(m,n) Bo,ay iy © K6 B,y i) (3.58)

for all m,n € N, where (Da, | - |lp,) = (£5,] - lc5) = (P§ o Py, || - | pgop,) characterises the
Banach ideal of 2-dominated operators (cf. [33, Table 17.12, Theorem 17.14 and Chapter 19|
and Remark 4.10). The latter inclusion also follows directly from “adjoining” (3.53) above.
In fact, if K and L are arbitrary compact sets, the following deep result of Grothendieck
holds:

L(C(K),C(L)) € D:(C(K),C(L)) € Po(C(K),C(L)) € Lo(C(K),C(L)),

and
1Tz, <1 T|lp, < I Tllp, < K¢ |IT|

for all T € L(C(K),C(L)"). To recognise this highly noteworthy statement, we just have
to note that [119, Theorem 2.1] implies that any T € L(C(K),C(L)") can be represented
as T' = (Jp,)UJp,, where for A € {K, L}, Pa is a well-defined probability measure on A,
Jp, 1 C(A) — L*(Pa) denotes the canonical (norm 1) inclusion and ||U|| < K ||T||. Each
of the two operators Jp, is absolutely 2-summing (such as their biduals - c¢f. [33, Corollary
17.8.4]) and satisfies ||.Jp, ||p, = Pa(A)Y2 =1 (cf. [33, Subsection 11.2])). In particular, we
reobtain [119, Corollary 2.2]. It is quite instructive to compare this result with [33, Corollary
14.5.2 and Theorem 17.14], [70, Section 5] and [80, Theorem G].

Given that trace duality view, the role of the “free parameters” m,n,d € N, where the pair
(m,n) € N? describes the size of the matrices and d is the dimension of the underlying
finite-dimensional Hibert space F? is explicitly described in

Proposition 3.18. Let F € {R,C} and m,n,d € N. Put

Kg(manvd) = Sup{“FFg(u7v) : 1711 — lmHN : (u,v) < (S]F'g)m X (‘%Fg)n}

e}

Then

K§(d) = sup KG(m,n;d). (3.59)

(m,n)EN?
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and

Kg(m,n) = sup ||S]||x = sup K5 (m,n;d). (3.60)
S€Qm,n(F) deN

The sequence (K& (d))aen is non-decreasing, and

K§ = sup {”SHN :m,neN,S € an(F)} = sup Kg(m,n)=sup K5(d) = dle K&(d).

(m,n)€EN? deN

(3.61)
In particular, K&(1,1) =1 and K&(m,n;1) = K&(1) =1 for all m,n € N.

Proof. First of all, it follows from (3.50) and (3.55) that

Kg&(m,n) = sup ||S||x = sup K5(m,n;d) < sup{||SHN :m,neN, S e an(F)}
S€Qm n(F) deN

Since (52)
. 3.52 .
sup [tr(A"S)| =" sup [(A",75)| = ||I7s|l = [[S]la
A€ By A€Bw

for any S € Q,;,n(F), Theorem 3.7 and (1.3) imply that

Sup{”SHN m,n € N,S € Qm,n(F)} = Kg‘ < sup Kg(ﬂ% n)

(m,n)EN?
Hence,

sup( sup Kg(m,n;d)): sup (sung(m,n;d))
deN * (m,n)eN2 (m,n)eN2 " deN

= sup Kg(m,n)zsup{||S||N:m,n€N,S€Qm,n(F)}:Kg.

(m,n)€eN2
Moreover, if m,n,d € N are given, recall that
K& (m,nid) = sup { | Taa(u,v) : 1F — 12|t (,0) € (Sga)™ x (Sga)" }
= sup { [tr(A" Tgg(u,v))| - A € Bw, (u,v) € (Spa)™ x (Saa)"}

whence sup K§&(m,n;d) < KE(d) (due to (1.2) and (3.40)). By definition, KE(d) is
(m,n)eN?

the smallest constant K(d) which satisfies inequality (1.2). Thus, sup Kg(m,n;d) =
(m,n)€EN?

K&(d). Finally, since (v, u)pa = (Jv, Ju)FgH for all d € N and u,v € F%, where J : F§ —
Fdtt (24,...,24) — (21,...,24,0) denotes the canonical isometric injection from F¢ into
Fd+! it follows that K5(d) < KE(d+ 1) for all d € N. O

Remark 3.19. Even in the matrix case, the Banach space (N (I7,17), || - [|x) should not
be confused with the Banach space (N (F3,F5), || - ||lv) = (S1(F5,Fy'),01)! The latter space
namely consists of matrices - viewed as operators - between (finite-dimensional) Hilbert spaces,
contained in the so-called Schatten-von Neumann class of index 1, also known as trace-class

operators (cf., e.g., [67] and [78, Chapter 20.2]). In particular, if we view a given matrix
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M e M, ,(F) as linear operator from I} to 7, the norm ||M ||y in general does not coincide
with the so-called trace norm of M (also known as nuclear norm). The latter is given by
| M|, := tr(|M]|), where |M| := (M* M)"2. Since the trace norm of M coincides with the
Schatten 1-norm oy (M), it equals the sum of the singular values of the matrix M (cf., e.g.,
[15, Chapter IV.2], [29, Exercises 1X.2.19, 1X.2.20 and 1X.2.21] and [68, Chapter 5.6 and
Chapter 7.4.7]).

Let us recall the isometric isomorphism 7 : Z =y , induced by the Banach spaces
Y = L(Im, 1) and Z = N(I7,0m) = Y7 (cf. (3.52)). Put 6 := 7'jy : Y — Z'. As we
have seen, also ¢ is an isometric isomorphism (cf. Remark 3.16). Its inverse is given by
571 = j,H(r7Y) (since Y is finite-dimensional). An application of the bipolar theorem to
the dual pairing (Z, Z") = (Z,§(Y)), induced by the bilinear form Z x Z' — F (R, 2') —
(R,2') == tr(R67(2)) (cf. [29, V.1.8] and [78, Chapter 8.2]) implies the following explicit
representation result for the so-called “local correlation polytope”. To the best of our knowl-
edge, the outcome for the complex case (i.e., if F = C) is new. A (different) part of our proof
for the real case can be found in the proof of [9, Proposition 11.7]. In particular, we are going
to shed some light on the geometry of the unit ball of AV/(I7,17). To this end, recall that for

any subset S of an F-vector space
ex(S) = U {ZO@'SU@' X1, T €Sy, .. 0 > 0and Y a; = 1}
neN  i=1 i=1
denotes the convex hull of S and that
acx(9) = {Zaixi LTy, Tn € Syan, .. 0 €EFand Y foy] < 1} (3.62)
neN = i=1 i=1

marks the absolute convex hull of S. Here we adopt the notation, introduced right below

[78, Proposition 6.1.3]. Recall also that acx(S) = cx(g”), where § := (FND)S denotes the
circled hull of S (cf. [78, Proposition 6.1.4]).

Theorem 3.20. Let F € {R,C} and m,n € N. Put
G (F) = {Pq" : (p,q) € S§" x 5§} = {Te(p, ) : (0. 9) € S§' x ¢}
and

Hunn(F) :={Zy" : (2,9) € (FND)" x (FND)"} = {T's(z,y) : (v,y) € (FND)" x (FND)"}.
Then
Brpaz) = act(Gmn(F)) = cx(Gnn(F)) = ca(Hmn(F)). (3.63)

(i) If F = R, then the set Gy n(R) even coincides with the set of all extreme points of
BN(”{J&) and

mn—+1 mn+1
Byanimy = ct(Gmn(F)) = { >Nz 2 €Gma(R),0< N <1 Y N = 1}
i=1 i1

= {E[XY"] : max{|Xi|,|V;[} <1 a.s., for all (i,5) € [m] x [n]}.
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(ii) IfF =C, then

2mn+1 2mn+1

Byapmy = { D N0 €Gna(C),0< N <1, Y N = 1}-

i=1 i=1

Proof. Put Y := L(I',1}) and Z := N(I7,17). Fix (p,q) € S§* x S§. Recall the well-known

1 %00

isometric isomorphism y : I". — (I7), defined as
(z,x(0) =2"q=>"q2 ((z,9) €I} xI).
=1

Since p;q; = e, ((-,x(q)ﬂ?)ej for all (i,7) € [m] x [n], it follows that pg’ is the matrix
representation of the linear operator (-, x(q))p : F* — F™ with respect to the standard
bases. By definition of the nuclear norm it therefore follows that ||[pg " ||x = ||(-, x(¢)) Dllx =
ll9]lo IPllcc = 1 (cf. [117, Chapter 6.3]). Hence,

acx(Gmn(F)) € By.

Moreover, G,,,(F) = f(Sm x S#), where f : I x [, — Z is defined as f(p,q) :=pq". A
standard application of the triangle inequality implies that f is continuous. Hence, G, ,,(F) is
a compact subset of the Banach space Z. Similarly it follows that H,,,(F) C Z is compact.
Let 2 € (Gma(F))° C Z'. Consider the isometric isomorphism § : Y — Z’. Then in
particular |tr(pg" By)| = [(pq",2")| < 1 for all (p,q) € S x S#, where By := 6 1(2) € Y.
Consequently, By € By (due to (3.42)), whence

(acx(Gmn(F)))° € (Gnn(F))° C 6(By) = Bz = By .

Consequently, polarisation again (now applied to subsets of Z’ - cf., e.g., [29, Definition
V.1.6]) implies that

By C BY C (acx(Gpn(F)))™ = acx(Gon(E)) 2. (3.64)

The last equality follows from the bipolar theorem (cf., e.g., [29, Theorem V.1.8] or [78,
Theorem 8.2.2]). However, since actually Z is a finite-dimensional space, it follows that also
acx(Gp.n(F)) is a compact subset of Z (see [78, Proposition 6.7.4]). In particular, it is closed,
whence By = acx(G,, . (F)).

The inclusion acx(Gpn(F)) C cx(Hpmn(F)) is trivial. Let (Ay,...,\) € [0,1]%, such that
>*_ A, = 1. Since

k k k
I Nzy v < 2 Mlzlle lylle < DA =1,
v=1 v=1 v=1

for all (z,y) € FND)™ x (FND)", [ € N, it follows that cx(H,»(F)) C Bz. Finally,
[78, Proposition 6.2.4] implies that acx(G,, ,(F)) = cx(gm», which concludes the proof
of (3.63).

(i) The non-trivial statement that - in the real case - G, ,(R) precisely describes the set of
all extreme points of the convex compact unit ball B (whose proof requires tensor product
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methods and trace duality) follows from [33, Proposition 16.7], together with [128, Theorem
1.3]. Equipped with this deep fact, we may apply the finite-dimensional version of the Krein-
Milman Theorem to the non-empty convex compact set By (cf. [3, Theorem 7.68]), whence
Bz = cx(Gmn(F)). Now, we may apply Carathéodory’s Convexity Theorem (cf. [3, Theorem
5.32]), which gives us the second equality. The last equality follows from [9, Definition 11.5
and Proposition 11.7].

(ii) To proceed in a similar way as in the real case (i), we view Z = M,,,(C) = C™ as
a real finite-dimensional vector space, implying that dimg(Z) = 2mn. Consequently, we
may apply Carathéodory’s Convexity Theorem again (cf. [3, Theorem 5.32] and the proof of
[78, Proposition 6.7.4]); namely to ¢x(Gpmn(F)) = Bz C Z, from which (ii) follows (due to
(3.63)). O

Based on [9, Definition 11.5 and remark right below|, we have shown that at least in the real
case (i.e., if F = R), By precisely coincides with the set of all classical (or local) “correlation”
matrices.

Consequently, (3.53) implies that for all m,n € N, for all F-Hilbert spaces H* and (u,v) €
S x Ste there are 2f ... 2y € (FND)™, oF, ...,y € (FND)™ and (\],..., \E) € [0, 1)%,
such that Z’,ﬁil A =1 and

k,JF
Dy (u,0) = K 3 ALTE (o), (3.65)
v=1

where kg := mn+1 and k¢ :=2mn+1. If F = R, we may assume that [z%]| = 1 and |[y%| =1
for all v € [k®]. In particular (if m =n = 1),

(u, v) e = Kgs (AT 2F yr + (1= AY) 25 5)

and
3

(b,a)ye = KG 3N, 20y,

v=1

for all u,v € Syr and a,b € Syec. Since K& > 1, it follows that sign(z} yft) # sign(af y¥).
Thus, if \; # %, then

1+ K§ _ T+ 2

~ (0.818.
2K§ 2 0.818

1
o < ————, respectively |\;| <
2 2 — 1]

Remark 3.21 (Quantum violation of a Bell inequality). Fix an arbitrarily given S €
Qmn(F) \ Bz. Recall again the construction of the isometric isomorphism 7 : Z — Y via
trace duality (cf. (3.51) and (3.52)). Since By is a non-empty closed and absolutely convex
subset of the Banach space Z, we may apply [78, Corollary 7.3.6]. The latter is an implication
of hyperplane separation (which is a geometric version of the Hahn-Banach theorem and thus

an implication of Zorn’s lemma). Hence, due to (3.56), it follows the existence of a matrix
By € By, such that

tr(Ay;S) = tr(ByS) > 1 and [tr(AjR)| < 1forall R € By,
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where Ay := B € By (compare also with (3.57)). In particular, we have been provided with
a matrix Ay € M, ,(F), such that ||Ap|lcc1 < 1 and

(AyS) _nax Re(tr(ApS)) =  max  tr(A(Ap)X)

1< Aoll§y = =
sup || OHH Seglax | SEQm.n(F) 2eC(m+n;F)

|tr
HeHILF m.n (F)
(due to (3.46)). In quantum mechanics (if F = R), the latter inequality is somewhat vaguely
referred to as the “maximal quantum violation of a Bell (correlation) inequality”. The “max-
imal violation of the related Bell inequality” coincides precisely with the inequality

I fa0ll = g max | 1fag(S)] = | max  [ex(435)] > 1,

where fy4, is defined as in Remark 3.16 (for both fields). The term “Bell inequality” (now
with respect to any given A € Byy, of course) is therefore to be understood as the inequality

max [f4(R)| = max [tr(A"R)| <1,

which holds for all A € By, (due to (3.56)). That Bell inequality is “violated”, if and only
if [fa(So)| > 1 for some quantum correlation matrix Sy € Q,,»(F) \ Bz. (cf. also Remark
3.16, respectively Theorem 3.20-(i), together with [94, Lemma 2] if F = R). In this respect,
the maximum value || f4]| is then referred to as “maximal violation of the Bell inequality”.
Consequently, due to (3.50) and Remark 3.16, there are S, € Q,,,(F) \ Bz and - hence -
d. € N, such that “the maximal violation of the Bell inequality” (i.e., ||fal|) is uniformly
bounded above by KZ(d,) < KE. More precisely, if S, = [ga. (Uy, Vi), for some d, € N and

(Us, v4) € (S]Fg* )™ X (SFS*)n’ then

1< ||fall = |tr(A"S,) sup \tr(A*FFg* (u,v))] < Kg(d,) < K.

‘ =
(0)€(Sya )X ()

Remark 3.22. We don’t know whether in (3.48) we may substitute the block matrix
A(A) € M,,4,(F) through an arbitrary matrix B € M,,;,(F). If this were the case, a
further application of the bipolar theorem (cf. [78, Theorem 8.2.2]) shows that the latter
would be equivalent to

C(k;F) C K acx(Cy(k;F)) for all k € N,

Theorem 3.20 therefore would imply that

C(k;F) € K& acx({pq” = (p,q) € S5 x S5} 2 KE By o) for all k € Ny,

where B (1) Again denotes the unit ball of the Banach space of nuclear operators between

I¥ and [, equipped with the nuclear norm.

3.4. K&(2) and the Walsh-Hadamard transform: Krivine’s approach
revisited
Regarding explicit constructions of elements of Q,, ,(F), a rigorous description of the entries

of the Kronecker product of matrices proves to be a very useful tool (cf. Example 3.27). To
this end, we consider the mapping:

Z x N> (v,n) —r,(v) =

n if n is a divisor of v
rem,(v) if n is not a divisor of v,
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where rem, () € {0,1,...,n — 1} denotes the uniquely determined remainder in Euclidian
division of v by n, implying that r,(v) € [n] (by construction). Thus, if p € Z and v =
pn + rem,,(v), then p+1 > VTH and

fn(m::'/—fmﬂz{

p+1<2+1 ifnisnota divisor of v

z if n is a divisor of v.

n

Consequently, if [ € N and v € [In], then f,(v) € [l]. In particular, r,(v) = v if v € [n].
Especially with regard to Example 3.27 the “Boolean” case n=2 is of particular importance
to us. Here, we obviously obtain:

v L4 if v is even 1 if viseven
folv) = H - {2+1 and by(v) = ra(v) — 1 = Ln(v) = {
2

2 if v is odd 0 ifwvisodd.
(3.66)
Note that the structure of f, implies that fo([27]) = [2/7!] for all i € N. In particular, for
any m € Ny and ¢ € {2,3,...,m}, the well-defined function b; := by o fy0---0 f5 is the ith
AT

component of the {0, 1}"-valued function m,, : Z — {0,1}", defined as
T (V) = (by(v), ba(v), ..., bp(v)) T forall v € Z. (3.67)
The actual role of the sequence of functions (7, )nen is encoded in

Lemma 3.23. Let n € N. Then the mapping

U, Zx[n] —7Z,(i,§) — (i—1)n+j
is bijective. Its inverse is given by W1 = A,,, where

AN Z — Z x n],v— (fulv),rm(v)).
Moreover, ¥, ([l] x [n]) = [In] for all ] € N.

Proof. Fix (i,j) € Z x [n]. If ¥(i,j) = (i — 1)n+ j = In for some [ € Z, it follows that
0<j=(U—-0G—-1)n <n, whence 0 <l — (i —1) < 1. Thus, | =i, and hence j = n.
Thus, n is a divisor of (i — 1)n + j if and only if j = n, implying that r,((i — 1)n + j) =n
(by construction of the mapping 7). Hence, if n is not a divisor of (i — 1)n + j, then j < n,
and it follows that r,((: — 1)n + j) = j is the uniquely determined remainder of (i — 1)n + j.
Now, we only have to use a bit of elementary algebra, to show that A, o ¥,, = idzy, and

U, oA, = idg, where A(v) := (%"(”) + 1,rn(y)> for all v € Z. Consequently, A,, = ¥, 1.
Finally, if U,,(¢,5) = (i — 1)n+j < In, it follows that n({ — (i —1)) > j > 0, whence i — 1 < [.
Thus, ¢ € [I], and it follows that [In] = [In] NV, (Z % [n]) C ¥, ([{] X [n]) (since ¥,, is onto).

Conversely, if i € [I] and j € [n], then ¥,,(i,5) = (i — )n +j <in <In. O

Equipped with the remainder mapping r and the both bijections ¥,, : Z X [n] — 7Z and
U,, : Z x [m|] — Z, we are now able to describe both, the bijective linear operator vec :

49



M, »(F) — F™" and the Kronecker product explicitly entrywise. So, fix m,n,p,q € N. If
A = (aij) € My n(F), B = (bu) € M4(F), a € [mp], 5 € [ng] and v € [mn], put

(A® B)ap = fy().f,8)  brp()ra(s) = (AT @ BT) g (3.68)

and
vec(A)y = vec, (A)y 1= (1), fin(y) = (AT>\I%1(7) = (Am\p;f)ﬂ/v (3.69)

where (4, j) = 7(i,7) := (j,i) denotes transposition. In other words, vec = vec,, = C_ -1
In particular,
Vec(el(-m)(eg-n))T) = €E?Tf)m+i for all (i,7) € [m] x [n].

Consequently, Lemma 3.23 implies that

(nm) — vec (65.722,,)6(72;)) for all v € [nm]. (3.70)

€

Moreover, if n = 1, it follows that vec(A); = a;; for alli € [m]. Observe that the vectorisation
of the matrix A involves its transpose AT = A, € M, ,,,(F). Not too surprisingly, it follows
that

vee, 0 Cr(A) = veey (AT) = veey(A;) = Ay-1 = Cy-1(A)

(since 7 o 7 = id). The construction implies at once the non-trivial fact that vec,(A") =
Cy, orou-t(Vecn(A)), where Oy, g—1 : F™™ — F"™ = " is the related linear composition
operator. Consequently,

vecn(AT) = Ky nvecy,(A),

where the matrix K], = K, € O(mn) satisfies

(Km,n)l/u = 5(\Ilmo7'o\1/;1)(y)7u = 5(7"n(’/)*1)m+fn(l’):,ul

)
= 0t () rn () " O () (1)

m n

(3.69) (Y eief ®e, e?)w

i=1j=1

for all v, u € [mn]. The second equality follows from Lemma 3.23: (r,(v) — 1)m + fn.(v) = p
if and only if W, (r,(v), fu(v)) = p = Vo (fin (1), rm(p)). Since f,(v) € [m], it follows that
ro(V) = fum(p) and f,(v) = 7, (@). Therefore, Lemma 3.23 (respectively Euclidian division
with remainder) allows to extend the results in [98, Chapter 11, including Exercise 11.8]
by an explicit entrywise (and hence implementable) description of the commutation matrix
Kpn =301 Z?:1 e; ejT ®e; eiT; namely in form of a product of two Kronecker delta symbols.

Moreover, vec™! = mat, where the “matrixation operator” mat : F™" — M, ,(F) is
given by mat = mat,, := Cy_,; i.e.,

1 Tm41 -+ T(p—1)m+1

T2 Tm42 .- T(n—1)m+2
mat(:z:) = T, 0r = (xq}m(T(ZJ)))(z,j) = (x(Jfl)m%»z)(Z’j) = . .

T Tom . Tmn
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for all z € F™". Again, if n = 1, we recognise that mat(z);; = z; for all i € [m]. Consequently,
we may identify mat(F") = vec(M,,, 1 (F)) = F™ for all m € N, so that we may assume without
loss of generality that (m,n) € Ny x Ny. That assumption also avoids necessarily the review,
whether vec maps F™ into M, ,(F), or into M,,,,;(F) = F™, or into M ,,,,(F) = {« '
Fmn

Example 3.24. Consider A := (an 2 a13> € My3(F). Then 4 € [2-3] = [6] and
Q21 Q22 Q23
U3l (4) = (2% 4 1,r5(4)) = (2,1). Thus, vec(AT)s = az.
Therefore, we reobtain the well-known (and easy computable) facts that
vy’ =z ®y' forall (z,y) € F™ x F".
and

vec(zy') =y @ x for all (z,y) € F™ x F".

In particular,

(nm) (370) (n) (m)

e = ) @)

| | (3.71)
Gl & @™

for all v € [nm] = U, ([n] x [m]) = {(j — 1)m+i: (j,i) € [n] x [m]}. Equivalently (now
translated into Dirac’s bra-ket language):

laB) = |a) |B) = |am + 5) for all («,5) € {0,1,...,n—1} x {0,1,...,m—1}. (3.72)

nop
Consequently, if C' = Z E cjrejen € M, ,(F) is a third given matrix, then ACB =
n p a n p
> Z k(Ae;)(BTer) " and vec(C) = Y 3 ¢jr e ® ej, leading to another important, well-
j=1k= J=1k=1

know matrix equality:
vec(ACB) = (B" ®@ A)vec(C).

Example 3.25 (Werner state). Let p € [0, 1]. Put

RS = 1,—-1,0)7 "L —4mn 10)).

7(

Consider the matrix

1-p 0 0 0
- 1—p 1l 0 1I+p —2p 0

MyR) > p) =p¢ (7)) +——L=7| o o 141, o
0 0 0 1-p

Since the rank one matrix pt¢~(1)~)" is positive semidefinite and 2 21 is p0s1t1ve definite

if p < 1, it immediately follows that pp is positive definite if p < 1 and p)¥ = ¢~ ()7 is
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positive semidefinite (yet not invertible). Moreover, by construction, it trivially follows that
in general tr(p)’) = 1. Note that p)’ can also be written as

_3=2\p), 3-4Ap),, _ 3—2Ap) 3 —4A(p)
=g 1 =5

6 T 6 Gr).

where A(p) := 2(1 —p) € [0,1] and G; € O(4) is the “flip operator” (cf. (1.9)). In quantum
physics, the matrix p;N € M, (R)* is known as the so-called “two-qubit Werner state”. A very
detailed discussion of the origin and the meaning of Werner states in the foundations and
philosophy of quantum mechanics, particularly in relation to the topic of entanglement and
“local hidden-variable theories” can be found, for example, in [9, 25, 43] and in the relevant
references, cited there.

Proposition 3.26. Let m,n,p,q € N, S € M, ,(F) and R € M, ,(F). If S € Q,,,(F) and
Re Q,,(F), then S® R € Qupng(F).

Proof. We only have to apply Proposition 3.13 and the entrywise description (3.68) of the
Kronecker product S ® R. So, choose F-Hilbert spaces Hy, Hy, (uV,v1)) € S, x Sp, and
(u®,0v®) € S x S, such that S = Ty, (uV, M) and R = Ip,(u®,0v?). Fix (o, B) €
[mp] x [ng]. (3.68) consequently implies that

— (D (1) @ 2 _
(S® R)ap = <Uﬁrg(5)+1auar;(a>+1>Hl ' <U7‘q(6)’u7‘p(a)>H2 = (vg, Ua)mr

where the Hilbert space H := H; ® H, denotes the standard tensor product of the Hilbert
spaces H; and Hy, vg := v(ﬁl_)rq(ﬁ)ﬂ ® ngﬂ) and u, 1= U(alzrp(a)ﬂ & Ui,i)(a). Since u, € Sy and
q P

vg € Sy (by construction), it follows that S® R = 'y (u,v), where (u,v) € Si¥ x Sii'. Thus,
S®R € Qupng(F) (again, a consequence of Proposition 3.13). O

An important example of a matrix A € Mym ({—1,1}), which satisfies | A[|%, ; < 1 and delivers
v/2 as a lower bound of K% (cf. Proposition 3.34), and also plays a key role in the foundations
of quantum mechanics and quantum information is the so-called Walsh-Hadamard transform
(also known as quantum gate - cf. [25]). In the following enlightening example, we extend the
Walsh-Hadamard transform H,, € Mom({—1,1}) to a complex Walsh-Hadamard transform
HE € Myn(T) and disclose some surprising properties of that matrix. In particular, we
will show that the (value of the) sign of any of the 4™ entries of the real Walsh-Hadamard
transform can be specified precisely, in exactly m calculation steps - for any m € N! To this
end, recall the construction of the function m,, : Z — {0,1}™ (cf. (3.67)) and put

Non(v, 1) 7= (T (), o (1) )y = i bi(V)bi(1) = br(V)br (1) + N (fa(v), fa(1)),

=1

where (v, u) € [2™] x [2™] and Ny := 0. N, (v, p) counts the number of all ¢ € [m], such that
b;(v)b;(p) = 1. In particular, N,,(1, ) = 0 for all u € [2™] (since b;(1) = 0).

Example 3.27 (Real and complex Walsh-Hadamard transform). Let

11 0 ; b
Hy = 5 (1 —1> nd H" = Rl = I ( L 1>'

52



For m € N, put

and

HT)’L Hm
Hpypp1 = Hp ® Hy :H1®Hm:% <Hm —Hm>
o o o H??zp H7Onp
Hyppy o= Hyn @ Hi* = H1 @ H)Y = % <H31p —Hfﬁ))

Then the following properties are satisfied:

()

(i)

(iii)

(H1)ap = % (=1)@=V6=D for all (o, ) € [2] x [2]. H] = H, € O(2) and (H®)T =

HP® € 0(2). It m € N, then (H,,)T = H,, € SO(2™) and (H)T = H® € SO(2™).
Let m € Ny and (v, ) € [2™] x [2™]. Then

1 -
(Hu)ow = 7 (Hin1) fa0) ) - (1) 010 =

7% (—=1)Nmla) (3.73)

3
3

In particular,
1
(Hm)lu = (Hm)ul = W

Let m € N. Then H,, = Re(HS) € Qamon(R) and H = Im(HS) € Qam om (R), where
HE := H,, +i H® € Qym om(C).

In particular the matrix,

1 —i L—i 1+i)__
Hl_(@ 1>H1_¢5<1+¢ —1+¢> e =Tep.q)

is of rank 1 and satisfies ||H |1 = Pl llgli = 4, where p := (i,1)7 € T? and
q:= (1, =T e T? and HS, |, = H, ® H, for all m € N.

vV2' V2
For any m € N, ||Hy||co1 = [|HP||00,1- The sequence (||Hyp,|loo1)men is non-decreasing.
Moreover,
\/§”HmHoo,l < ||Hm+1Hoo,1 < 2\/§HHm“oo,l (3-74)
and

(V2™ < [ Hplson < (V2)¥2 (3.75)
for all m € N. In particular, |AHad|| | <1 for all m € N, where

]. 1
Am . S N2 o m 722”]1

(Va)in (V2)" Hiy)

and

1 a
7 1H loon = 14" looa = 1. (3.76)
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Proof. First of all, it should be noted that our entire proof (also) involves induction on m € N.

(i) It is sufficient to verify (i) for H,, only. The case m = 1 is trivial. Given the recursive
construction of H,,, we only have to apply the rule for the transpose of a Kronecker product
of two matrices to recognise that H,, = H, (cf. (3.68) and [67, 4.2.4]). The recursive
construction of H,, also directly implies that an = H,, H,, = Ism, whence H,, € O(2™).
However, since

det(Hypyr) = det(H, ® H,,) = (det(H))?" (det(H,))? = (det(H,))?,

(cf. [67, Problem 4.2.1]), the induction hypothesis implies that det(H,,11) = 1, whence
H,1 € SO(2mH),

(ii) The first equality in (3.73) instantly follows from the construction of b, and fy (cf.
(3.66)) and (3.68), where the latter is applied to p = ¢ = 2. Because of the obvious fact
that 7, o fo = (ba,...,bni1) ', a remaining and very elementary proof of induction on m
immediately leads to the explicit entrywise determination of the sign of H,, in (3.73).

(iii) Due to Proposition 3.26, it is sufficient to verify the base case m = 1 only. Since by
construction, ng+1 =H ®H, +i(H ® HP) = H ® (H,, +1H?) for all m € N, we just
have to prove the claims for H; and H;®. The complex case follows then immediately. To
this end, consider the (real) Hilbert space R3. Put u := (uy, us) and v := (v, v9), where

() () ) ()

Then (u,v) € (S*)? x (S')?, and

1 (1 1
H1 = E (1 _1> = FR%(U,U>.
0 -1
1

Thus, H; € Q22(R) (due to (3.50)). Since obviously, Ry(i) = ( 0
from 12 to [?

2, it follows that |H{"||z, = [[R2())Hille, < |[Hillz, < 1 (due to (3.50)).
Consequently, a further application of (3.50) implies that H{® € Qy5(R). Finally, since
for any € € C% ||(pq" )¢l = |g°¢| |Ipllh = 2[g* €|, and since (%) = 2, it follows that
[} loen = lIpll gl = 4.

(iv) Firstly, let m = 1 (the base case). Let p = (z1,22)" € {~1,1}?> and ¢ = (y1,12)" €
{—1,1}? be arbitrarily given. Then

is an isometry

(A7) Tpg )| = [er(ATpg )| = |qT ATp| = § (2291 — waye) + (w1 + 213)|
Since max{|x1|, |z2], |11], |y2|} < 1, the triangle inequality clearly implies that

[(2ay1 — 22y2) + (211 + 2192)| < |y — w2l + |y — (—u2)|.

However, since —1 < g5, it further follows that y;(1 + y2) < |y1(1 + y2)| < 1 + yo, whence
y1 — Yo < 1 — 41y = 1 — yoyy. Consequently, we obtain that |y; — y2| < 1 — 319,. Similarly,
since also —1 < —yps, it follows that |y; — (—y2)| <1 —y1(—y2) = 1 + y192. Hence,

(AP Tpg )| < 30— vz + 1+ pugp) = 1.
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On the other hand, an easy calculation shows that
(A 'pg') = ¢ AP = 1 < A |oc,

where p := (1,—1)" and ¢ := (1,1)", which finishes the proof of the base case m = 1 as
well as of (3.76). So let us now assume that (3.75) is satisfied for a fixed m € N (induction
hypothesis). Firstly, we consider the upper bound. Let p = vec(py,ps) € {—1,1}*"" =
{=1,1}" x {=1,1}*" and ¢ = vec(q1, q2) € {~1,1}>""" = {=1,1}*" x {~1,1}*". Since

Had Had
ApS Ay )
)

— 4 A};IIad _ AELad

At = Yttty = |
it follows that

[tr(AR pg )| = [t (Alpig) + ABpaq) + Alpigy — Alpag) )| < AR oo 1.

The induction hypothesis therefore implies that ||A%*d [; < [|Af*||; < 1, and hence

| Hms1lloon < 2V2 [ Homlloon < (v/2)3m+D=2_ Now, let us turn to the lower bound. To this
end, let 5,7 € {—1,1}?" be arbitrarily chosen. Consider § := vec(s,s) € {—1,1}*""" and
7= vec(r,r) € {—1, 1}2m+1, Then

1 1
‘tr(Agaflg?T)‘ = Z’tr(AEdeTT 4 2 Afedgp T AgfdsrT)’ = i‘tr(AgadsrT)‘ :

Consequently, it follows that

1A  Nlooa < AR oo,

whence || Hplloon < V2 [[Humlloonr < [[Hms1llso1- The induction hypothesis therefore implies
that (v/2)™*! < ||Hpii1]|oo.1, and it follows that the estimates (3.74) and (3.75) are valid. [

Remark 3.28. After some “skillful searching”, a then simple calculation shows that also
1A oo = 1.

If we namely consider the vectors p := (1,1,—1,1)" € {~1,1}* and ¢ := (1,-1,1,1)7 €
{—1,1}4, it follows that

2 1
1/ |— _
tr(AYpg") = (AFP, Qe = < 2 : Yo
2 8 2 1
2 1
In particular,
1
(AR )| = o for all i € [27] (3.77)

(since m = 2). This naturally leads to the (open) question, whether ||AHad||; = 1 for
all m € N and whether (3.77) holds for all m € N. It seems that we cannot make use of

induction on m € N here. In fact, if v # 2 and ||p||;z» < 1, then ‘(Aﬁadp)m # o for some
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ip € [2¥]! The case v = 1 follows from the fact that for any a,b € [—1,1], [a+b] =1 = |a—1|

if and only if (Z) € { <(1)> , (_01> , (é) , <_01> } In order to verify the claim for v > 2,

assume by contradiction that there exist m € N3 and p € Bjzm, such that 2m = ‘ (AHad 5y | —

2’I1L
Ezig;zw(anﬁaJ = §:(—J)Nmﬁdﬁz\fbr;ﬂ1i € [2m]. Put q := 2mAHd5 Then
j=1
g € {—1,1}*" (due to the assumption) and
1=2" ||A£{nadﬁ||z2g <AHadPa @Rw =2"(p, (Agad)Qngm
2" =12 2m 1
= 3m—2 ”leg’" < 93m—2 ~ om-2°

On the other hand, 2ml,2 <3 1 <1 (since m > 3 by assumption), which is absurd. Observe

that in any case ‘(A}iad 2)i| < gt = 55 for all i € [2™] and & € Br. Consequently,
Had P 1
|

for all m € N3 and p € Bpn. Our conjecture is that there exists m € Nz such that
A oy < 1.

To be more explicit, note e.g. that

11 1 1 1 1-1 1
1]1-1 1-1 w 1] 1111
Ho=51y 199 2 =511 11
1-1-1 1 1 1-1-—1
and

11111111

1-1 1-1 1-1 1-1

1 1-1-1 1 1-1-1

I |1-1-1 1 1-1-1 1

Hy =

(V2P |1 1 1 1-1-1-1-1

1-1 1-1-1 1-1 1

1 1-1-1-1-1 1 1

1-1-1 1—-1 1 1-1

To see how smoothly and quickly (3.73) can be applied to Hs, let us perform a calculation for
the two matrix entries (Hs)g 4 and (Hs)73 as an example. There are two ways to perform the
calculation process. Either we go through each step of the recursion relation, or we count,
step by step, how often the products b;(v)b;(1) are equal to 1. So, either we proceed with

1 1 1

(Hs)oa = VG (Hy)s0 = BNG: (Hi)o1 = ﬁ(_l)
and
(Hy)rs = —= (H)as = ——= (Hy)ay = —=(—1),

Y
or we count: N3(6,4) =1 (since by (6)by(4) = 1,b2(6)bo(4) = b1(3)b1(2) = 0 and b3(6)b3(4) =
b2(3)b2(2) = b1(2)by(1) = 0). Similarly, we obtain that N3(7,3) = 1. However, since
%( 1) = (Hs)r3 # \% f( 1)(T=DG=1 1107, Exercise 2.33, (2.55)] seems to be wrong.
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Remark 3.29 (CHSH inequalities). As we have seen (just by making use of elementary
calculus on the real line), the following inequality holds

[z1y1 + T1Y2 + Tayr — Tayp| < 2 for all (z1, 22, y1,92) € [—1, 1]47 (3.78)
which is equivalent to Aj*! = 2= M, € Bz 2y, Even A™! € Sp2 2y holds (cf. (3.76)). We

V2
also know that || A2 1 < 1 is equivalent to

|tr(AY*B)| < 1 for all B € Bygza.)

(cf. (3.52)). On the other hand,
1 1 2 Had & Q
\/§ = ﬁ |t1"([2)| = ﬁ ’tr(H1)| = |tr(A1 S)’ >1 for some S S QQ,Q - BﬁQ(lf,lgo)

(namely, S = H,), implying again that Byrqz,2,) 1s strictly contained in By, 22 ). Particu-
larly, physicists, who are working in the foundations and philosophy of quantum mechanics
recognise that (3.78) — which are just inequalities between certain real numbers — instantly
imply the famous CHSH inequalities. CHSH stands for John Clauser, Michael Horne, Abner
Shimony, and Richard Holt, who introduced the inequalities (between expectation values) in
[27] (cf. https://www.nobelprize.org/prizes/physics/2022/clauser/facts/) and used
them as a means of proving Bell’s theorem. In the 2-dimensional case (i.e., if m = n = 2)
the CHSH inequalities coincide with the so-called “Bell inequalities”, assigned to the matrix
Alad  Somewhat vaguely, it is said that the matrix S = H; € Qy5(R) “violates the Bell
inequalities”. That “violation” implies that certain consequences of spatial entanglement in
quantum mechanics can not be reproduced by classical probability theory in the sense of A.
Kolmogorov (i.e., it cannot be reduced to “local hidden-variable theories”).

Remark 3.30 (An application of H,, in evolutionary biology). The Walsh-Hadamard
transform can even be found in evolutionary biology, specifically in relation to the challenge
of reconstructing evolutionary trees from events several million years in the past. (cf. [65])!

=)= (1 O) € 0(2).

In order to recognise this, we consider the orthogonal matrix [ 0 —1

A straightforward proof by induction shows that the matrix family {H™ : m € N} =
{(1)} W {H™ : m € Ny}, consisting of invertible matrices H™ € Mym-1(R), introduced in
[65], in fact can be represented as

HWY = (1)

and

. H(mfl) _H(mfl) — m =)
s <H(m—1) oy | = HO @ HOV = Q H® = Vor T Hy oy 1,2

17 €02 for all | € N,.

®N

if m € Ny, where [l(_) = Il(_) Il(__l) =

(2

I
—

It is quite instructive to compare (3.65) to (6.182) (real case), (7.228) (complex case) and
the following
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Proposition 3.31. Suppose there exist ¢ € (1,00), a sequence (1,,),en € By (w), a probability

space (2, F,P) and sequences (P1,)ven, -, (Pmy)vens (Q1u)ven, -, (Qny)ven of random
variables which map into Sy P-a.s., such that for all m,n € N, for all F-Hilbert spaces H,
for all (u,v) € S§ x S§, and for all (i,j) € [m] x [n] the following equality holds:

(Vi ui) i = T (u,v)i —CZTVEP PQj.l

Then
K <ec.

Proof.

M:

o>

=17

Itr (AT 5 (u, v))| = ’

||M8

o)
U E]p z7ij,Vj|)‘ S CZ |TV|
v=1

ZZGU E]P’ zyQ] I/]

ZCLU ﬁJ/QZV } =C Z ’7’,,‘ EP’tr(A*FF(PW Qu))‘ )

1j=1 v=1

s 10

< CZ |7“V|EPH

v=1

-
Il

where the components of the random vectors P, : @ — FND" and Q, : @ — FND"
are defined as (P,); := P,, and (Q,); := @Q,,. Since [tr(A*Tr(P,(w), Q,(w)))| < ||A|lc,1 for
almost all w € 2, it therefore follows that

[t (AT (u,0)] < e 3 Il Al < el Allooa

v=1
(since Y02 |r,| < 1, by assumption). O

Of particular interest is the value of K%(2). A lower bound is rather easy to detect: /2 <
KE(2), implying the important fact that K& > 1. We just have to work with the Walsh-
Hadamard transform Hy = Dpz(u1, us, v1,v2) € Q22(R) N O(2) (cf. Example 3.27). To this

end, consider again the symmetric matrix Alad = %Hl. Recall that [|Aad||; =1 (due to

(3.76)), and note that tr(A{*H,) = 5 tr(H}) = Jtr(lz) = V2. Consequently, it follows
that

V2 = [tr((AF) T H)| < K&(2,2:2) < min{KG(2,2), KG(2)} < Ke

Much less trivial is the proof of the reverse direction, performed by Krivine in [90, 91].
Within the scope of Proposition 3.18 he namely represented - in the real 2-dimensional
case - any I'pz(u,v) € Qz2(R) as matrix Y352, b, T, : If — 1% such that [|[Tgsz(u,v)|y =
%, b, T,||x < /2 (which he called “norme de la fonction cos(z — y) dans le produit
tensoriel projectif C|—m, 7] @ C[—m,7]” in [90]). Actually, the main building block in his
proof is an intricate sophisticated representation of the function R x R 3 (x,y) + cos(z —y)
by convolution (cf. Theorem 3.32). However, that representation allows us to provide a short,
straightforward proof of Corollary 3.33 - without the use of any tensor product structure.

Theorem 3.32 (Krivine, 1977). Consider the probability space ([—m, |, B([—m,7]), 1),

where = )\1‘ Then there exist two functions p,q : R — [—1,1] and a sequence

B([~mm])’
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(rn)nen of real numbers such that 300 |r,| =1 and
cos(z —y) = V2 ZrnE [p(nz — S)g(ny — 9]

252 ./.ﬂﬂ] n — w)q(ny — w)A (dw)

for all z,y € R, where R 3 t +— ¢(t) := sign(cos(t)) and [-m, 7] 5w S(w) = w.
Corollary 3.33 (Krivine, 1977).

KE(2) = V2.
Proof. Consider the 2-dimensional standard Euclidean vector space H := R3. Let u =

<u1> eSy=S'and v = (Ul> € Sy =S'. Since
U9 Vg

_/ (cos(x) cos(y) B _
for some x,y € R, Theorem 3.32 unveils as a special case of Proposition 3.31, and the claim

follows. [

Proposition 3.18, together with Corollary 3.33 help us to find a “fitting” relation between
K&(2d) and K5(d). To this end, we firstly supplement and prove once again (for the sake of
completeness) [45, Corollary 2.14., (38)].

Proposition 3.34. Let d,m,n € N, A € M,,, ,(R) and B € M,, ,(C). Then

JAIS: < IAIE = 1A% < KE(m,n;2d) A%, (3.79)
In particular,
1A% < IAI%: = 1Al < V2IAlIL, (3.80)
and
I Re(B)IG < IBIG; and | Im(B)G; < |BIS;. (3.81)
Moreover,

1A %0 = 1 < V2 = | A5,

Proof. Since

xy = (1\/_§Z)x(1\j_§l>y for all z,y € R,

it follows that for any (u,v) € Sgu X Spa, I'pe(u,v) = I'ca(z, w) for some (z,w) € Sg x S"
2 2 2

Thus, ||A||§d < ||A||G In particular, if d = 1, it follows that [|A||% | < [|A[|S ;. Since : any z 6

C satisfies |z| = Re(a z), for some o € T, we may assume that HAH(Cd = Re(tr(AT Lea(z,w))),

29



for some (z,w) € Sf% x Sg,. Since A has real entries by assumption, it follows that ||Al|g, =
2 2 2
tr(AT Re(I'ca(z,w))). Corollary 3.14 therefore implies that

NG, = (AT Tagalu,0)) < AN < KB, 2d) AIE,
for some (u,v) € (S?~H)™ x (S?=1)". In particular,
A% < [1AlIE: < Ka(2) Al -
Thus, we may apply Krivine’s remarkable result (cf. Corollary 3.33), and it follows that
1A, < IAllE: < V2IAI%, -

On the other hand, Corollary 3.14 clearly implies also that [|A||$.e = Re(tr(AT S)) for some
. 2
S = Tea(z,w) € Qpun(C), whence [|A|S < [|A||S;. In order to verify the complex case
2 2 2
(3.81), we must only note that || B||%; = ||B||S,, implying that
2 2

1 _
I Re(B)IEy < S (1BIS + IBIS) = 1B

(since [tr(B*Tca(2, w))| = \tr((B*)TFCg(@, z))| for all (z,w) € (CH)™ x (CH)™ - cf. also with
(3.35)).

Finally, put ¢y := (29, wo)" := (%(1 + 1), %(1 —4))". Then {; € T? C Scz , and a further
application of the Walsh-Hadamard transform A!12d therefore leads to

a (376 1 a a a
A, P21 < Vo = 5 (lzotwol+zo—wol) = AT Golles < 1415, < V2IAPIS, = V2.

O
Since
G (379 G C c @30 C R
1Az =" | AlIGs < K&(d) A%, < V2EG(d) | Al%,
for all m,n € N and A € M,, ,(R) and
IBIG = l|Re(B) +i1m(B) & < | Re(B) IS + | lm(B) S,
(3.79) (3.81)
< KoA)(|Re(B)lley + 1Tm(B)ll5y) < 2K6(2d) || Bl
for all m,n € N and B € M,, ,(C), we obtain
Corollary 3.35.
75 Ke(2d) < Kg(d) <2 K5(2d) for alld € N.
In particular,
G < K& <2KG. (3.82)

Note that the implication (3.82) contains [77, Theorem 10.6]. We do not know whether the
?

second estimation could be improved to K5(d) < v/2 K&(2d) for all d € N. In particular,

,

since Re(B) and Im(B) do not commute, we do not know whether (|| Re(B) +i Im(B) “83)2 <
(IRe(B)[1S:)? + (|| Im(B)[|g,)? holds for all m,n € N and B € M,,,(C) (in analogy to
|z + 1y|? = 2* + y? for all 7,y € R).
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3.5. The Gaussian inner product splitting property

Next, we are going to disclose a crucial joint multivariate Gaussian “splitting property” of
inner products of vectors on the unit sphere of an arbitrary separable F-Hilbert space. That
result (which should be compared to the construction of Gaussian Hilbert spaces or Moore’s
theorem on the characterisation of kernel functions (cf. [115, Theorem 2.14])) runs like a
thread through the entire paper, including its implementation in Theorem 6.5 and Theorem
7.12. Tt holds for both fields, F = R and F = C, and plays a significant role, when we are
looking for a specific Gaussian random structure in quantum correlation matrices. So, let
k,m,n € N. Fix S = T'y(u,v) = (uv})ij € Qmn(F), where (u,v) € S x S}, and (i,7) €
[m] x [n]. Based on our analysis so far, if (;; := wjv; = (v;, u;) g is given, then we only know
about the existence of a joint Gaussian random vector vec(Z;;, W;;) ~ FNy (0, X5 ((i5))- A
priori, we cannot say whether it is even possible to allocate to (;; = ujv; a joint Gaussian
random vector of type vec(Z;, W;) ~ F Ny (0, X9k (Ci;)). In fact, our next cornerstone result
reveals that such a “joint Gaussian splitting of an inner product” is guaranteed if we assume
that H is separable, u; € Sy and v; € Sy. For this, we fix an arbitrary complete probability
space (€2, F,P) and construct a suitable random field.

Proposition 3.36 (Inner product splitting). Let k € N, F € {R,C} and H be a
separable F-Hilbert space. There exists a family {Z, : x € H} of random vectors Z, =
(ZzW, 22 ZENT in F* | such that

vec(Zy, Zyy) ~ FNyy,(0, Cox(z,y)) for all x,y € H, (3.83)

Conl.y) = 217 I Y/ H Ik )
)= (e Gt

where

In particular,

E[|ZM ] = =% and (z,y)g = E[ZY) Z] for all v € [k] and z,y € H .

x T

If w € Sy, then Z, ~ FNy(0, 1) and
vec(Zy, Z,) ~ FNok (0, Xox((u, v)gr)) for all u,v € Sg. (3.84)
If e1,e5 € Sy are orthogonal, then

vec(Z;, Zy) ~ FNai(0,201(€)) for all ¢ € D, (3.85)

where Z; := Z<€1+\/m62 and Zy := Z.,. In particular, vec(Zy vy, Z1) 4 vec(Zy, Zy) for

all u,v € Sy. Z, € L*(Q)* for all x € H, and Tz := Z, defines a bounded linear operator
T € L(H,L*(Q)*), such that ﬁ T is an isometry. For any v € [k], the family {Z{") : 2 € H}
is an H-isonormal process.

Proof. Fix k € N, and let n € N. Consider the n x k£ random matrix

511 512 glk
= (@il gy = |08
gnl §n2 gnk
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where &, = vec(&1y, ..., &) ~ FN,(0, ) for all v € [k] and the random vectors &, ..., &
are mutually independent, implying that &;1,...,&1, ..., &1k, - - -, &nk are 1i.d. and standard
normally distributed F-valued random variables (i.e., with probability law FN;(0, 1)). Thus,
the family

(€, (i,v) € N x [k]} (3.86)

consists of i.i.d. and standard normally distributed F-valued random variables. Since by
assumption the Hilbert space H is separable, then H is either isometrically isomorphic to
F? for some n € N or isometrically isomorphic to [5. Firstly, we treat the finite-dimensional
case: H :=F7. Given an arbitrary vector x € H, put

Za: ==y = (:L‘T E)T = (‘TT g7 xT ga s 7xT a)T7 (387)

[1]

respectivel
’ ’ ZW .=2TE,  (velk]).

To prove (3.83) in the finite-dimensional case, fix 7,y € H. Let a € F?*. Then a = vec(s, t),
for some s,t € F*, and

k n
a*vec(Z,,Z,) = ' E5+y Et= Z ZCW‘ETV Z Zcm &, ~FN; (O Z Z |cuil ) ,

v=11i=1

where ¢,; := x;5,+y;t, (since all random variables &;, ~ FN;(0, 1) are mutually independent).
A straightforward calculation shows that

n

k
< 2D lewil® = ll2l* Is)1* + 2 Re({w, y)(t, 5)) + Iyl* [¢]]* = a” Con(x, y)a
v=11i=1

Consequently, since a € F?* was chosen arbitrarily, Oy (2, y) € Pox(IF) is positive semidefinite,
and [5, Theorem 2.8] implies that

vec(Zy, Z,) ~ F Ny (0, Cor(x,y)) .

In particular, if (u,v) € Sy x Sg, then Cox(u,v) = Yo ({u, v)g), and (3.84) follows at once.
Next, we consider the infinite-dimensional case (H :=ly). Fix z,y € H, and let w € {z,y}.
Put 7,(w) := (wy,ws,...,w,)" € F} = H,. Since ZT(:;)(w) =" w; &, for all v € [k] (see
(3.87)) and |Jw||%, = 22, |wi]? < oo, the assumed independence structure of the Gaussians
&, (cf. (3.86)) implies that for any v € [k] the sequence (Zfr:)(w))neN is a Cauchy sequence in
L*(Q). Thus, for any v € [k], the v’th component of the k-dimensional random vector Zy
converges in L2(Q) to Z{") := ¥ w; &, € L*(Q) (cf. also [20, Theorem 1.1.4.] for the real
case). It follows that s* Z, +t* Z, is the L*-limit of the sequence (s* Zr, (o) +t" Ly, (y))nen for
all s,t € F*. From the proof of the finite-dimensional case, we know that in H, = F}

8" Loy (@) + 1 Ziry ) ~ N1(0, 07 Cog (7 (2), 70 (1))

where a := vec(s, t). Since 7}11{)10<7Tn($/)7ﬁn(y/)>Hn = (2/,y)g for all o',y € H, we obtain

lim a* CQk(ﬂ—n(x)u Wn(y))a =a" O2k(x7 y>a

n—oo
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Consequently, since L?-convergence implies convergence in probability, and hence convergence
in distribution (cf. e.g. [72, Proposition E.1.5.]), we conclude that

vec(Zy, Zy) ~ FNgy,(0, Cor(z, y)).

Finally, (3.85) is a particular case of (3.84), where u := (e; + /1 —|(|?e2 € Sy and v :=
e1 € Sy. O

Let ¥ = (04j)(i,j)emixm) € C(n;F) be an arbitrary correlation matrix. Then ¥ = I'y, (w, w)
for some w = (wi,ws,...,w,) € S§ , where H, := Fj (due to Lemma 3.2), implying
that 0;; = wfw; = (w;,w;)y, for all i,j € [n]. Consequently, (3.84), applied to all pairs
w;, w; € Sy, immediately results in

Corollary 3.37 (Correlation matrix splitting). Let n € N and ¥ = (04;) ¢ j)emix[n] €
C(n;F). Let k € N. Then there exist n F*-valued random vectors Zy, Z,, ..., Z, such that

1
VE
for all (i,7) € [n] x [n], where Hy, := L*(Q)*. In particular,

1 1
N
Moreover, for any F-Hilbert space H, for any u,v € Sy, there exist two joint Gaussian
random vectors W, and W, in F*, such that ﬁWu € Su,, ﬁ W, € Su,, WQE”) € Sr2),
Wzgy) c SL2(Q) and

U@C(Zi, ZJ> ~ FNQk(O, E2k<0-ij)> and ZZ € SHk

o = B[z ij)] = < >Hk for all (i,7) € [n] x [n] and v € [k].

1 1

(v,u)y = EW W] = <ﬁ W =W,

v

>Hk for all v € [k].

4. Powers of inner products of random vectors, uni-
formly distributed on the sphere

4.1. Gaussian sign-correlation

It seems to be the case that any rigorous proof of the Grothendieck inequality is built on
two equalities, namely the Grothendieck equality (if F = R - cf. e.g. [46, 85], or the proof
of [37, Prop. 4.4.2]) and the Haagerup equality (if F = C - see [46, 57, 85]). In fact, if
we reveal the inherent bivariate Gaussian random structure, these equalities emerge as two
special cases of the representation of a single Pearson correlation coefficient which applies
likewise for the real case and the complex case (Corollary 4.2). Rewritten in terms of real
Gaussian random vectors (if F = R) and complex Gaussian random vectors (if F = C)
namely, we firstly obtain a representation of the two equalities, indicating an already lurking
common underlying probabilistic structure for both fields, R and C (cf. also (4.100) and
(4.101)). To this end, recall (cf., e.g., [6] and [10, Chapter II]) that for any a,b € C, any
ce C\{-n:n e Ny} and any z € D the well-defined power series

') STla+n)(b+n) 2" Ile) &
FOT0) 2 Tern) =~ T@re) =

n=0 n=1

I'(a+n)l(b+n) 2"
I'(c+n) n!

2F1 (CL, bv G, Z) =
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denotes the Gaussian hypergeometric function. If in addition Re(c) > Re(a + b) then the

series converges absolutely on T and satisfies o F(a, b, ¢; 1) = % (Gauss Summation

Theorem). Recall that Sen == {w € C" : |Jw|cp = 1} = J;'(S*7!) denotes the the unit
sphere in C" (where n € N, of course).

The Grothendieck equality. Let n € N and u,v € S !, Let X = (X1,...,X,)" ~
N, (0, I,,) be a standard-normally distributed real Gaussian random vector. Then

2
E[sign(u' X)sign(v' X)] = = arcsin(u'v)
m

2
*UTU QFl(
™

—]E[]Xlﬂ u'v o F) %,%,%;(UTU)z).

%; (UTU)2) (488)

l\?\»—t

1
27

The Haagerup equality. Let n € N and Z = (Zy,...,Z,)" ~ CN,(0,1,) be a standard-
normally distributed complexr Gaussian random vector. Then

E[sign(u* Z)sign(v* Z)] = il sign(u*v) (% /027r arcsin(|u*v| cos(t)) cos(t) dt)

4

T
=7 sign(u*v) [u*v| 2 F1 (3, 1, 2; [u*v]?) (4.89)
=E[|Z:[)*u*v o F1(3, 1,25 [u*v]?).

Remark 4.1. The second equality in (4.89) is a particular case of the equality
1 2
—/ arcsin(z cos(t)) cos(t) dt = z 2 F1(3, 3,2;27) for all z € [—1, 1], (4.90)
mJo

implied by the Maclaurin series representatlon of the function arcsin and the well-known fact

that [ cos® ™D (t) dt = 2{1) F(n+3) = ?ﬁz) (n+ 3$)I(n+ 1) for all n € Ny,

We can see clearly that both, (4.88) and (4.89) do not depend on the choice of the di-
mension n. The reason for this is Lemma 2.16, but not the use of the sign functions.
If we namely fix an arbitrary random vector W ~ FN,(0,I,) and consider the matrix
Ay = (gl o Z”) € My,(F), then (W, v"W)T = A,, W ~ Ny(0, S(u"v))
1 V2 ... Uy

(due to Lemma 2.16). Hence, if (S1,52)" ~ Ny(0,2(u*v)) is given, then Pg )7 =
Pw.orwy™ = (Aup)s Pw. The change of variables formula therefore implies that (in partic-
ular) for any choice of a.e. bounded functions f, g € L*(F), the following equality holds:

E[f(uW)g(@™W)] = E[(f ©7) 0 Auu(W)] = [ f ©7d((Aun). Bw) = ELf(S1)9(52))
(4.91)

Consequently, if we also include Lemma 3.2 (or the obvious fact that the mapping Sgr X Spr 3
(u,v) = u*v € DN is onto for any n € Ny) and Corollary 4.8, then (4.91), applied to f :=
g := sign implies that (4.88) and (4.89) are special cases of an equality which “just” involves
the function sign : R — {—1,1} and a 2-dimensional Gaussian random vector, where the
latter consists of two arbitrarily correlated random variables, though. Remembering the fact
(2.32), we obtain:
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Corollary 4.2 (Gaussian sign-correlation coefficient). Fiz F € {R,C}. Let ¥ € C(2;F)
and (Sy,582) ~ FNy(0,X). Then X = 35(C) for some ¢ € FND, and the Pearson correlation
coefficient between sign(Sy) and sign(Ss) is given by

. . 1
E[sign(S1)sign(S2)] = E[|51|]2C2F1(%> %, 2. \C?) = E C2F1<%7 %, dF;Q; 1<), (4.92)
G

2

where dg := 1 and d¢ := 2.

4.2. Integration over S”! and the Gamma function

In fact, the Grothendieck equality as well as the Haagerup equality instantly unfold as a
special case of a (much more general) result, where we explicitly describe all non-negative
integer powers of an expectation of inner products of suitably correlated - real - random
vectors, uniformly distributed on the unit sphere (cf. Theorem 4.12 and Proposition 6.16).
In this regard, we possibly should point to the so-called “kernel trick”, used also for the
computation of inner products in high-dimensional feature spaces using simple functions
defined on pairs of input patterns which is a crucial ingredient of support vector machines
in statistical learning theory; i.e., learning machines that construct decision functions of sign
type. This trick allows the formulation of nonlinear variants of any algorithm that can be
cast in terms of inner products (cf. [144, Chapter 5.6]).

Firstly, it is quite helpful to understand the actual source of the values % and 7 (cf.
(4.102), Corollary 4.8, Proposition 6.16 and [33, Chapter 8.7]).

Lemma 4.3. Let (b,)nen be the sequence of real numbers, defined as

1 if n is even
b, = o (4.93)
/2 ifn is odd .
Then
n (n—2)N

In particular, b, = boy, 1y for allm,n € N, and

Elm v (m=2 & Rn-1)+khen-1)+D
(305 57%) = (k— 211 (I —2) ;:‘o e enh—1)+mil (4.95)

for all k,l,m € N and z € D. If in addition m > k + [, then (4.95) holds for any z € T.

Proof. Regarding the proof of (4.94), we have to distinguish two cases; namely the even case
(i.e., n = 2l for some [ € N) and the odd case (i.e., n = 2k + 1 for some k € Ny). However,
since (21 —2)!l = (21— 1! =211 = 1)l and T'(k+ ) = w V7, (4.94) follows at once.
Equipped with (4.94), the proof of the representation (4.95) just involves a few remaining
basic algebraic transformations (including a multiple shortening of fractions), implied by the
definition of Gaussian hypergeometric functions. ]
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We also need results about the real and complex Gaussian randomness structure, embedded
in the Gamma function, which are of their own interest; built on an important link between
the Gamma function and powers of absolute moments of standard normally distributed real
random variables. To this end, we consider both, the real and the complex unit sphere as a
probability space. Put

amﬂAy:”ﬁfW:gﬁﬁh%my:gﬁgﬂmdw¢0<rg1mmgeAp
—Ig—;l))\n({rf:0<r§1and§€/4}),

where A € B(S"™!) and w,, = w,(S"!) = I?Zr://;) denotes the surface area of the unit sphere
S*~1 C R™. o,,_; denotes the rotation-invariant probability measure (Haar measure) on S*~1.
Moreover, US = (Jy 1)* 02,1 denotes the surface area probability measure on the complex

unit sphere Scn.

Proposition 4.4. Let n € N, X ~ N;(0,1), X ~ N,(0,1,,), Z ~ CN;(0,1), Z~ CN,(0,1,)
and Y = vec( Y1, Ya) ~ Non(0, I5,). Let p,q € R such that p > —1 and ¢ > 0. Then

(i)

o p/2
2 [ (ds) = BN = ST (4.96)
and Vo
D(q) = 5~ E[X[).

In particular,

EHXV“] — (k;l)” _ {(k — ! if k is even

Ik eN,, 4.97
VE(R=DU if k is odd for a 0 (4.97)

where by, satisfies (4.93).
(ii)) Letn > 2 and f: R" — R, such that
f(rx) =7r? f(x) for all (r,x) € (0,00) x R™.

Then f € LY(R™,~,) if and only if f’snil e LY(S" Yo, 1), and

(e
E[f(X)] :/Rnf(x)%(da:) = 2p/2r<<i>) / (&) o (€). (4.98)

(iii) Let b: C* — C, such that

b(rz) =1r7b(z) for all (r,z) € (0,00) x C".
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Then b € L'(C",~S) if and only if Re(b) o Jy"

e LY(S* ! 09,1) and Tm(b) o

ot g1 € LY (S Y 09, 1), and o
ED(2)] = [, beian) = ) [ 00 aof(o
Sen
L(n+1%)

" (n—1)

S§2n—1

(/Re<b(y1+z’y2>)d02n_l<(y1,y2>>H/

S2n—1

=27 "2(E[Re(b( Yy +i ¥2))] + i E[Im(b( Y1 + i ¥2))]).

Proof. (i) Recall that ['(z) =
t through 2 ) we obtain

p+1

(4.99)

Joe 77t et dt, where Re(z) > 0. Consequently (if we substitute

I

2

and it follows that

BIXP = [ (cspn(s) + [ #mlds) =2 [~ n(ds) =

(4.94) implies the particular case (4.97).

(ii) Since X =

we have

(Xl,...,Xn)T ~

\/2
T / sPy1(ds),

op/2

\/7?

ptl
2

r(*=—).

N,(0,1,) is a (centered) standard Gaussian random vector,

B/ (X)) = E[f(X,,., X)) = @)™ [ f@)exp (= 3ol w(da)

It follows that for A,-almost all r € (0, 00) we have

[ 1@y exp(=lle])an(dx) =

Hence,

([ F0€) exp(~4lrel) don(€))r ar

S§n—1

1

e tar [ F(E) dw(€)

Sn—1

E[f(X)] = (27) ey [ J(€) den(€),

o0

[
0

where K, :=

2ﬂn/2
r'(3)

Lexp(—3r?)dr = \/gEHXl]”_l] =2

= w,(S"71) is the surface area of S"~1, it follows that

S§n—1

v—2

= I'(3), v € N. Consequently, since

+
EL /f danl
5

n—

Im(b(yy + i y2)) doan_1((y1, yz)))



(iii) That equality follows instantly from (ii) and the definition of the measure oC. We only
have to recall (2.25) and the representation Sgn = {¢ € C™ : [[(|lcp = 1} = J5 '(S*") of the
unit sphere in C". O
Corollary 4.5. Let p € (—1,00), m,n € N, X ~ N;(0,1), X ~ N,(0,1,,), Y ~ Ny, (0, I5,),
Z ~CNy(0,1) and Z ~ CN,(0,1,). Then

L(%*) _ E[IX|*'*7]
E[|| X5, ] = 2¢/? 2L = 4.1
1X1y) =27 St = Sy (1.100)
and
Pnt®) B[
Elll Zlle,] = rlf, = 2 PP E[|| X][p,.) = 272 M (4.101)
In particular,
m1 (n—2+m)!! moy — (2n — 24+ m)!
E[l| X[gn] = an(m) e and E[||Z||gy] = azn(m)2 B )
and
2 T T
=4/= =/ =% 4.1
B11 = 2 and B12) = [T =7 (1102)
where
b /2 if n is even and m is odd
an(m) := ’;f’” =.\/2/7 ifnis odd and m is odd (4.103)

1 if m is even
and b, is defined as in Lemma 4.35.

Proof. We just have to apply Proposition 4.4 to the function F" 3 z — f,(z) := ||2]|P (and
to recall that by definition [| - [|g; := |- [). O

A further, very important special case (which allows an easy proof of Theorem 4.12) arises
if we consider the function R" 3 z +— (u,x)1% = (u'z)™, where m € Ny and u € S"~! are
given.

Corollary 4.6. Let p € (—1,00),n € Ny, € S ! and Y ~ Ny(0,1). Let f : R — R be
a function such that f € L*(R,v,) and f(ry) = r? f(y) for all (r,y) € (0,00) x R. Then
fz") e LYS" Y 0,4), and

T g,
In particular,

/ (" u)™ oy (du) =

S§n—1 2

(4.104)
for all m € Ny. Here, (0,00) x (0,00) > (z1,22) — B(x1,x2) 1= fol g1 (1 — ¢yl dt =
% denotes the real beta function.
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Proof. Since ||z|;z = 1, it follows that 7Y LY ~ Ny(0,1) for any Y ~ N,(0,I,). Thus,
E[f(Y)] = E[f(z"Y)], so that we may apply (4.98) to the function R™ 3 = — f(z'").
Regarding the particular case R 3 y — y™ (respectively, R > x + (2" -)™), we only have to
include Lemma 4.3 and the well-known fact that the m-th moment of Y ~ N;(0, 1) satisfies
E[Y™] = HEUT (i — 1)1, O

Lemma 4.7. Consider the sequence (cx)ren, defined as
1

Cr - — .
\/2F1(%7%,LJ£2;1)
Let X ~ Ni(0, 1) and Z ~ CNg(0,1I)). Then

2 D(5) 1 (k: 1) 1 |2 w

where ay, := ay(1) satisfies (4.10 3),
S™=! (m € Ny). In particular, ¢ =

= L L ] (4.106

Moreover, 0 < ¢, <1 for all k € N, khm ¢, =1, and
—00

= 2 and w,, denotes the surface area of the unit sphere

, 2 =7 and

w1
2
T’ 4

B 1

E[ll Wllgy] = .y =
f \/2F1<57%7”£2+2;1>

"2 1 for all W~ TFNy(0,11,)

where v := k and vy = 2k.
Proof. Fix k € N. Firstly, the Gauss Summation Theorem implies that
LG+ _ kT

LTS 2 ()

2F1(3, 5.5 +11) =

k+1
whence ¢, = \/% F;E) > 0 (since I'(z) > 0 for all z > 0). (4.105) now follows immediately
2
k1
from (4.100). Put s := Fﬁ(g)),
R is convex, implying that in particular

D(EH) = T(Lay, + L) < T(ze) /D(wi) = T(E) /T(EE2)

k+2
2

(0,00) : (O,oo) —

where z; = g and y, = = §+ 1. Thus, s < sgyq for all £ € N. However, since

Sk Sk41 = g for all k£ € N, it consequently follows that for all £ € Ny

% = sp_1 8K < 853 <SSyl = 57
whence klim = klirn %s% = 1. Finally, since
—00 —00
1 11 k+2. = IPv+3)
%_1:2F1(§’§’T71)_ Z y+k+2)y!>0f0raﬂkEN.
it follows that in fact 0 < ¢, < 1 for all k£ € N. O
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In the context of Theorem 1.3, the one-dimensional special cases of (4.100) and (4.101)
disclose a unification of the real and complex Gaussian structure, encoded at least in the
little Grothendieck constant:

Corollary 4.8. Let F € {R,C}. Then the little Grothendieck constant k% can be written as

/2 ifF=R anddg =1
4/ ifF=Canddc =2

Corollary 4.9 (Krivine, 1979). Let f € C([—1,1]), k € Ny and u € S*~1. Then
/Sk_lf((u,v)Rg)dak_l(v) :/_1 £) dQy(t) ,/ Cho 1/ )(1— %) dt,
where Qg (ds) := % (1—12)"2" ds is a probability measure on [—1,1].

Proof. We just have to link (4.105) with the (unindexed) equality on page 27 of [91]. ]

Remark 4.10 (Absolutely p-summing operators and GT in matrix form). Recall
that T' € L(FE, F) between Banach spaces E and F' is called absolutely p-summing (1 <p <

o0) if there exists a constant ¢ > 0 such that for all n € N and zy,...,2, € F
- 1/p
(S NTw:|P) ™" < cwplar, . 2a), (4.107)
1
where wy(z1,...,2,) := sup ( " |<xz,w>\’p) ”” The p-summing norm ||7'||p, is defined as
YEB gy

the infimum of all constants ¢ > 0 which satisfy (4.107) (cf., e.g., [33, Chapter 11] or [79,
Chapter 2]). Expressed in the terminology of absolutely 1-summing operators, Grothendieck
proved that his inequality in particular is equivalent to

ITllp, < K& |7 (4.108)

for all F-Hilbert spaces H, n € N and finite rank operators T' € L(I}, H) (cf. [100, 116] and
[77, Theorem 10.7]). Actually, the proof of (4.108) in the finite rank case is quite simple. It is
based on the following two facts. Firstly, since (I7')" = I, it follows that for all a4, ..., a,, €}
(ai = (airy -y ain) "), |Allooq = wi(ay, ..., ay) and |A*Allw1 = (wa(ay, .. ., ay))?, where

A= (artagt - tay)" = (a) € M, (F).

Secondly, since H' = H (Riesz), we obtain that

Z ITadlr = 3|3 Tes|, = (A T, o) < KEITH Al = KE [T w(an, ),

=1 j=1

for some u € Bf} and zp € H", where the latter is defined as (27); := Te; € | T|| Si (j € [n]).
Similarly, we obtain the well- known Po-representation of the little Grothendieck inequality
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(“little GT”), which even is equivalent to little GT in matrix form, since the use of (P, ||-||»,)
in fact naturally implies the emergence of the positive semidefinite matrix A*A € M, (F)":

Z ITaly =33 (X @an)((zr) (), = (A ATy (a1, 21)

ll]l =1

ke 1T 1A Allooy = k6 1T (wa(as, -, am))?,

In other words,

1T, < VEGIIT (4.109)

for all F-Hilbert spaces H, n € N and (finite rank operators) T' € L(I}, H). It is surprising
that no attention seems to have been paid to the equivalence of the psd matrix version of
little GT and the absolutely 2-summing version of little GT so far. So, its worth to state it
here. Moreover, if we combine [33, Theorem 11.10], (4.100) and (4.101), we can somewhat
simplify the representation of the 1-summing norm of d]Fzg for any k£ € N. We namely have

T 7 (k=1 @io5) i
| Fdgs e, = \/EE[HXHR,;] _ \/;ak TR \/E<\/;ck) for all k € N

and

4 2 2k — 1)l (4.106)
ey, = |2 B2l = 2 Vg, = ZEZ00 9 (L) soran ke,

where ay, := ag(1) satisfies (4.103). Consequently, Lemma 4.7 recovers [77, Proposition 8.8],
respectively [33, Corollary 11.10] and reveals a link between norms of certain absolutely
1-summing operators and values of Gaussian hypergeometric functions (since ulglgo ¢, =1):

11 dy+2
Jim HId]FkHPl 2F1(2 5 T,1).
That is,
113 1 4 11
lim |udey|7,1 2 2F1(2 5 1) and Jim [ Tdey 15, :fﬂpl(2 2,2,1)

implying a further facet of a link between (Euclidean norms of) Gaussian random vectors
and the 1-Banach ideal of absolutely 1-summing operators.

Proposition 4.4 also allows us to give a straightforward, simple proof of the following impor-
tant well-known surface integral characterisation of the trace of a matrix:

Corollary 4.11. Let F € {R,C}, m,n € N, A € M,,, ,(F), B € M,,, ,(F),C € M, ,,,(F) and
D e M, ,(F). Let Z~FN,,(0,1,). Then the following properties hold:

()
r(Re(4)) +1 tr{Im(A)) = () = E[fA(2)),
where F™ > 2z +— fa(z) := 2" Az = tr(Azz").
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tr(A) = m( / u' Re(A)udoy,_i(u) +i / u' Im(A)u dam,l(u)).
S§m—1 Sm—1
In particular,

tr(BTr(u, v)) doyn_1(vec(u,v)) = / u' Bvdo, 1 (vec(u,v)) = 0.

§m+n—1 §m+n—1

Proof. (i) Since Z ~ FN,,(0, I,,,), it follows that E[ZZ"] = I,,,. Consequently, the linearity of
E implies that

tr(A) = tr(AE[ZZ"]) = E[tr(AZZ")] = Eftr(Z* AZ)] = E[f4(Z)].

(i) Obviously, we may assume that A € M,,(R). Since then fu4(rz) = r’>fa(z) for all
(r,z) € (0,00) x R™, we may apply Proposition 4.4 to p = 2, implying that

o5 +1) :
tr(Ad) =2 ———+ / fa(u)doy—1(u) =m / u' Audoy,—1(u)
F(5> sm-1 sm-1
(since F(m + 1) = mF(ﬂ)) Finally, if we put w := vec(u,v) and A(B) = 1 0. B €
2 2 2 )" Y . ) : 2 BT 0

M4m0 (R), it obviously follows that w' A(B)w = u' Bv and tr(A(B)) = 0. Consequently,
we obtain
0 = tr(A(B)) = (m +n) / w" Bodompni(w).
Sm+n—1

]

4.3. Integrating powers of inner products of random vectors, uni-
formly distributed on S"!

Let us recall the (real, respectively complex) correlation matrices

I, =z2I,\ (1 =z
where |z| < 1 and n € N (cf. (2.31) and Proposition 2.12). Moreover, if X ~ N, (0, 1,)

and A € B(S"!) is an arbitrary Borel subset of the unit sphere S"~! C R" (n > 2), (4.98),
applied to the function R" \ {0} > x +— fa(z) := 14(;%—) (and p = 0) implies that in

B
particular
X
P<||X||]R” € A) = E[fa(X)] = / 14(€) doy_1(€) = o1 (A)
S§n—1
(since X # 0 P-a.s.). Thus, we get again the well-known fact that II;C(W is uniformly

distributed on the unit sphere S"~! if X ~ N,(0,1,). Note that, in addition, for any
X ~ N;(0,1), it is true that

X 1
P(m:e):P(X>0ande:1)+P(X§0ands:—1):2 for all e € {—1,1},
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so that we could also say that the random variable é—' is uniformly distributed on the “unit
sphere” SV := {—1,1} CR"if X ~ N;(0,1).

Theorem 4.12. Let m,n € N, p € (—1,1) and vec( X, Y) = vec(Xy,..., X, Y1,...,Y,) ~
N2n (07 E2n(p)) .

(i) If m is odd then

X Y \mq N n+lnt+tl m+23 m+nt+l ,
[<||X||R37”Y-HRQ>RS] —Codd(m;n)p(l ,0)2 3F2< 9 7 9 9 9’ 9 7P)7
where i m
r=(==) =
Coad(1M, 1) = e rg 2 r)n+1(1+21)
ﬁr(§)f‘( 2 )

(ii) If m is even then

2 Y " z +11 +
EKm’m@] = ceven(m, ) (1= p*)? 3F2(g,g,m2 ;§7m2 "),

where

In particular,

X Y n n+ln+l nt+2
By Wy fes) = (AP 0aB (= 5 57) (4.110)
:CiszH(;,;;n;Z;pz),

ntl
where ¢, = Coga(1,n) = \/%%

2

Proof. Fix m € N and p € (—1,1). Firstly, let n = 1. Observe that R} = (R, |- |), implying
that the inner product on R} is given by the standard product of real numbers. Moreover,
note that coqq(m, 1) = % and Ceyen(m, 1) = 1. Thus, if m = 2l + 1 is odd, where [ € Ny, the
Grothendieck equality (cf. Corollary 4.2) implies that

[(X Y

m _ _ p 113 5 2 |
X)) | = Elbien(X)sign(v)] = Zpafi(3,5:510%) = avesinp).

™

On the other hand,

Coaa(m, 1)4/1 —pngFg(l,l, m;—Z;; m;2;p2>
= ip (V1= p?2Fi (1,1 2;/)2))

2 113 2
(

= ;P2F1 bR §§ §;P2> = ;arcsin(p),
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(where the penultimate equality follows from Euler’s transformation formula of hypergeo-
metric functions (cf., e.g., [6, Theorem 2.2.5, formula (2.2.7)]).

If m = 2l is even (I € Ny), then

ceven(m,l)mgFQ(; ; mg_l’;’m;—17p2): /1—,022F1(;,;;;;p2>=1

(since o F} (%, T ) = arcsin’(p) = \/11—2) This concludes the proof for the case n = 1.
—p

27

So, let now n > 2 be given. We have to calculate the following well-defined (Lebesgue)
integral

_ 1 ||‘,17”2 + ||yH2 B 2p<l’,y>2 n n
L= @0 oo o Tl (e,

W (cf. (2.33)). The main idea is to calculate I by a two-
fold application of the n-dimensional polar coordinates formula, implying the appearance
of a double integral of type [;° [;° F(r,s)drds and a decoupled spherical integral of type
Jsn—1 G(u,v)do,—1(v), where the latter actually does not depend on u. Despite the entangle-
ment of the radius integrand parts r € (0,00) and s € (0,00) and the spherical integrand
parts u € S"! and v € S"7! in the density function, that decoupling can be obtained, simply

by making use of the Maclaurin series representation of the entangled part of the density
function (0,00)% x (S"™ 12 3 (r,s,u,v) — exp (rspﬁ’;zRg). Due to (4.104), the resulting
integrals can then be calculated easily. We will also recognise the need for the even/odd

case-distinction at this point. To concretise the calculation steps, put

where ¢V (p) =

/2 |2
42(0) = D)8 = G (7)) )

@r) (L= )2 \T(nj2)) ~ 222 (nf2) (1= g
(4.111)

A two-fold application of the n-dimensional polar coordinates, together with Fubini’s theorem
implies that

=0 [ e (G o (a0

Since exp (mfi“ﬁ;;’)?) =2 %ﬁr” s”(u, v)pz, it consequently follows that
=) Y = L1 (0) J,(m) (4112)
vt (L—=p?)
where
L(p) = /OOO /Ooo prinlgtnTlexp (—;(Tl j; ))d ds = (/OOO Yt exp (—;(\/17;7}02)2) dr>2
and

_ / / (u, o) Aoy (v) do_s (u)
Sn—l Sn—l n
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A simple change of variables in I,(p) (r — T_ =) therefore implies that

™ n—+vv & n I/ 2 (49(J n— n 14 V+n
Lip) = 51— o)™ (2/0 b (272 (1= p?)") 2 (1= g2 T2 (- )
(i (1= p?)"? T2 V+N>
P 2

Because of (4.104), it follows that

Jm) = [ G o)E do, (o) =

Lt (1 D))
2 \JRr(Tmm)

Hence,
o m-+v v rvrn v+m+1
(4112) 1 (1- p2)"/2 Z 1+ (=)™ 2 FQ( JQF )F( +2+ )p”
I'(n/2) = 2 vi/m I(=gen)

It is no coincidence that the factor V!Qj/;r emerges. If we namely apply Legendre’s duplication

formula to I'(2a), where a := Y%t (cf., e.g., [6, Theorem 1.5.1]), it follows that Viy/% =
W, whence
_ 1 (1_p2>n/2 i 1+(_1)m+u FZ(V—gn)F(V+T2YL+1) py
[(n/2) /=0 2 LT ()T (=)

Obviously, we only have to consider the set of all v € Ny, such that v + m is even. So, we
need to distinguish between the odd case and the even case, relative to m. Firstly, let m be
odd. Then v € {20 +1 : 1 € Ny}. Due to the definition of the constant c,qq(m,n) and the
structure of the special function 3Fj, it follows immediately that

o T2(1 4 2201+ =52) (p2)!

1= 0=ty X TU+ =+ ) 0

n n+l n+l1 m+2 3 m+n+1
:Codd<m7n)(1_P)203F2< 9 ) 2 ) 2 757 92 ;p2>7

which concludes the proof of (i).

Similary, the representation (ii) can be derived if m is even. Finally, the last equality in
(4.110) again is an implication of Euler’s transformation formula of hypergeometric functions
(cf., e.g., [6, Theorem 2.2.5, formula (2.2.7)]). O

Remark 4.13. The special case (4.110) is contained in (the proof of) [24, Lemma 2.1].

Remark 4.14. Let p € (—1,00) and f € L*(y1), satisfying f(ry) = r? f(y) for all (r,y) €

(0,00) x R. A natural question is, whether I; := EKf(II))((ng’ ”YY:HRS >)R;} can be similarly

represented as I = Iy, 7 In general, it seems that a closed-form representation of I; is not
possible. However, our proof of Theorem 4.12 clearly reveals that

\/7_T 2\n/2 - Fz(H_Tn)
O R PTG Gs ey

ﬁ 2\n/2 - F2(V+Tn) v
T2 ) / ,;]QV/QF(%“)F(”—“)F(W) ()],

2 2

Iy = E[f(X)X"]p"

= E[f(X)
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where X ~ N;(0,1). Observe that the factor 2/2 in the denominator cancels out in the
fm-case (i.e., if f = f,,)! It originates from the integral
v __ 9—Dp/20—v/2 F(%) v
s f((u,v)i2) (u, v)pp doy—1(v) = 277772 NE D) E[f(X)X"]
2
(cf. Corollary 4.6). In general, that important reduction of the fraction cannot be maintained,
though. Hence, if we represent the latter series as the sum of the even series part and the

odd series part, we obtain
Vi dd
Iy =177+ 1799,

where
]even R E[f(X) \/7_1' (1 . 2)n/2 i F2<l + %) (%pQXQ)l}
T »2T(nj2) 7 ETI+ T+ ) 0
and
Vi S (l+ ) GexY)
194 ::]E[Xf(X) 2yn/2 3 _
P +D/2T(n /2) ST(1+ 01 4 2oy )
A straightforward calculation shows that
T 1 nnlop+n
Jeven — 7 1 — 2n/2E X)) F (= =2 'LXQ
P = ey G g (U PR 0RB (5 . T CaeX )
and
odd T 1 TN n+1ln+1 3 p+tn+1 9
Iy —C—(Pyn)\/;p!!bmp(l P*)"PE X f(X) 2 Fa( 5 g iy (EeX) ik

where b, satisfies (4.93) (n € {p+ 1,p+ 2}).

5. Completely correlation preserving functions

5.1. Completely real analytic functions and the entrywise matrix
functional calculus

Already while looking for the smallest upper bound of both, K& and K&, we are lead to a deep
interplay of different subfields of mathematics (both, pure and applied) including Gaussian
harmonic analysis and Malliavin calculus (Mehler kernel, Ornstein-Uhlenbeck semigroup,
Hermite polynomials, Gegenbauer polynomials (also known as ultraspherical polynomials),
integration over spheres in R"™), complex analysis (analytic continuation and biholomorphic
mappings, special functions), combinatorial analysis (inversion of Taylor series and ordinary
partial Bell polynomials), matrix analysis (positive semidefinite matrices, block matrices)
and multivariate statistics and high-dimensional Gaussian dependence modelling (correlation
matrices, real and complex Gaussian random vectors, Gaussian measure).

In particular, we have to look for those functions which map correlation matrices of any
size and any rank entrywise into a correlation matrix of the same size again, by means of the
so-called Hadamard product of matrices:
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Definition 5.1 (Hadamard product). Let m,n € N. Let A = (a;;) € M,,,(F) and
B = (bi;) € M, »,(F). The Hadamard product A * B € M,, ,(F) is defined as

(Ax B)ij = ai by ((i,7) € [m] x [n]).

The Hadamard product is sometimes called the entrywise product, for obvious reasons, or
the Schur product, because of some early and basic results about the product obtained by
Issai Schur (cf. [68]). Like the usual matrix product, the distributive law also holds for the
Hadamard product: A+ (B + C) = Ax B+ A x C. Unlike the usual matrix product, the
Hadamard product is commutative: A x B = B x A.

Remark 5.2. Very often, the Hadamard product is denoted by the symbol o. However,
given our view, the symbolic notation o perhaps could lead to a minor ambiguity, since quite
regularly, o denotes composition of mappings. This is why we adopt the symbol * instead,
used for the definition of the Schur product in [114, p 29 ff].

Remark 5.3 (Hadamard product as subordinated Kronecker product). Fixm,n € N
and A, B € ML, ,,(IF). There exists an interesting link between the Hadamard product A * B
and the Kronecker product A ® B, induced by (1.5) and (3.71). In order to recognise this,
let (4,4) € [m] x [n] be given arbitrarily. Then

(Ax B)i; = (e Aej)(e; Be) Celgel(A® Ble; @ e;

(B.71) (m)T (n?) _
e(i—l)m—i-i(A ® B)e(j—l)n-i-i =(4® B)\I/m(m),\l'n(j,j) :

Consequently,
A k B = (A X B)w s

where (i, 7) = (Wn(i,7), Un(j, 7)) = (0 = )m + 1, (j = n + j) for all (i, j) € [m] x [n].
If we combine the latter fact and Proposition 3.26, we immediately obtain (cf. also (5.114)):

Proposition 5.4. Let m,n € N, S € M,,,(F) and R € M,,,(F). If S € Q,,,(F) and
R € Qpn(F), then S+ R € Q,,(F). Note again that the Hadamard product is commutative.

Although, the proof of the following two facts are just a consequent application of the defi-
nition of the Schur product, they are of interest on their own, and they help us strongly to
support, inter alia, a quick proof of Theorem 5.8. In this context, diagonal matrices play

an important role: if a = (ay,...,a,)" € FP, then D, € M, (F) denotes the matrix, whose
(i,7)’th entry is given by d;;a;. Moreover, we need the matrix J™™ € M,,,(F), whose
(i,7)’th entry is given by 1: Jmm) .= " 577 eel.

Lemma 5.5. Let m,n € N, B € M, ,(F) and (z,y) € F"™ x F". Then
Tp(z,y) * B=7y' * B = D:BD,.

In particular,
Tr(y,y) * A € M,,(F)" for all A € M, (F)*.
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Lemma 5.6 (Hadamard product factor shifting). Let m,n € N and A, B,C € M,,, ,,(F).
Then

(Ax B, J™™) p = (A, B)p = (J™™ A% B)p. (5.113)

In particular,

(AxB,C)p = (B,A*C)p.

Remark 5.7. Lemma 5.6 implies that for any A € M, (F) the adjoint of the Schur multiplier
Sa i M, (F) — M, ,,(F), B — Ax B coincides with the Schur multiplier Sy (cf. [114, p.
29 ff)):

SZ - SZ .

The usefulness of the structure of the Hadamard product is reflected in the Schur product
theorem which states that the (closed, convex and self-dual) cone of all positive semidefinite
matrices is stable under Schur multiplication. We give a short and completely self-contained
proof:

Theorem 5.8 (Schur, 1911). Let n € N. Let A € M,,(F)" and B € M, (F)* be positive
semidefinite. Then A x B € M,,(F)*. In particular,

C(n;F) = C(n;F) C C(n; F). (5.114)

Proof. Fix y € F*, and put M := I'r(7,7) * B = yy* * B. Because of Lemma 5.5, M* = M €
M, (F)™ (since also B € M, (F)*). Consequently, Lemma 5.6 implies that
Y (Ax By =tr(yy"(Ax B)) = (Ax B,yy")r = (A, M)p = tr(M1/2M1/2A1/2A1/2>
_ tr((Ml/QAl/Q)(Al/QMl/Q)) _ ||A1/2M1/2||% >0,

and the claim follows. O

Definition 5.9 (Entrywise functional calculus). Let m,n € N. Given ) # U C F, a
function f: U — F and a matrix A = (a;;) € M,,,,(U) put

fIAL = (flay)) ((2,5) € [m] x [n]).

In particular, if f(x) = >0 ¢, 2™, x € U, where ¢, € F for all n € N, we have
1Al = Z cn agy for all (7, j) € [m] x [n].
n=1

Functions of the latter type, where ¢, > 0 for all n € N play a significant role, also with
respect to an analysis of K& and K§. This is particularly reflected in the next two results
with respect to the real field, which however also play a key role in the complex case (cf.
Theorem 7.2 and Corollary 7.4). Recall that a function ¢ : I — R, defined on an open
interval I C R, is absolutely monotonic, if v € C*°(I) and ¢™ > 0 on I for all n € Ny (cf.
e.g. [82, Chapter 19] and [149, Chapter IV] regarding a rigorous reassessment of that crucial
and very rich concept, coined by S. N. Bernstein in 1929). Regarding a refresher of complex
analysis of functions of one complex variable, we recommend to place the rich source [135]
next to our paper.
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Lemma 5.10. Let r € (0,00) and ¥ : (—r,7) — R be real analytic. Suppose that b :=
(m r”) N € ly. Then ¢y = 15‘( v where the complex, bounded function zE crD —
neNg —r,r

n!
0], 4s defined as
(n)

0) 2" for all z € rD.

~z)::§¢

The real function Ve @ [—r,r] — [=]|bll1, [|0]l1]. 2 — 202, |w(7:!(0)| ™ is continuous and

18

s real analytic, and s

bounded, such as the complex-valued function @E Waps () )

absolutely monotonic on (0,7). ||bll1 = Yaws(r) and
10(2)] < Vaps(|2]) < Vans(r) for all z € rD. (5.115)

In particular, V. can be extended to the continuous complex function Daps : 7D —> 16]]:D,
defined as

Yabs(2) = ans(2 Z W} z for all z € rD.

)

@E‘ o (respectively V) qps D) is the unique holomorphic extension of 1 (respectively 1)qps

on the domain rD.

(_Tvr)
Proof. Since 1 on (—r,r) is real analytic, it follows that (locally, around 0)

=Y b,a" for all z € (—s,s),

n=0
for some 0 < s < r, where b, w(m( 9 ¢ R forall n € Ny. By assumption, r > 0, and
o lonlr™ = |1blli < oo, Whence Z "o lbullz|™ < |Iblli < oo for all & € [—r,r]. Thus,

(=7, 1) 3z +— Y22 by 2™ is a well-defined real analytic function which coincides with the
real analytic function ¥ on the open subset (—s, s) of the open interval (—r,r). Consequently,
both real analytic functions on (—s, s) have to coincide on (—r,7) (cf. [88, Corollary 1.2.4

and Corollary 1.2.6]). Clearly, ¢ is well-defined and satisfies 1) = ¢ ‘ . Since [|b]|; < oo (by
assumption), it follows that the series of continuous functions Yo% |b |x converges normally
in [—r,7] (with respect to the supremum norm) and hence uniformly in [—r,7] (due to the

majorant criterium (or M-test) of Weierstrass). Consequently, the function
[—7,7] D x> Yaps(x Z|b|x

is well-defined, real analytic on (—r,r) and continuous on [—r,r|. Similarly, it follows that
the function ¢ is continuous. Finally, given the construction of 1,,s, the existence of 1,,s is
trivial. ]

Since that class of real analytic functions plays a recurring and decisive role in our paper
(particularly for » = 1), and since real (and complex) analyticity of a function actually is a
local property, it is justifiable to introduce the following definition:
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Definition 5.11. Let r € (0,00). Put

v00) |,

We((=r,7) == {¢: ¢ € C*((=r,7)) and ( g € li}.

)nENo
Any element in ¢ € W¥((—r,r)) is said to be completely real analytic on (—r,r) at 0.

Observe that by definition any function in W% ((—r,r)) coincides with its own Taylor series
at 0 “completely” (i.e., everywhere) on its domain of definition (—r,7) (and not “locally,
around” 0 only). Moreover, due to Lemma 5.10, it follows that for any ¢» € W¥((—r,r)) also

Yabs = W¢((=r,r)), and

(—r,r
M (0) = [™(0)] for all n € Ny . (5.116)

Let us explicitly highlight three facts, implied by Lemma 5.10. To this end, if o € T is given,
we consider the biholomorphic function M, : C — C, defined as M,(z) := az. Obviously,
M;' = Mg and M, (D) = D.

Remark 5.12 (Sign condition). Let 1) and ¢ be given as in Lemma 5.10. If ¢ is odd and
sign(y?"*(0)) = (—1)" for all n € Ny, then

Vabs(2) = 11;(22) = (M_; 01 o M;)(2) for all z € rD

and
w(Zn-{-l)(c) = (=1)" @D (i¢) for all ¢ € rD and n € Ny

abs

(since *" = (—1)" for all n € Ny).

Remark 5.13 (Wiener algebra). Let ¢ be given as in Lemma 5.10. Assume that r = 1.
Then L/J’D and Y,ps

, are elements of

WHD) :={f: f(z) = D_ by2z" is holomorphic on D and satisfies Y _ |b,| < oo} .
n=0 n=0

W*(D) is known as the Wiener algebra. It is a unital commutative (complex) Banach algebra
with respect to the norm || 302 b, 2" |lw+m) = Yo |bn|, Where multiplication is defined as
that one of analytic functions, via the Cauchy product formula (cf. [104]). In particular,

9] llw+@) = Yas(1) = toans
S°%° o fn is normally convergent in D (with respect to the supremum norm), where D 3 z
fn(2) := b,2", the series f is uniformly convergent in D, and it follows that every element
of W*(D) can be continuously extended to an element of the unital commutative Banach
algebra A(D), where

pllw+@). Since by construction of W*(D) the series f =

A(D) :={g: g € C(D) such that g‘D is holomorphic on D}

is equipped with the supremum norm and the usual pointwise algebraic operations. A(D)
denotes the well-known disc algebra (cf. [47, V.1., Example 4] and [150, Chapter IIL.E.]).
Thus, W (D) could be viewed as a subalgebra of the disc algebra A(ID). Since A(D) C H* C
H? C H!', it is likely that a further link to the very rich theory of Hardy spaces might open
up here (cf., e.g., [47, 81, 125, 126]) .
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Remark 5.14 (Inversion and complete real analyticity). Like a common thread, the
following highly non-trivial problem - which is decisive for the determination of upper bounds
of K¢ - runs through our entire paper. Very generally formulated, let ¢y € W¥((—1,1)) be

odd and completely real analytic on (—1,1) at 0. Assume that i) = wabs‘(_l 5 and that

¢ (=1,1) = (=1,1) is bijective. Assume further that ¢! is real analytic on (—1,1).
Does =1 € W¥((—1,1)) already apply then; i.e., is then also (¢)"!)aps well-defined (cf.,
e.g., Lemma 6.11, Corollary 6.34, Theorem 6.45, Example 6.48 and Example 7.15)7 Both,
[22] and [57] present multi-page proofs, each one built on rather advanced complex analysis
(including tricky holomorphic extension techniques), to answer that problem to the positive
for key functions ¢ € W¢((—1,1)) in relation to the determination of the values of Kg,
respectively K5 !

5.2. Completely correlation preserving functions and Schoenberg’s
theorem

Let 0 < ¢ < r and 1 be given as in Lemma 5.10. Assume that ¢ # 0. Since ¢ € W¥((—r,7)),

it follows that (™) (0) # 0 for some ny € Ny, implying that 1.ps(c) > W " > (0. Thus,
the function

(113 > delp) = L) (5.117)

is well-defined, continuous, bounded and satisfies 0 # 1. € W¥((—1,1)). In Theorem 6.32 we
will shed light on the hidden structure of these functions .. Let n € N. Since (9)ans(1) = 1,
it even follows that (1.)aps = 22=(¢) . [—1 1] —» [—1, 1] transforms any real n X n-correlation

wabs(c)
matrix entrywise into a real n x n-correlation matrix; i.e.,

(e)abs[A] € C(n; R) for all A € C(n;R), for all n € N (5.118)

(due to Theorem 5.8). Within the scope of our paper, functions f € C([—1,1]), satisfying
f‘(—l,l) e W¢((—1,1)) and f‘(_u)(p) = (f’(_u))abs(p) for all p € (—1,1), are of particular

importance, due to the following version of a fundamental result of 1. J. Schoenberg (cf. [82,
Theorem 16.2] and [131]):

Theorem 5.15 (Schoenberg, 1942). Let f : [—1,1] — R be a continuous function. Then
the following statements are equivalent:

(i) f[A] is positive semidefinite for all A € U2y M, ([—1,1])7.
(il) f[X] is positive semidefinite for all ¥ € ;2 C(n;R).

(iii) f(z) equals a convergent series Y oo ay, " for all x € [—1,1], where a,, > 0 for all

n e No.
() ], € W((=LD) and £ = (#] ).
(v) f‘(—1,1) e W¥((-1,1)) and f‘(O,l) is absolutely monotonic.
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(vi) f‘(_l ) can be extended to a holomorphic function D > z +— f(z) =300 g an 2", where
a, >0 for alln € Ny and f(1) =30 a, < oo.

In particular, if (iii) or (vi) holds, then a, = f(TZ!(O) > 0 for all n € Ny, and the series
> o an ™ converges uniformly on [0, 1].

Proof. (i) = (i1): trivial (since C'(n;R) C M, ([—1,1])" for all n € N).
(17) < (i1i): See [82, Theorem 16.24, p. 107 and remarks below].

(i19) = (iv): Since f ‘(_1 N coincides with a real analytic function on (—1,1) (namely the

series Y% 4 a, x™), it follows that a, = 0 > (cf. [88, Corollary 1.1.16 ]).

n!
(iv) = (v): Given an arbitrary n € Ny, the assumption (iv) implies that we only have to
calculate the n-th derivative of the series on (0, 1).

(v) = (vi): Firstly, Bernstein’s Theorem (cf. e. g. [149, Theorem 3a, p. 146]) implies that

f‘(o n has the holomorphic extension D > z f(z) = >0 an 2", where a,, := % > 0

for all n € Ny. Since f‘(_l N € C¥((—1,1)) in particular is real analytic, it follows that

f‘(_1,1) - f‘(_1,1) -
therefore follows that f(1) = li%rrll f(z) = >0, a,, where the latter equality follows from

(cf. [88, Corollary 1.1.16 ]). Since f is continuous (by assumption), it

Abel’s theorem on power series.
(vi) = (4i7): Since f(1) = Y% a, < oo and a, > 0 for all n € Ny, it clearly follows that

o o(=1)"a, < f(1) < oco. Since f is continuous (by assumption), Abel’s theorem on power

series therefore implies that f(—1) = lir_m1 flz) =3 o(=1)"ay,, and (iii) follows.

(74i) = (i): Nothing is to show if f = 0. If f # 0, assumption (iii), together with Lemma

5.10 (applied to r = 1 = ¢) implies that 0 # f = (f - 1)) ,, and f(1) = faps(1) > 0. Hence,
7 fabs

we may apply Lemma 5.10 to the well-defined function f; := TR = %, and (i) follows.

Finally, since every real analytic function has a unique power series representation (cf. [88,
Corollary 1.1.16 ), it follows that a, = w for all n € Ny. The uniform convergence of the

series 3% a,, ™ on [0, 1] follows from [88, Proposition 1.1.3]. O

Fix F € {R,C}. Looking for common sources of the real and complex cases, we put Dp :=
{a € F : |a|] < 1}, so that D = (—1,1) and D¢ = D. Property (5.118) in Lemma 5.10
deserves an autonomous and far-reaching

Definition 5.16 (Completely correlation preserving function). Fix F € {R,C}. Let
h : D — F be a function.

(i) Given n € N, h is n-correlation-preserving (short: n-CP) if for any n x n correlation
matrix ¥ € C(n; F) also h[X] € C(n;F) is an n x n correlation matrix.

(ii) his called completely correlation-preserving (short: CCP) if h is n-correlation-preserving
for all n € N.

Since every CCP function h is 2-CP, Definition 5.16 directly implies that h(Dg) C Dy and
h(1) = 1. If h : Dy — T satisfies h(1) > 0, then h[X] € M, (Dg)* for all ¥ € C(n;F) if and
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only if ﬁ h is n-CP. If hy and hy are two CCP functions (respectively two n-CP functions),

and if A > 0, Definition 5.16 immediately implies that also hyohy, hyohy and Ahy+ (1 —A)hy
are CCP functions (respectively n-CP functions). Furthermore, since hyhy[A] = hi[A] x ho[A]
for all matrices A € M,,, ,(F), m,n € N, it follows from (5.114) that also the product hihs
of two CCP functions (respectively two n-CP functions) again is CCP (respectively n-CP).
Much less trivial is the fact (which involves the Grothendieck constant!) that in general, the
inverse function h~! of an invertible CCP function h is not a CCP function (cf. Corollary
6.10, Remark 6.44 and Theorem 6.45-(i)), such as the inverse of h := 2 arcsin, given by
[—1,1] 3y = 7' (y) = sin(§y) = X520 ba 'y, where b, = (=1)l/2 - ZCE L (5,

In the real case, Theorem 5.15 immediately leads to a full characterisation of continuous

CCP functions, since:

Theorem 5.17. Let h : [—1,1] — R be a continuous function. Then the following state-
ments are equivalent:

(i) his CCP.
(i) h[A] is positive semidefinite for all A € US> M,,([—1,1])" and h(1) = 1.

(ili) h(z) has the unique series representation h(x) = >0, a, x" for all x € [—1,1], where
an >0 for alln € Ny and 372 ya, = 1.

(iv) [=1,1] 3 p = h(p) = Ep[p¥] = % P(X = n)p" is the probability generating function
of some discrete random variable X .

() B, € WR(=10) b= (k] )

(-1,1

and h(1) = 1.

abs

(vi) h i € W¥((-1,1)), h‘(O,l) is absolutely monotonic and h(1) = 1.

(vii) h 11y 80 be extended to a holomorphic function D 3 z — h(z) = S0, a, 2", where
G 270 foralln € Ny and 377 ya, = 1.

(viii) h (1) can be extended to a complex function H:D— D,z — Yool oan 2", where
y, 270 foralln € Ny and 377 a, = 1.

If (iii) or (vii) or (viii) is given, the series 3.0, a, 2™ converges then absolutely on D and
> o an ™ converges uniformly on [0, 1].

Remark 5.18 (CCP versus RKHS). Theorem 5.17-(iii) also reveals a direct link to rep-
resenting kernel Hilbert spaces (RKHS). [115, Theorem 4.12.], together with the remark on
complexification in [115, Chapter 5.1] namely implies that

(—1,1) x (=1,1) > (s,t) = Kp(s,t) == ioan(st)” = iofn(s)fn(t)

is a well-defined kernel function for a real RKHS H(Kj}) of real-analytic functions on (—1, 1)
(cf. [115, Definition 2.12]), where f,(p) := \/a, p". The set of functions f,, for which a,, # 0
is an orthonormal basis for H(K}).
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It is quite instructive to analyse how n-CP functions in particular relate to properties of
Schoenberg’s kernel functions P(S%), d € N. Schoenberg’s approach was revisited by the
geostatistician T. Gneiting in his impressive paper [49], where P(S9) is denoted as ¥,. So,
let us recall the concept of a positive definite function on a metric space (which in particular
is a kernel function (cf. [115, Definition 2.12.]), originally coined by Schoenberg in [131].
Supported by Lemma 3.2, these kernel functions result in a further characterisation of real-
valued n-CP functions. In order to recognise this observation, let (X, d) be a metric space.
Fix d € Ny. A function f : [0,00) — R is positive definite on X if f is continuous,
and if for any n € N and any (z1,72,...,7,) € X¥, the matrix f[d(z;, z;)7;-,] is positive
semidefinite (cf. [82, Definition 16.15] and [49, 131]). Consequently, if we apply Schoenberg’s
definition to the unit sphere S¢~!, where the metric on S?! is induced by the geodesic
distance St x S*! > (x,y) — arccos({r,y)), Lemma 3.2 implies that any continuous
function f : [~1,1] — R which satisfies that f o cos : [0,7] — R € P(S¥!) = ¥, ; in
particular is d-CP. Thus, [49, Table 1] shows us a wealth of non-trivial d-CCP functions,
where d € [3]. Similarly, we recognise that a continuous function h : [-1,1] — R is CCP if
and only if hocos € ¥, = NZ, Yy

If we combine these facts with [49, Theorem 7|, we are rewarded with a large class of
(even) CCP functions. To this end, recall that a continuous function ¢ : [0,00) — R is
called completely monotone if Qﬁ‘(o o € C>((0,00)) and (—1)"p™(x) > 0 for all n € Ny and

all x > 0 (cf., e.g., [82, Definition 27.18] and [149, Definition 2¢]). Many explicit examples
of completely monotone functions are listed in [103]. They play a significant role in various
subfields of probability theory including theory and applications of Lévy processes and infinite
divisibility.
Theorem 5.19. Let ¢ : [0,00) — R be completely monotone and non-constant. Suppose
that ¥ (0) = 1, then

Y oarccos : [—1,1] — R is a CCP function.
In particular, ¥(]0,7]) C [—1,1].

If we apply the complex analogue of Schoenberg’s Theorem, coined by J.P.R. Christensen
and P. Ressel in 1982 (cf. [82, Theorem 16.7]) to complex CCP functions, we obtain

Theorem 5.20. Let h : D — C be a continuous complex function. Then the following
statements are equivalent:

(i) h is CCP.

(ii) h(z2) has the unique series representation h(z) = Y520 3200 aw 25 2 for all z € D, where
ag > 0 fO’I’ all /{?,l € Ny and Zzo:()(Z?io akl) =1.

Observe that a significant implication of Theorem 5.20 is that in general complex CCP
functions are not holomorphic, respectively analytic. Theorem 5.17, together with Lemma
5.10 immediately implies how one can easily construct complex CCP functions out of real
ones:

Remark 5.21. Let h = hyy : [-1,1] — [—1,1] be a real CCP function (||f||,, = 1) and
h: D — D be as in Lemma 5.10. Then the following functions are all complex CCP
functions: h, h and h - h = |h|?.
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6. The real case: towards extending Krivine’s approach

6.1. Some facts about real multivariate Hermite polynomials

Another important estimation (even with upper bound 1) which might help to support our
search for a “suitable” CCP function which is different from the CCP function %arcsin in
the real case, is included in the next two results. We start with the real case first. To this
end, recall e.g. from [20, Chapter 1.3] that for fixed k € N {H, : o € N} is an orthonormal
basis in L?(7;), where the k-variate Hermite polynomial H, : R"“‘ — R is defined by

u (=Dl Dy ()
Hy(x1,20,...,2) == || Ho,(2;) = : 6.119
k
Here, pp(x1, o, ..., x)) 1= I o(x;), D* := (%)al . (aik)ak ol = H a;land |a| :== 38 | oy
(ne€Ny,y e R,z = (21,...,7)" €R¥), and
1 y?y d” 5y (=D (y)

H _ —]_ n ] — —_— et
)= 0 e () grew (= 3) =7 ) 6.120
- MZ/QJH R (DY = (F1) Ho(—y) v

\/m P n n

H,, denotes the (probabilist’s version of the) one-dimensional Hermite polynomial, where

n n!
H,p = 2% — M= —
wh <2k> ( ) 2k (n — 2K)!

Thus,
(—1)ll Dy,
H, ¢ = )
vk Val Pk

Since (y+i2)" =Y, ( )Zl Zyn~tand E[X™] = (_1)# (m—1!! for all m,n € Ny, y,z € R
and X ~ N;(0,1), it follows that

(6.121)

n [n/2]
k=0
for all n € Ny, y € R and X ~ N;(0, 1). In particular, we reobtain the numbers

L g ayn= ey 2D eV ) =0

Hx(0) = (1) ol n== @20 201!

(6.122)

for all I € Ny (cf. also (6.165)). Recall that the generating function of the one-dimensional
Hermite polynomials is given by (cf. [20, (1.3.1)])

RxRS(A,x)Hexp(x—f)\z) i,\v
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implying that in the k-dimensional case the equality

eXP<)\T33—;||)\||2):lzl_[leXp(Aziz_;AZZ) Z Z( Z I—{;%)>)\m

ENk ! v=0 meC(v,k)

(6.123)

holds for all A\,x € R* where C(v,k) := {m € Nt : |m| = v}. Namely, since |H,,(z)| <
(2m)*/* exp <1||x||2> for all m € Nf and x € R* (see [36, Lemma 1], respectively [73, Propo-
sition 2.3 (i)]), the quotient test implies that > 02, \ﬁH () even converges absolutely.

Hence, each one of the k families (% H, (xz)/\l) o I8 summable (i € [k]). Consequently, it
vENp

V!

follows that also the family ( H F mz(:v,))\m’) . (\/% Hm(x))\m> e 18 summable.
meNg m: melNg

(6.123) now follows from the relteratlon of the double summation principle and the associa-
tivity formula for summable families. Consequently, we obtain (see also [20, Lemma 1.3.2

(iii)]):

(6.124)

k
vm! Hy,(z) = D™ exp(\ $—f||)\|| ‘ = [1(GZ)™ exp(Az — 2X7)

v=1

for all m € N§ and z € R*,

In fact, (6.124) allows a further (purely analytic) proof of the Grothendieck equality and
its multi-dimensional generalisation. As a by-product, we provide a closed-form analytical
representation of the multvariate distribution function of a Gaussian random vector X ~
Nok(0, Xok(p)) (cf. Proposition 6.21). In general, closed-form analytical representations of
general multivariate Gaussian distribution functions are not available (cf., e.g., [62]). All
that can be derived from the calculation of the following vital “Fourier-Hermite coefficients”,
which include sign as a particular case (cf. Corollary 6.2 below):

Theorem 6.1. Let k € N, m = (my,...,mg)" € NE, a = (a1,...,a)" € RF and b =
k k
(bi,...,bp)T € R*. Put I, := [[[a;,00) and Jy := [ (—o00,b;]. Then

i=1 i=1

k k
1
H, dv. =1, H o(a;)Hm,—1(a;) (6.125)
I, = L=t 117
m;=0 0
and
H,, dvy, = (1y,, Hp), = (—1)95™ D (b, bi)Hp,—1(bs), 6.126
[ Hodye= W, Hoy = GO TT 00 TT —poHnaa(b). (6120
m;=0 m;#0
where c(k,m) =k — X% 6,0 € {0,1,...,k} counts the number of non-zero components of

the vector m.

Proof. Firstly, note that

k k k
/MHmdvkzi:Hl/MiHmid%: 11 [, Honcdon 11 [, Hucn.

m;=0 m;7£0
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where M € {1,, J,}, M; := [a;,00) if M = [, and M; := (—o0,b;] if M = .J,. Consequently,
we only have to compute the one-dimensional integral factors

[aivoo) (70070"5]
To this end, fix (m,a) € Ng x R. If m = 0, then H,, = 1, whence
H,, dv; =y ([la,00)) = / o) der =1—®(a) =1 —/ H,, dv,.

[a,00 —00,a]

If m # 0, (6.124), together with the Leibniz integral rule, applied to the parameter-dependent
integral f[apo)(a%)m exp(Az — $A?)y(dz) = 2 f[apo)(a%)mgp(x — A)dz, imply that

=g = [ Hudn = (e /[am) plz = Nda)|
= (&)1 =Ba=N)|,_ = =(H) A —a)|,
m (6.120)
= = 0" (=a) =7 Jop(a)Hyoa(a)

Corollary 6.2. Let k € N, m = (my,...,ms)" € Nt a = (ar,...,a,)" € R¥ and b =
k

(by,...,bp)T € R*. Put I, := H[az, o) and Jy := [](—00,b;]. Let xo : R¥ — {—1,1} and
i=1

y : RF — {—1,1} be deﬁned as

Xa(x) =21y, (x) — 1 and Yp(x) == 1 — 21, () = —x—p(—2).

(Xas Ho), _21'[ 1 —®(a;)) — 1 and (¢y, Ho), _1—2H<1> (6.127)
If m # 0, then
k k 1
(Xa, H, >’Yk =2 ;E[ (1 —®(a;)) E \/WSO(GZ)Hmz—l(GZ)
m;=0 m;7#0
and (6.128)
k
m 1
<¢b7Hm>7k = 2( 1) elh,m)+L E (I) E m(p(bl)Hmz—l(b )7
m;=0 m;7#0

where c(k,m) =k — X% | 6m.0 € {0,1,...,k}. In particular,

(2n — 1! 1)!
(sign, Hap)y = 0 and (sign, Hopi1)yy = \/» n _ \/> (n +
m m

(6.129)

for any n € Ny, where C,, := n%rl(%f) denotes the n’th Catalan number.
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Moreover, because of the fact that H,(—x) = (—1)"H,(z) (respectively, H,(|z|) = (sign(x))" H,(x))
for all v € Ny and = € R, a k-fold multiplication of (the values of) one-dimensional Hermite
polynomials implies that

H,(—z) = (=1)"H,(z) for all n € NF and z € R* .
Hence,
(9o Hu)oie = (9 (Hu) ). = p"1(g, Hi)y for all g € L2 () and p € {=1,1},  (6.130)

where R* 5y = f,(y) = f(sign(p)y) = f(py) satisfies ||f,ll, = [Ifll, for f € {g, Ha}
(which follows from a simple change of variables and the trivial fact that [p¥| = 1 for all

p € {—1,1}). Obviously, dependent on the smoothness structure of g € L?(~;), it’s quite a
challenge to calculate the “Fourier-Hermite coefficients” (g, (H,),)~, = Jar 9(2) Hy (2)y%(d)
explicitly. Regarding that particular problem, let us note a first important fact (cf. also
Proposition 6.28):

Proposition 6.3. Let k € N, X ~ N(0,1;,) and g € L*(v). Then the function RF 5 \ —
E[g(X + N)] is smooth around 0. It satisfies

D*Elg(X+ V)| _ = Val(g, H)y, = VI E[g(X)Ho(X)] for all a € Nf.  (6.131)

A=0

In particular, if in addition g is smooth, then
(9, Ha)y, = Elg(X)Ho(X)] = — E[D* g(X)]

for all o € NE.

Proof. Consider the function RF x RF 5 (z,)) — F(z,A) = exp((z,\)s — 3 [[A2). A
straightforward application of the k-dimensional change of variables formula implies that
I,(\) = E[g(X + \)] = E[¢g(X)F(X, \)]. Consequently, due to (6.123), it follows that

]9(/\) = Z

aEng

Elg(X)H4(X)]

al

AY

where we put H*(z) := v/a! Hy(z) for all « € N§ and # € R¥. Thus, the multi-indices version
of the k-dimensional Taylor formula (cf. [40, Theorem 2.8.4]) implies that

D E[g(X +N)]|,_ = D I,(V)|

= Elg(X)H}(X)] = Val E[g(X)H,(X)].

]

6.2. Real CCP functions and covariances: a Fourier-Hermite anal-
ysis approach

Fix f,g € L*(R*,y;,),v € Ny and k € N. Put C(v, k) := {n € Nt : |n| = v} and

pu(f7 g) = Z <f7 Hn>’Yk <gv Hn>Wk - pu(ga f) . (6132)

neC(v,k)
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Since the inequality of arithmetic and geometric means in particular holds for any pair of
elements, indexed by elements of the set of finitely many elements C'(v, k), it allows (the proof
of) a direct transfer of Holder’s inequality by means of summation over C(v, k), whence

(£, 9) < \/po(f, F)y/pulg. g) for all v € N. (6.133)

Since {C(v,k) : v € Ny} obviously is a partition of the set Nt and {H, : a € Nf} is an
orthonormal basis in L?(v;), Holder’s inequality again implies that

L3 p hyylp) = 30U B g H o = Spfog) (6.130)

nEN’g

converges absolutely, and

hig(p) < ;)Ipu(f, DI <A fllllgll

Hence, since hyy = 3(hpig 19 — hp—g.s—g) (due to the polarisation equality) and |hy,,(p)| <
Ynenk (D, H,)2, Ip[M < Ipll2, for all p € L*(R*,~;) and p € [—1,1], hy, is well-defined and
bounded. Note also that by construction hy, = h, ;. Since p,(f,g) = i(pl,(f +9,f+9g) —
p(f —g,f —g)) for all v € Ny, it even follows that

>0 1 1
; ’Pu(fa g)\ < Z(thrg,erg(l) + hffg,ffgu)) = Z(”f + QH?WC + Hf - gHik) < Q.

Consequently, hf’g‘(—Ll) e W¥((—-1,1)).

Observe also that for any f = 3 ,cny anHn € L?*(v) and any g = Yonenk bnH, € L (),
it follows that a, = z,(f) := (f, Hn)~, and b, = x,(g) = (g, H,)~, for all n € Nf, implying
that py(f7 g) = ZnEC(V,k) anbn7 whence

hyg(p) = f: ( > anbn) p” forall pe[—1,1]

v=0 neC(v,k)

and >-°° (ZneC(V,k) ai) = Ynent a; = || f|I?,. In particular,
hr(p) = ( > ai) p” forall pe[—1,1].
v=0 neC(v,k)

This immediately results in another important statement which should be compared with
(91, Proposition 5 and Théoréme 3] and (6.176):

Proposition 6.4. Let k € N and f,g € Sr2(y,). If H is a real Hilbert space, then there exists
a real Hilbert space H such that for any u,v € Sy,

hf:g(<u7 U>H) = <¢u(f)7 %(Q»H )

where 1y, : L*(7y,) — H is a mapping which satisfies 1, (S12(,,)) € Su for any w € Sy. In
particular, for any m,n € N, the following statements hold:

higlS] € Qumpn for all S € Q,,

and

higlA] € ML, (R)" for all A € M,,(R)*.
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Proof. Firstly, based on the construction of the tensor product of Hilbert spaces (cf. S. K.
Berberian’s beautiful explanation of this concept in https://web.ma.utexas.edu/mp_arc/
c/14/14-2 pdf), it follows that for any v € Ny, there exist mappings w, : H — H,,, such
that w,,(SH) Q SH,, and

(x,y)f; = (w,(z),w,(y))g, forall z,y e R", (6.135)
where the Hilbert space H, := é H denotes the v-fold tensor product of H, w,(x) := é x
=1 =1
and w,(y) = é) y. If H = RY is finite-dimensional, the structure of the (real) Gaussian
=1

measure in fact allows an explicit construction of such mappings w, : Ry* — L2(R5™, v,.,)
(without having to make use of abstract tensor products of Hilbert spaces), via

v

wl,(x)(vec(él, S 751/)) = H<$7 £i>R§'L
i=1
(cf. also [77, Lemma 10.4]). We only have to implement the well-known fact that 7,
coincides with the product measure @;_; v,,. Hence,

o0

hro((w o)) =3 (2 walf)a(9)) (wo(w), w,(v))

v=0 neC(vk) v

=Y (8 {rww), wloumi), )

v=0 neC(v,k) v

Consequently, the definition of the (5 -)direct product of Hilbert spaces leads us instantly to

the desired Hilbert space H := % ( ) Hy) and the mappings v, and v, (cf. proof of
v=0 *neC(v,k)

[78, Theorem 17.2.9]). O

We will recognise soon that an additional boundedness assumption on f = 2 nenk anH, €
L?(~y) itself is of utmost importance in relation to an approximation of the smallest upper
bound of K (cf. Theorem 6.40, Theorem 6.45 and Theorem 7.14). To perform this highly
non-trivial task, we have to look strongly for “suitable” f = Zneng a,H, € L?*(y) which in
addition are bounded (a.s.); i.e., we have to look for some M > 0 such that (pointwise!) for
(1x-almost) all z € R*

[f(@)| <M (6.136)

(as is the case with (6.166)).

We are now fully prepared to extend these important facts to one of our key results in this
paper. In particular, we provide a multi-dimensional generalisation of the one-dimensional
case k = 1 (cf. [18, Section 3.1]) and specify a non-obvious tightening of the upper bound
of hy4. Here, it should be noted that the inclusion of Proposition 2.13 would allow to view
Theorem 6.5 as a straightforward simple implication of the key results in [110, Chapter
11], including the consideration of [110, Definition 11.10] (cf. also [17, Chapter 5.6.1], [121,
Lemma 2.2] and Remark 6.14). However, we give a self-contained proof, built on the well-
established Ornstein-Uhlenbeck semigroup (whose construction is recalled in the proof) and
which sheds light also on the impact of the negative correlation case —1 < p < 0 in shape of
an alternating sign change in the related power series.
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Theorem 6.5. Let k € N, f,g € L*(R*, ), S ~ Ny(0,1}), p € [-1,1] and vec(X,Y) ~
Nok (0, X9x(p)). Then the following properties hold:

(i) hro| ., € WE((-1,1)),

hyg(0) = E[f(S)]Elg(S)] and hyy(p) = E[f(X)g(Y)] = Cou(f(X),9(Y)) + hf&%((g?)

In particular, hye(1) = E[f(8)g(9)] = (f,9)v. hps(1) = [IfI5, and hpe(=1) =
E[f(8)g(-8)] = {f, 9-1)-

(i) hsg:[—1,1] — R is bounded and satisfies
.9 (P)] < N1 flls Nlglloy for all p & [=1,1]. (6.138)
(ili) If p € (—1,1), then

1 2+ lyll* = 20(x, ¥\ &k
hyg(p) = (2m)E(1 — p2)k/2 /Rk /Rk f(z2)g(y) exp ( - il 2“(?‘_ p2)0< Y )d zdy.

(6.139)

(iv) If H is a real separable Hilbert space and u,v € Sy, there exists a family { X, : w € Sy}
of RF-valued random vectors, such that vec(X,, X,) ~ Nok(0, Sor({u, v) ) and

hyg((u, v) i) = E[f(Xu)g(Xy)]. (6.140)

(v) If either f or g is odd, then ps,(f,g9) =0 for allv € Ny and

cou(f(X), g(Y)) = E[f(X) g(Y)] = hyy(p) = prml (f:9)p"

In particular, hy 4 is odd.

Proof. (i) Firstly, since Hy = 1, it follows that hf,(0) = po(f,g) = (f, 1), (9, 1)~,. Therefore,
we have to consider the remaining cases |p| = 1, 0 < p < 1 and —1 < p < 0. Firstly,
let |p| = 1. Observe that in this case a probability density function does not exist since
Yor(p) is singular (see Proposition 2.12). However, vec(S,pS) = A,S ~ Noi(0, Xar(p)),
where My (R) 3 A, := (Ix, pli)" (since S ~ Ni(0,1;) and A, A} = X;). Consequently,
Precx,¥) = Pyec(s,ps) = (A,):Ps (image measure), whence

E[f(S)g(pS)] = [, Fe9d((4,).Bs) = | (f©g)oA,dPs = [ f(@)glpa)Ps(dz) = (f,g,)-

where g, € L?(v;) is given as in (6.130). Thus, since {H, : v € N} is an orthonormal
basis in the Hilbert space L?(+;), and NE is partitioned according to N’I€ >0 C(v, k), the
associativity formula for summable families leads to

E[f(X)g(Y)] = E[£(S)g,(S)] = (f. o) Z > (f Hu)ye (9ps Hn)
v=0neC(v,k)

[e.o]

=3 (X (FHady (9 Hady )p” = hyg(p),

v=0 neC(vk)
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whereby the penultimate equality follows from (6.130). Next, let 0 < p < 1. Then 9¥(p) :=
—In(p) = In(1/p) > 0, implying that the linear operator Ty, € L(L*(yy)) is well-defined,
where (7;):>0 denotes the strongly continuous Ornstein-Uhlenbeck semigroup of bounded
non-negative symmetric linear operators on L?(v;) (see [20, Theorem 1.4.1.]). Thus, by
construction of the Ornstein-Uhlenbeck semigroup, and since S ~ N (0, I), it follows that

Elf(py + /1 —p2S] = E[f(e ") y 4+ /1 — e=200) §] = Ty, f(y) for all y € R¥.  (6.141)
A straightforward change of variables calculation leads to
E[f(py+ /1~ p?S] = E[f(S)M,(S,y: k)] for all y € R,

where R* x R* 3 (z,y) — M,(z,y; k) denotes the k-dimensional Mehler kernel (cf. (2.34)).
The latter is well-defined, since p? # 1 by assumption. Consequently, we may apply (2.33),
and obtain

B0V = i [, S@latw)esp (= B IIE 200t g,

= | E[f(S)M,(S,y; k)] 9()(dy) = (Top) £+ 9 -

Rk

(6.142)

Moreover, an application of [20, Theorem 1.4.4.] and the construction of ¢ imply that

Ty f = Z P Z (f, H)y Hy)
neC(v,k)
on L*(v;). Consequently, it follows that

B X)) = (X (> (. HH).0),

neC(v,k)

= Z ( Z f H 'Yk Hn’g>7k)py = hf,g(p),

v=0 neC(vk)

(6.143)

which finishes the prove of (i) for the case 0 < p < 1. So, let us consider the remaining case
—1 < p < 0. Since vec(X,Y) ~ Nog(0, Xor(p)) by assumption, it follows that vec(—X,Y) ~
Now(0, X2k (|p])) (since 0 < |p| = —p < 1). Thus,

E[f(X)g(Y)] = E[f1(~=X)g(Y)] =7 by (1)) = zpy fu9)lol” 6130)2%1’9

which also finishes the proof of (i) for the remaining case —1 < p < 0. To sum up, given an
arbitrary p € (—1,1) \ {0} and any vec(X,Y) ~ Nok(0, Xox(p)), we have:

BUI90Y)] = Gy i o S@latyexp (= Py gy

= hyg(p) = hs,q(lpl) = (ToonFor 9)
(6.144)
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Actually, if we put ¥(1) := 0, we have shown that

E[f(X)g(Y)] = hy4(p) = {Loqp) for 9 = (for Too)9), for all p € [=1,1]\ {0}.  (6.145)

) =1 for all t > 0 (cf. [20, Theorem 1.4.1]), it therefore follows that

Since ||T;
.

p.g ()] < o100 Lol g1l < 17115 19110

for all p € [~1,1]\ {0}. Moreover, |hs4(0)| = |E[f(S)|E[g(S)]| < [Ifll gl for all S ~
Ni(0, It,). Finally, since vec(Y, X) < vec(X,Y), (i), (ii) and (iii) are completely proven.

(iv) Let u,v € Sy. Consider the real 2k-dimensional Gaussian random vector vec(Z,, Z,,) ~
Nok(0, o ((u, v) gr)) (which exists, due to Proposition 3.36). Hence, if we put p,, == (u,v) g €
[—1,1], it follows that hj4(pu.) = E[f(Z.)g(Z.)], which concludes claim (iv).

(v) Without loss of generality, we may assume that f is odd. Then

(6.130)

<f? Hn)% = _<f*1> Hn>’¥k (_1)1+|n| <f7 Hn>’Yk

for all n € NE, so that (1 — (=1)")(f, H,),, = 0 for all n € NE. Consequently, it follows
that

(f, Hy)s,, =0 for all n € {m € NE : |m] is even}. (6.146)
In particular, E[f(X)] = (f, Ho)~, = 0. Thus,

.146)

cov(£(X), 9(Y)) = E[f(X)g(Y)] = hyy(p) “E" p iopam(f? 9)p™.

Expressed in matrix notation, Theorem 6.5-(iv) leads directly to a further crucial result:

Corollary 6.6. Let k,m,n € N and f,g € L*(y). Then the following matriz representations
hold:

(i) For any S = (sij) € Qmn there exist a random vector Py = (f(Xy),..., f(Xm))"
in R™ and a random vector Q, = (9(Y1),...,9(Y,))" in R", such that (X;, Y;) ~
Nk (0, 3ok (si5)) for all (i,7) € [m] x [n] and

hyglS] = E[P; Q]

I
/N
=
~
—~
s
~—
Q
—~
N
=
~——

S

(6.147)

(i) For any correlation matriz ¥ = (0,5) € C(n;R) there exists a random vector Ry =
(f(Z),...,f(Z,)" in R"\ {0}, such that (Z;, Z;) ~ Nox(0, 301 (0i;)) for all (i,]) €

[m] x [n] and
his[¥) = EO] = E[R,R;] = (E[f(2)/(2), . (6.148)

where Oy 1= RfRJT € M,,(R)" is a positive semidefinite random matriz of rank 1.
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Corollary 6.7. Let k € N, f,g € L2 (R*,y), r
Not(0, S (1)- 11l = L, gl = 1 and ELf(S)] = Elg(8)] = 0, then

hya(r) = p(f(X),9(Y))

coincides with the Pearson correlation coefficient between the real random variables f(X) and

9(Y).

In case of f = g some important extra analytical facts emerge; particularly if in addition f
is odd (which is the relevant case for the topic of this paper):

Theorem 6.8. Let k € N and f € L*(R*, ;) be odd, such that r := || f||2. > 0. Then the
following properties hold:

() gl ) €WE(=1,1)).

[—1,1], S8 ~ Ni(0,1I;) and vec(X,Y) ~

\_/\c_’;m

(ii) hy g is a CCP function if and only if r = 1.

(ili) hgs: [—1,1] — [=r, 7] is an odd strictly increasing homeomorphism, which satisfies
hyr((—1,0)) = (—7,0) and hy((0,1)) = (0,7). Moreover,

0 < hy(0) = 3 ([ F@an(an) = [ 7@ @)@ pegren(dla,y).  (6.149)

2k
i—1 R

(iv) If W} ((0) > 0, then Wy ((p) > 0 for all p € (=1,1). In particular, hff’

(=r,r)

(hf,f‘(_rvr))il is real analytic on (—r,r) if and only if I’y ;(0) > 0.

(v) If h;’}‘(—nr) e W¥((—r,r)), then

1
-1
(R ) @) —@ v Prdly € 0], (6.150)

In particular, s(r, f) = (h;}’ - )) , (r) > 0. Ifa >0 and b} ;(0) < =, then s(r, f) >

a. Moreover,

11 3 ¢ o (t) = S<T1f) (W74 ) )

is an odd, strictly increasing and homeomorphic CCP function. In particular, the func-
tion (h;ﬂ(, )) b [—r,r] — [=s(r, f), s(r, f)] is strictly increasing, odd and homeo-

morphic, as well as its inverse. (h;ﬂ ) )abs(y) =s(r, f)v(%) forally € [—r,r] and
(W73 o)) (@) =707 ) Jor all & [=s(r. ), s(r. )

Proof. (ii) The claim follows from the power series representation of hy s and condition (iii)
of Theorem 5.17. Regarding the latter, we only have to perform Parseval’s equality, applied
to the Hilbert space L?(7;), since

o0

r= Z<f’Hn>3k:Z( Z <f>H> ) hff Za,,, (6'151)

neNk v=0 neC(nk)
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where 0 < a, := p,(f, ) = Znecp (f, Hn)?, for all v € Ny.
From now on, we may assume without loss of generality that » = 1 in the remaining part of
the proof (smce hys=1hpo o, where f°: f f).

(iii) Since hy s is odd, it follows that 0 < 1 = hy (1) = 3202 pav+1(f, f). Hence, po,41(f, f) >
0 for some pu € Ny. Let —1 < p; < py < 1. Recall that R > s+ s%**! is strictly increasing
for all v € No. Thus, poys1(f, F)pt* < pouii (f, £)p3'. Hence,

hyr(p1) = pousi(fs fp #+1+Z pows1(f F)pt ™ < popsa (f, f)p HH‘FZ pov1 (f, NP1 < hyp(p2).-
vu v

Due to (6.151), we may apply the M-test of Weierstrass, and it consequently follows that
the strictly increasing odd function hy s : [—1,1] — [1, 1] is continuous and hence invertible
(due to Bolzano’s intermediate value theorem of calculus). Finally, since [—1, 1] is compact,
it follows that the bijective continuous function Ay ; already is a homeomorphism which sat-
isfies hyr(0) = 0, hys(1) = 1 and hence hy((—1,0)) = (—1,0) and hys((0,1)) = (0,1).
Since h'(0) = pi(f, f) = (f H.)? and Hy(a) = a for all a € R, it follows that
b 1(0) = >F (ka f(x)xmk(dx)) . Moreover, since yo, = Vi ® Y, the latter integral obvi-
ously coincides with [par f(2) f(y){2, y)rs72x(d(z,y)), which implies (6.149).
(iv) Since hy s is odd, it follows that

hf,f(ﬁ) = Zp2y+l(f7 f)pQVJrl fOI' all P € [_17 1]
v=0

Thus,

W ¢ (p) = po(f, £) + D20 + Dpavia (f, e =pi(f. f) = h; ;(0) forall p € (—1,1).

v=1
Since h'; ;(0) > 0 (by assumption), A’ is nonvanishing on (—1,1): h%(p) > 0 for all
p € (—1,1). Therefore, we may apply the Real Analytic Inverse Function Theorem (cf. [88
Theorem 1.5.3]), implying that also (hf’f‘(—1,1))_1 is real analytic on (—1,1). The converse
implication follows from the simple fact that 2 ;(0) > 0 and 0 < 1 = (hys o hyy)'(0) =
Iy 1(0) - (7 1) (0).

(v) Let 0 < y < 1. Since (<hf’f’(fl,1)>;bls>,(0) = ‘(h}jf) ’ —
that

(hf’f‘(_1,1))_1 (v) = ((hf’f’(—1,1)>_l> Jy+ Z bavir y™ ™ 2

abs abs

1 .
— 1 it foll
f(O ‘ hf,f(o) 1 OlIOWS

1
7.0

Theorem 5.17 implies that the function v is an odd CCP function, so that Lemma 5.10
and a similar approach as in the proof of (iii) conclude the proof of statement (v) (since

-1
517 (hf’f (71,1))abs<1) = 0) -

A first implication for odd CCP functions is a strong improvement of the boundedness con-
dition in Theorem 6.5-(ii); induced by the Schwarz lemma from complex analysis:

)Y
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Proposition 6.9. Let k € N and f € Sp2(,,) be odd. Assume that hy(r) # v for some
r € (0,1). Then

hys(p) < p forall pe(0,1) and hyp(T) > 7 for all T € (—1,0). (6.152)

Moreover, 0 < R, (0) < 1. If in addition, h;}‘(—m) € W¥((—1,1)), then

-1
Gy RIS (6.153)

Proof. Due to Theorem 6.8, [=1,1] 3 p = hy(p) = 302 g pavs1(f, f) p?* T is an odd, strictly

increasing CCP function, which satisfies hf’f‘(—n) = h‘(_l 1y where D 3 z — h(z) =
S0 o P (fy f) 221 is holomorphic (cf. Lemma 5.10). Thus, for any z € D it follows

that B
|h(2)] < hyp(l2]) < hpp(1) =1,
whence E(D) C . Since 71(0) = hy(0) = 0, we consequently may apply the Schwarz lemma

to the holomorphic function h, implying that

[hs,s(p)] = [h(p)] < |p| for all pe (=1,1)

and h'; ;(0) < 1. Assume by contradiction that 1h(po)| = |hss(po)| = |po| for some py €
(=1,1) \ {0} or A} ;(0) = 1. In each case, the Schwarz lemma implies that there exists
q € Z, such that hy(p) = (=1)9p for all p € (—1,1) (since ™™ = cos(nw) = (—1)" for
all n € Ny). However, since e.g. 0 < hys(1/2) # —1/2, it follows that hy(p) = p for all
p € [—1,1], which contradicts the assumption. Consequently, an application of Theorem 6.8-

. . . . -1 . 1 .
(v) and the assumption implies that in fact (hﬁf‘(fl,l))abs(l) > 1 (since (hf»f’(q,l))abs is

well-defined). O

All of a sudden we end up with an important general and non-obvious structural statement
about odd CCP functions; namely:

Corollary 6.10. Let k € N and f € Si2y,) be odd. Assume that hyy(r) # r for some
r € (0,1). Then hy} is not a CCP function.

Proof. We just have to link Theorem 5.17-(v) and (6.153). O

We will recognise soon that Theorem 6.8 is strongly linked with the value of the Grothendieck
constant K¢, (cf. Theorem 6.45). We namely obtain in a natural way another significant new
definition; the so-called “hyperbolic CCP transform”. To make this concept understandable,
recall Lemma 5.10 and Remark 5.12 and reconsider the odd CCP function 9 1= hgign sign =
2 arcsin; i.e., the Grothendieck function. Since ¢! = sin(%-) on [—1,1], it follows that

(¢—1\(_171))abs(7) = sinh(Z7) = Lsin(Z 47) for all 7 € [-1,1]. Note that (¢—1|(_M)) (1) =

sinh(7/2) > 1, implying that [—1,1] C (—sinh(7/2),sinh(7/2)). Thus,

%y 1) = S ) = (07, ) @)

= g(l sin~'(i y)) = 1&(29)

™ N

abs

(6.154)
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for all y € [~1,1]. The Maclaurin series representation of the real CCP function v therefore
implies the Maclaurin series of y — 14 (iy) on (the whole of) R is given by

1 - ((2v —1)! ) 2wl _ ((2v —1)! )2 Qw41
7 V() Z Qv+ Y +Z PRSI
y;él

Consequently, it follows that

((w_ll(_l,l))abs)_l(m = 1&(%’)) < (p) < p forall pe (0,1).

Theorem 6.8 and Proposition 6.9, together with Remark 5.12 imply that the Grothendieck
function is a special case of

Lemma 6.11 (Hyperbolic CCP transform). Let k € N and @) = hy s, where f € Spa(y,)
is odd. Assume that ™' (_11) € WY¥((—=1,1)) and ¥(r) # r for some r € (0,1). Let the

complex function F := ZZJ|\/ D — D be defined as in Lemma 5.10. Then F(D) C D and

z) = Zp2u+1(f, f) 22+l forall z€ D,

v=0

where each pa41(f, f) € [0,00) satisfies (6.132). Put s* := (Y™ (—1.1))abs(1). Then s* > 1
and

M= (7 n)as) e [=87, 8T = [,
is an odd, strictly increasing homeOmorphzsm, which satisfies [—1,1] C (—s*, s*), v™P((0,1]) C
(0,1) and ¥™?([-1,0)) C (—1,0). Moreover,

0 < MP(1) <y'(0) <1, (6.155)
and the following two statements hold:
(1)
0" (p)| < (|pl) < lp| for all p € (=1,1)\ {0},
(ii) If sign(( = (—1,1))®*T1(0)) = (=1)" for all n € Ny, then

G (@) = S (1) pava(f, ) 2+ = 1F(m) — (M_joFoM;)(x) for all z € [~1,1].

v=0

Proof. Since also )"™P = (™| (Z1,1))abs) " is strictly increasing and odd (such as (¢ (Z1,1))abs),
Proposition 6.9 implies that Q/Jhyp((o 1]) € (0,1) and ¥™P([—1,0)) C (—1,0) (since s* > 1).
Recall from Proposition 6.9 that 0 < ¢'(0) < 1. To verify (6.155), it therefore suffices to
show that

(011 aba(2(0)) > 1. (6.156)

Remember also that (1) (0)| = W Thus, (¥ (21,1))abs(¥(0)) = 143272, g1 (¢(0))*
where ag 1 > 0 for all [ € N, and (6.156) follows at once.
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(i) Since also ¢™P is odd, we only have to verify that the claim holds for any p € (0,1). So,
fix 0 < p < 1. Due to Proposition 6.9, it is sufficient to show that

(W 11))abs((p)) > p (6.157)

To this end, put o := ¢(p). Then o > ¢)(0) = 0. Since 9 is an odd CCP function, it follows
that -
() = (0)z 4+ ager 2?1 for all x € [-1,1],

=1
where ag ;1 > 0 for all m € N. Assume by contradiction that ag,q; = 0 for all [ € N. Then
Y(z) = ¢'(0)x for all z € [—1,1]. In particular, 1 = ¢(1) = ¢/(0) < 1, which is absurd.
Thus, an Iy € N exists, such that ag,; > 0, implying that in particular o = ¢(p) > ¢'(0)p.
Given the assumption on ¢~!|(_1 1), we therefore obtain that

o oo o0
(¢_1’(—1,1))abs(0-) = = + Z b2m+10_2m+1 > p + Z b2m—i—10-2m—"_1 2 P,
¢ (0) m=1 m=1
where bo,,, 11 > 0 for all m € N. Since p € (0,1) was arbitrarily chosen, (6.157) and hence (i)
follows.

Cl\/

(ii) Let G := ¢"'[Z11) : D — D be defined as in Lemma 5.10. Since ¢ is strictly increasing,
(5.115) implies that |F(2)| < ¥(|z]) < ¥(1) =1 for all z € D, whence F(D) C D. Similarly,
we obtain that G(D) C D (since ¢ |_11) € W¥((—1,1)) by assumption). F|p is the unique
holomorphic extension of ¥|(_y 1) (since D is a domain; i.e., a non-empty connected open set).
F|p is invertible, and (F|p)~' = GJp is the unique holomorphic extension of ¢)~*|(_11). Let
x € (—1,1). Then iz € D, implying that

(M_jo FoM;)'(x) = (M-joG oM (z).

However, since sign((¢~!|_1.1))®"*V(0)) = (—1)" for all n € Ny (by assumption), Remark
5.12 implies that
(M_ioGoM)(x) = (¥ (1,1))abs(2)

Hence, Y"P = (™ (—1,1))abs) ' = M_; 0 F o M; on (—1,1). Since ¢™? is continuous on
[—1, 1] and the holomorphic function F'|p in particular is continuous on (—1,1) C D = M;(D),
a standard limit argument implies that ¢"™P(1) = (M_; o F o M;)(1) and ™P(—1) = (M_; o
Fo M;)(—1). O
Next, consider for example, the function a := %(1 + H3) : R — R. Then a € Sp2(,,) and
[—=1,1] 2 p = hau(p) = 3(1 + p?) defines an even CCP function, such that h,,(0) = 3 > 0.
With this example in mind, the assumption in the second part of the following result is not
empty.

Proposition 6.12. Let k € N, p € [-1,1] and a,b, f,g € L*(R¥, 7). Then a ® f €
L2(R2ka72k> and b®g S LQ(Ry{:a/}/Qk); and

hag fb2g = hap - By
In particular, the product h*'®° := h® h°" of an even and odd CCP function is an odd,
strictly increasing homeomorphic CCP function. If (h°?)(0) > 0 and h*(0) > 0, then
(h6”®°dd)‘1‘ is real analytic. A product of two odd CCP functions is an even CCP

(_171)
function.

98



Proof. Let p € [—1,1] and VeC(Xl,Yl,Xg,Yg) = vec(Sy, Se) ~ Ny (O,Z4k(p)), where S, :=
vec(X;,Y:), i = 1,2, Put X := vec(Xy,X3) and Y := vec(Y1,Ys). Then Corollary 2.15
implies that X Ly ~ NQk(O, ng(p)) are independent. Let G € O(4n) be the matrix,

introduced in (1.9). Then vec(zy,y1, T2, y2) = G vec(xy, T2, y1,y2) for all a1, 20,91, y2 € RE.
Thus, Pyec(s, ss) = G«Prec(x,y) (image measure), and

ha feo(p) = [a®f(31)b®g( 2)| =B, e, 0, |[(0® )@ (b® g)]

i [(@® )@ (0®9)) oG] = Brxyy [(0 @1 @ (f @ 9)]
= E[<a @ b)(X) (f ® g>><Y>] = E[a®b(X)|E[f ® g(Y)]
= hap(P)hs(p)-
Since (hev®@0dd)! = (pev)! podd 4 pev(podd) - (pedd) () > 0 and h®'(0) > 0 (by assumption), it
follows that (h®'®°44)'(0) > 0. The claim now follows from Theorem 6.8-(iv). O

If we apply Theorem 6.5 to a pair of k-dimensional Hermite polynomials and recall that
{H, : a € Ni} actually is an orthonormal basis in L*(y;) (cf. (6.119)), we immediately
reobtain another remarkable property of Hermite polynomials (cf. [109, Lemma 1.1.1] and
[110, Proposition 11.33]).

Corollary 6.13. Let ke N, pe [-1,1], a = (a1,..., 1) ENE and 8= (B1,...,B)" € NE.
]f UBC(X7 Y) ~ N2k<0a E?k(p)); then

k
hita,,(p) = E[Ha(X) H(Y)] = 60,50 = [ Sas5. p™

=1

Remark 6.14 (Noise stability). Fix k € N. Let f € L?(v;) and A, B Borel sets in R*. Let
p € [—1,1]\ {0} and vec(X,Y) ~ Nox(0, Xox(p)). Then sign(p)X ~ Ng(0, I). Consequently,
(6.141) implies that

Toon fo(y) = E[f(py + /1 = p* X)] = /Rk flpy+ /1= p2a)y(de) = U,f(y)  (6.158)

for all y € R¥, where U, is the Gaussian noise operator (cf. [110, Definition 11.12]). U, also is
well-defined for p = 0, with constant value Uy f = E[f(X)]. Observe that (6.158) implies that
U, = Ty(joM,, where the isometry M, = M;' € L(L*(vx), L*(7x)) is given by M, f := f,. A
special case of (6.144) is given by

P(X € A,Y € B) = ELy(X)Ls(Y)] = hu 1, (p) = (Lo, Uyl

Therefore, Theorem 6.5 (under inclusion of Proposition 2.13) encompasses the key concept of
Gaussian noise stability, most commonly introduced as Stab,[f] := (f,U,f),. (p € [-1,1],
f € L*(y)). Gaussian noise stability also comprises deep connections to geometry of min-
imal surfaces, hypercontractivity, isoperimetric inequalities, communication complexity and
Gaussian copulas. A very comprehensive introductory processing of these topics can be found
in [110, Chapter 11] and the cited references therein, including the central results of E. Mossel
and J. Neeman.
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In fact, it can be verified that 7; (and hence U, = Ty(,M,) is even a nuclear operator,
implying that each 7; (and each U,) in particular is a compact Hilbert-Schmidt operator!
More precisely, we have

Proposition 6.15. Letk € N, t > 0 andp € (—1,1)\{0}. Then both, T; € L(L*(), L*(7)),
and U, € L(L* (), L*()) are Hilbert-Schmidt operators, satisfying

1 1

1T3]|s, = m and ||Up||s, = m

T as well as U, are even nuclear, and
D) I1Tlv < ==

(i) Ul < 7=r-

Proof. Fix t > 0. Put K := L?(1;) and p(t ) ~*. Then t = ¥(p(t)). Since |M,|| =1 =
| M| and U, = Ty, M, (respectively, MU, = T19 (I]))s the ideal property of the Banach
ideal (82, Il - ||$2) implies that we only have to verify the claim for 7;. For this purpose, we

use the orthonormal basis { H, : @ € NE} of k-dimensional Hermite polynomials in L?(y;) (cf.
(6.119)). The semigroup property implies that T, = T} Jo = T})3T1/2. Corollary 6.13, together
with (6.145) therefore leads to

STl = Y. (TiHo, Ha)ie = Y haonm, (pt) = > p(t)

aeNg aeNg aeNg aeNg
Joi = 1
i@ﬂp ~IL X 0 =

Hence, (HTt/zHaHK)aeNg € I?(NF). So, we may apply [78, Proposition 20.2.7] (which holds in

particular for the index set I := Nf), and it follows that for any r > 0, T, is a Hilbert-Schmidt
operator with Hilbert-Schmidt norm

1/2 1
T, = T.H, 7 = 71 ok /2°
H HSz ( Z “ HK) (1 _p(2r))k/2

aENg

Consequently, T; = T7 7o 18 the composition of two Hilbert-Schmidt operators, which allows
us to apply [78, Proposition 20.2.8]. It follows that T, € N'(K, K) and

ITelly <12l = e
[

6.3. Examples of real CCP functions, Gaussian copulas and an
extension of Stein’s lemma

As was to be expected, Theorem 6.5 and Theorem 6.8 give us first non-trivial examples, such
as

2 2 113
hsinsin: _171 — —1,1, = — i = — F Sy a0 o 2
gnsign © [ ] [ |, x 7Tarcsm(ac) — T 1( x)
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in the one-dimensional real case (implying the Grothendieck equality) and

T 11 9
hfz,fz . [_171] [ 1 1] T = 47'2F1(2 2 2,7’)

in the one-dimensional complex case (implying the Haagerup equality), where

V28 if x££ 0

llll2

R?2>x = .
v folw) {o ifr=0

(cf. [57, Lemma 3.2. and Proof of Theorem 3.1] and Example 7.15). If we namely apply
Theorem 4.12 to m = 1 and arbitrary k € N, we will recognise that Theorem 6.5 and Theorem
6.8 lead us to CCP functions hy s, where f € Sr2(,,) is bounded a.e.. These examples also
include [24, Lemma 2.1] as a special case. More precisely, we have:

Proposition 6.16. Let k € N, p € [-1,1] and vee(X,Y) = (Xq,..., X3, Y1,..., V)" ~
Nok(0, X9x(p)). Consider the odd function

Fte ifa A0
R¥ 5 2 fi(x) = Il :
0 ifr=0

Then f, € Sp2(y) N L¥ () and || fillo = VE. The function hy, g, : [—1,1] — [=1,1] is an
Let ¢ be defined as in Lemma 4.7. Then 0 < by (0) =i <1. hylp i is real analytic,

and

odd strictly increasing homeomorphism which is CCP and satisfies hy, | fk’

o) = KE[ o] B[ E ) ]

| X (| ¥lrs 1 X Ry " || Ylles (6.159)
11 k+2 , 2 (2”_1)”) 2n+1 .
c’prFl(z 2 2 i) = k”Z )l (2n + k)1 ?

In particular, the function [—1,1] 3 p > hy, 1. (p) — ¢t p is CCP as well. If |p| < 1, then
t2 k 1
hy g (p / S (6.160)

XY, c 11 k+2 X? 1
) - Een -
[ X g | Ylleg & 2'2" 2

Moreover,

E|

for alli € [k].

Proof. If k = 1, (6.159) precisely coincides with the Grothendieck equality (Corollary 4.2).
Thus, in order to prove (6.159), we may assume that & > 2. We just have to prove the
second equality only (due to (4.110) and (4.95)). To this end, fix i € [k] \ {1}. Consider
the partitioned random vector vec(X',Y’), defined as X' := P! X and Y’ := P! Y, where
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2 3

the 7’th row of the equahty matrix [, we obtain P!, implying that X| = X;, X/ = X and

)

X} = Xj for all j € [k] \ {1,i}. Due to the construction of the random vector vec(X',Y’)
and the structure of the correlation matrix Yok (p), it follows that

X\ (P 0\(X
Y)~" o pP)\vy
Pl 0 I, pL\(P' 0\ (I pl

Hence, vec(X',Y) = vee(X,Y) ~ Nok(0, X9x(p)). Consequently, we obtain

Pl =ere] +ee] + 5 cmpaneie, = (P = (P So, if we swap the 1'st row and

E| XY | = /X{Y/ | —E] X;Yi I
XNl 1Y [l XM (1Y XNl 1Y [l
Since hy, 1 (p) = cip+ RN 1%,02”“ for all p € [—1,1], it follows that
Wy ;.(0) = ¢ > 0, implying that hfkvfk i is real analytic (due to Theorem 6.8-(iii)).
(6.160) follows from Euler’s integral representation of the function (—1,1) 3 p +— o F} (% % k12
(cf. e.g. [6, Theorem 2.2.1]). Theorem 6.8 now completes the proof. O

Remark 6.17. Let k € N and ¢, be defined as in Lemma 4.7. Then [23, Theorem 1] in fact
implies that

gcf, < K®(d) for all d € Ny.

Remark 6.18 (Krivine rounding scheme reconsidered). Fix k € N. Due to Proposition
6.16, the following set of real-valued functions is non-empty:

Gr:={f : f € Spa(y), f s 0dd, B} £(0) > 0}. (6.161)

Let f € Gi. If in addition, |f| = 1 and hff‘ )€ W ((—1,1)) Lemma 6.11 implies that

{f o2, fo+/2} is a Krivine rounding scheme, 1ntroduced in [22, Definition 2.1] (since hy ¢
coincides with the function H;, s 1,3, introduced in [22, Definition 2.1] and c(f o V2, fo

V2) = hhyp( ) € (0,1)). The latter fact should be compared with Theorem 6.45!

Now it is no longer surprising that Proposition 6.16 encompasses the Grothendieck equality
and the Haagerup equality as particular cases.

Example 6.19 (k = 1 - Grothendieck). Fix p € [—1,1]. It is well-known that arcsin(p) =
p2F1 (%7 %7 %7 P2)> whence hfhfl <p> = %arCSin(p>'

Example 6.20 (k = 2 - Haagerup). Let n € N, u,v € C" such that ||u| =1 and ||v|| = 1.
Let Z ~ CN,(0,1,). The Haagerup equality (4.89), together with (4.90) implies that

E[sign(u*Z)sign(v*Z)] = sign(u*v) hy, 1, (Ju*v]).
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In the following, we shed some light on the underlying structure of the function hy, ,,, where

k
Yp = 1—21,, € Si2(y, and J, := [[(—o0,p;] for all p = (p1,...,pr)" € R* (introduced

i=1
in Corollary 6.2). Recall here that for any n € N, ¥ € M,,(R)* and X = (Xy,..., X,)" ~
N,(0,%), ®ox : R* — [0, 1] denotes the n-variate distribution function of X, i.e.,

D¢ 5:(z) == Fx(x) (ﬂ{X < }) for all z = (zy,...,2,) €R".

Proposition 6.21. Let k € N, p € [-1,1] and X = (X1,..., Xor) " ~ Nog(0,301(p)). Let
a,b € RF and x = (z1,...,29,)" = vec(a,b). Then

h¢a7wb (p) = 4@0,2%(/)) (ZE) —f- ]_ — Q(I)O,Ik (a) — Q@O,Ik (b) (6162)

Furthermore,
DPo,5%1(p) (z) = Pg 1, (a)Po 1, (D) + Z d,(z; k) p

where
2k 2k 1

dy(z; k) := d(x; —
= 3 (e I o

m;=0 m;#0
Proof. Fix X = (X1,..., Xor)" ~ Nox(0,32,(p)) and z = vec(a,b). Since ,(z1) Yp(z2) =
(1—21y,(z1))(1 =21y, (22)) = 1 =21y, (z1) — 21, () + 41, (211, (zo) for all z1, 25 € R* and
X = vec(Xy,Xy), where Xy = (X1,..., Xi)" ~ Ni(0,1;) and Xy = (Xpi1,..., Xop) | ~
N (0, 1)), an application of Theorem 6.5 to the function hy, ,, implies that

Fx(z) = P( O{Xz < xz}) = E[L,(X1)1,,(X2)] = i(hwa,wb(P) — 14 2% 1, (a) + 2%, (b))

1 o0
1((1 — 2801, (a))(1 = 2001, (b)) + > Pul(tha, ¥)p” — 1 + 280 1, (a) + 2P 1, (b))
v=1
= 0 1, (a)Po 1, (b) + — Z( Z (Vay Hin)y, (Y1, Hin )y )V-
v=1 meC(v,k)
The third equality is equivalent to (6.162). Corollary 6.2 clearly finishes the proof. O

Proposition 6.21 immediately gives us another significant example - which contains the
Grothendieck equality as a special case again. Due to the famous Theorem of Sklar, it
emerges from a lurking multivariate Gaussian copula; i.e., from a certain finite-dimensional
distribution function with uniformly distributed marginals (cf., e.g., [111] and the references
therein).

Example 6.22 (A lurking Y. (p)-Gaussian copula). Let k € N, m = (my,...,my)" €
Nt a=(a1,...,a)" € (0,1D)% and B = (B1,...,8:)" € (0,1)k. Let a = (ay,...,a;)" € RF
and b= (by,...,by)" € R¥ where a; := ®1(y) and b; := &~1(;) for all i € [k]. Then
k k
hi/)aﬂﬂb(p) =1- 2( H o; + Hﬁz) + 402%(/})(&75) for all p e [_17 l]a
i=1 i=1

103



where

(0, 1)F 3 (ug,« .oy up) = csp(p) Uty - - s ug) = oy (o) (@7 (wr), ..o, @7 (ug))

denotes the 2k-dimensional Gaussian copula with respect to the correlation matrix Yox(p)
(cf., e.g., [111]). Consequently, if (a, 3) = (1, 3), it follows that @ = 0, b = 0 and

2k
Moo (p) = 1 — gz + AP0, (5 (0) = 1 — 75 +4P(({X; < 0}) (6.163)
=1

for all p € [—1,1] and X = (Xi,...,Xox)" ~ Nog(0,Zox(p)) (since ®(0) = 3). In fact, if

(o, B) = (3,3) and k = 1, then ¢y = sign — Lo}, implying that (6.163) even reduces to the

Grothendieck equality. In order to recognise this, recall first that (21)! = 2!!(20 — 1)!! for
any [ € Ny, whence

(20 —1)!H? = <2ll> (24? : (6.164)

Consequently, the power series representation of the function Ay, 4, , together with Corollary
6.2 and (6.122) implies that

4P(X1 < O,XQ < 0) —1= hsign,sign(p) = hlﬁoﬂlio (p)

> 2 > 1
— Hn 2 n HQ 0 21+1
) 2 & ,02l+1 (6.164) 2 .
; ;O 2l — 1 ” m = ; arCSln(p)

for all p € [—1,1] and (X1, X3)" ~ No(0, 1) (cf. also [62, 101]). Again, we recognise that
the Hermite expansion of the function sign - in L?(y;) - is given by

(20 — 1)
sign = 1)y = \[ )! @-nn Hzl+1 (6.166)
7Tl 0 1)'

(cf. (6.129)).

A further interesting one-dimensional example (k = 1) is given by the function he ¢, where
® = Fx is the (continuous) distribution function of a standard normally distributed random
variable X ~ N;(0,1). To this end, recall that the (continuous) random variable U :=
P(X) ~ U(O 1) is uniformly distributed on [0, 1], implying that ® € L?*(v1), with (®,1),, =
E[U] = 5 and ||®|2 = E[U?] = Var(U) + E*[U] = &5 + ; = & (cf. [111, Remark 2.17.]). In
partlcular E[k(X)] = 0, where & := 2/3® — /3 = v/3(2® — 1). Now, we are ready to prove

Proposition 6.23. Let X ~ N;(0,1) and k := \/3(2@ — 1). Then the following properties
hold:

(i)
d—E[CI)(X +1)] =272 1) (i

foralln e N andt e R.
dt» \/i)
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(i)
E[Q(X +1)] = @(é) foralln e NandteR.

(iif) E[®(X) Hont1(X)] = \/;\/ i QHH 2" \/ )2t for all n € Ny. In particular,
E[H(X) H2n+1 = (— \/;‘/Em 2: \/ 5 2n+1 fO?" CLUTLGNO

(iv) heo(p) = 3+ 5 arcsin(%) and h,,.(p) = £ arcsin(8) for all p € [-1,1].

V) hyzevse = 3hao = 1+ 2 arcsin(;-)) is a strictly increasing homeomorphic CCP

function which maps [—1,1] onto [3.1] and is neither odd nor even. h,, is an odd,
strictly increasing homeomorphic CCP function. h\f@ \[@(t) = =2 Cos(%’rt) for all

t € [5,1], hyk(s) = 2sin(Es) and (h 1) bs(s) = 2sinh(gs) for all s € [~1,1]. In

K,K

particular, (h_l) (1) > 1. kM (p) = Esinh ™" () for all p € [-1,1].

Rk ) abs

(Vi) & is odd, ||k, =1 and h,,(0) =2 > 0. Moreover, k € L®(y1), and ||r[|s = V3.

Proof. (i) Fix t € R. We prove this result by induction on n. Obviously, we have to verify the
base case only (n = 1). To this end, we apply a few Fourier transform techniques including
the well-known fact that ¢ = ¢ is its own Fourier transform. So, let n = 1. Then

SER(X +0)] = [ (r ) @)pads = [ p)()ela)de,

where 7_p(x) := p(z — (—t)) denotes the translation operator (here, applied to ¢). Since

(T_1p)(z) = @(x) exp(itx) = @(x) exp(itz) for all x € R, it follows that

d 1 ot
th[CD (X +1)] —/ exp(—2?) exp(itz)dr = 7 ol ©(y) exp (zﬁy)dy
Pl=75) = Fsv(——) = <= ()
\f f V2Tl V2R VT VR

which finishes the verification of the base case.
(ii) We just have to integrate the base case on both sides (from 0 to ¢, say).

(iii) Since the Taylor series representation of ¢ obviously is given by

1 x2

p(r) = ﬁeXP(_ 5 \/ﬂ Z 2m

J2n 2 m) N
0 for all m € Ny. (iii) now follows directly from (i) and (the one-dimensional case of) the
equality (6.131), respectively Proposition 6.3.

for all # € R, it follows that (™) (0) = (Qm)!(#(_l)rw =L ymm! <27ZL> and "+ (0) =

(iv) follows directly from (iii).
(v) follows from (iv), Theorem 6.5, Lemma 6.11 and the fact that for example, h 54 54(—1) =

¢ {-1,1}.
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(vi) Since ®(x) + ¢(— ) 1 for all z € R, it follows that x is odd. (iv), applied to p =1

implies that |[s[2, = hex(1) = Moreover, (iv) clearly implies that Al (0) = 2 > 0.

Finally, since @ : R — — [0,1] is a distribution function, it follows that s is bounded and
) —

k(z)| < V3 = \/_xh—> m (2¢(x) — 1) = lim s(x) for all z € R. O

T—r00
We will soon realise that Theorem 6.5 actually reflects a characterisation of the class of all
real continuous CCP functions (see Theorem 6.33).

Within the scope of our analysis of the Grothendieck constants, we need invertible CCP
functions, implying that we may ignore even CCP functions, defined on [—1, 1] (since these
are non-injective). However, thanks to Theorem 5.17, [—1,1] 3 p — ph(p) is an odd CCP
function for any even CCP function h. In fact, we will recognise next that in particular any
CCP function hy s, which satisfies hs(—1) < 1 induces canonically an odd CCP function
hyx yx, where f* € Sy is odd, H := L*(R*,~;). In the complex case it seems that we even
have to use odd functions, to avoid calculations with non-positive semidefinite entrywise
absolute values of correlation matrices (cf. (7.218) and Theorem 7.14, (ii)).

Proposition 6.24 (Odd CCP transform). Let k € N and f € L*(R*, ;). Consider the
odd function R* > x +— fo4(z) := f(gg)_% (the odd part of f). Then f is odd if and only
if fo4 = f. In particular, (f°i4)°dd = fodd  f s even if and only if f°% = 0. Moreover,
ol e L2(R* ) and

(1)

HfoddH?Yk _ hf:f<1) _2hf,f(_l) >0.

(i) f is even Ag-a.s. if and only if hy(—1) = hy¢(1).
(ili) f @s odd Ng-a.s. if and only if hy(—1) = —hss(1).
(iv) Assume that hy (1) > hys(—1). Put

X . 2 0
= \/hf,f(l) — Dy (1) F (6.167)

hfodd foaa 15 an odd CCP

Then f is not even, ||f*||,, = 1, and hgx ¢~
function.

= hys()- hff(

Proof. Due to Theorem 6.5, respectively Theorem 6.8, we just have to verify the non-trivial
parts of the claims (i), (ii) and (iii).
(i) Fix X ~ Ng(0, I). Then

1

712, = FEI)A0] = § (BLP(X)] — 2E[7(X)/(-X)] + E[f(-X)]).

Since -X £ X ~ Ny (0, I) and vec(X,-X) ~ Noi(0,39x(—1)), it follows from Theorem 6.5
that

17412, = 5 (71, ~ ELFX)FEXN) = 5 0hpr(1) = hps(-1).
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(ii) follows directly from (i).
(iii) Consider the even function f¢¥ := f — f°id € L%(R* ~,); i.e., the even part of f. By
construction, f¢(z) = w for all z € R*. Similarly, as in the proof of (i), we therefore

obtain
vz _ Pg (D) + hyy(=1)
o2, = Pt R L)
wherefrom claim (iii) obviously follows. O
Example 6.25. Since arcsin(3) = %, Proposition 6.23-(iv) implies that ke (1) = 5 and

he.o(—1) = g, whence
P =320 1) =x.

Example 6.26. Let [—1,1] 3 p — C%(3,1;p) denote the bivariate Gaussian copula with
Pearson’s correlation coefficient p as parameter, evaluated at (%, %) Then
Ga 11 -1 1 -1 1
O (5 51) = Py (@7 (). 07 (2) = BX <0.Y <0) = hyy )
where ®s,(,) denotes the bivariate distribution function of the random vector (X,Y)" ~
N2(0,%5(p)) and g := L_0). Thus, g°% = —1sign, hy,(1) = P(X < 0) = ®(0) = 5 and
hye(—1) =P(X <0,—-X <0) =P(X =0) =0. Consequently,

X

g~ = —sign = 2]1(70070) -1 —I—][{O} ,
and it follows that hgx ,« = 2 arcsin (on [—1, 1]).

Regarding an explicit calculation of the correlation coefficients E[f(X)g(Y)], induced by a
pair of non-linearly transformed Gaussian random vectors and given “sufficiently smooth”
functions f and g, we implement a few facts from the theory of distributions and test function
spaces. A detailed in-depth introduction to these “generalised functions” and test function
spaces and their analysis is provided by e. g. [61, 76, 127]. To thisend, let k € N, f € LL (R¥)

(i.e., f is locally integrable) and ¢ € Sy be an arbitrary test function, where S denotes the
Schwartz space of rapidly decreasing test functions on R*. Put

W.Ay) = [ Fappla)de.
Observe that the latter symbol (-, -) denotes the duality bracket on S; x ;. and not an inner
product of Hilbert space elements. When there is no ambiguity, we adopt the common habit
to identify the tempered distribution A; € S}, with f € Li_(R¥) itself. More generally, recall
that tempered distributions and their derivatives are elements of the dual space ;. of Sk, such
as the Dirac delta distribution dy = §, defined via (¢, 0) := ¥ (0) for any ¢» € Si. Observe
that there is no g € L .(R¥) such that § = A,.

Let us quickly recall how differentiation of tempered distributions is defined. It orig-
inates from a reiteration of the integration by parts formula and is also known as “weak

differentiation” (cf. e.g. [127, Chapter 6.12]):

(¥, D"u) == (=1)"(D™p,u) = (=), D"} (Du)) (6.168)
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for all ¥ € Sg,u € §;, and n € N’g. Consequently, since H, ¢, € S for all n € N’g and
D"u € S, for all v € S, (6.121) in particular implies:

(H, pr,u) = (¢, D™u) for all u € S;, and n € N& .

1
Vn!
Given an arbitrary compact subset K C R¥ and f € L?(7;), it follows that

11 =V [ i@y esp(llal®) 1) w(de) < e

where cg := V27 [i el#I® 5y (dx) = V27 [1 exp(3]|7]|2)Ae(dz) < 0. Consequently, L2(v;) C

Li,o(R*), implying that for any X ~ N (0, Iy)
1

ﬁ@Dk’D"Aﬁ for all f € L*(yx) and n € Nf.

(6.169)

ElHn(X) f(X)] = (Hn, )y, = (Hnpr, Ag) =

Example 6.27 (n’th weak derivative of Aﬂ[o’oo)). Let k =1 and n € Ny. A very easy
proof by induction on n, based on (6.168), together with (6.120) firstly reveals that

{p. D"6) = (=1)" !"(0) =
(6.122) therefore implies that

(o, D*6) = 20 — 1)!! for all [ € Ny .

1
N D U
1 =
Similarly, (6.168) implies that DAy = 4. Since sign = 21jp ) — 1 (y1-almost surely) and
<H2l+1; 1)71 = <H21+1, HO)’Yl = 521+1,0 = 0, it follows that

. 6.169 2
(Harg1,sign), = 2(Hait1, Lo,00) )y CL __Z @, DAy

T
2 " (20 — 1)
BN T f,/zm

for all [ € Ny. This outcome — which is solely based on a multiple weak differentiation of
Ay, ., —should be compared now with (the derivation of) (6.165)!

0.0)

[0,00)

(6.169) can be strongly simplified if f is smooth (cf. also Proposition 6.3). More precisely, if
N € Ny, D" f € L*(y;) N C(RF) for all n € NE| satisfying 0 < |n| < N, and if X ~ Ni(0, I;),
then D"Ay = Apny (cf. [127, Chapter 6.13]), and

1
—E[D"f(X)] for all n € N}, with [n| < N.  (6.170)
Vnl
In fact, even more can be said. Recall that (by construction of Sobolev spaces) the lat-

ter equality also holds without the smoothness assumption, if we just assume that f €
L2(y) N WYHRF), so that in this case D™f denotes the distributional n’th derivative in

E[H,(X) f(X)] = (Hn, )y, =
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Li . (R¥) instead (cf. e.g. [61, Chapter 3.1]). Independent of an application of Theorem 6.5
to the primary topic of our paper, it implies further non-trivial consequences including a
generalisation of Stein’s Lemma (cf. [92, Theorem 1 and Example 1]) and a certain “decorre-
lation property” of harmonic functions. We only have to combine (6.170) and Theorem 6.5,

resulting at once in

Proposition 6.28. Let k € N, p € [—1,1] and vec(X,Y) ~ No(0,%0(p)). Let f,g €
L2(y). Then

ol f(X,0(1) =3 (X lon DAg) i D))

v=1 nGCYmk)TL
If in addition (f, ) € Wi (R*) x Wi (RF), or if (D" f, D"g) € (L*(7) N C(R*)) x (L2 (7:) N
C(R¥)) for all n € NE, satisfying 0 < |n| < N for some N € N, then
w(f(X, 0 =3 (X SEDFXED N+ S (X o DA (g DA o

v=1 neCwk) v=N+1 neC(k) v

In particular, if N =1, then

of
a%i

cou(£(X), V) = pE[oL (X)]

for all i € [k], respectively
E[f(X) Y] = pE[V f(X)].
If N =2, then
cov(f(X), | Y]*) = p* E[Af(X)].
In the one-dimensional case (i.e., k = 1), a direct application of Proposition 6.28, respectively
(6.170), implies two further results which are of their own interest. In particular, our approach

enables the provision of a quick and short proof of the following generalisation of Stein’s
Lemma to standard Gaussian random powers (cf. [99, Theorem 1]):

Corollary 6.29. Let m € Ny, f € L*(1) and X ~ N(0,1) be given. If D'f = fU ¢
L*(v1) NC(R) for all 0 <1 < m, then

m2) g
ELF(X)X"] = E[(~i)" Ha(D)(F(X)] = 3 ( )<2u—1>!!E[Dm2”f<X>1.

v=0 2v

Proof. Fix m € Ng. Put f,,(x) := 2™ (x € R). Firstly, recall the well-known result that

E[f,(X)] = E[X"] = H<2_1) (v — D! for all v € Ny,
implying that
s H) (6.170) LE[le (X)] = w\/ﬂ(z’z) (m—I1-=1I ifl<m
e N/ 0 it >m

109



Consequently,

ELF(X) ()] = hy (1) = S4F Hiy (s Hi)yy = 30
(=0

=0

If m is even, it therefore follows that

m/2 m/2 m
LX) (X)) = 3 E (D% f(X)] < k) (m— 2k — 1)l = 3 E[D" > f(X) <2y> (20 — 1)1

Similarly, if m is odd, we obtain

(m—1)/2 .
BUCOMN = X B2 700] (51 )2v = 1t

v=0
However, since (;’;)(21/ — 1)l = H,,, (due to (6.120)), the claim clearly follows. O
Corollary 6.30. Let v € Ny, f,g € L*(v1) and p € (—1,1). Then
v .- 1 n v n v n
hy(p) = 32 — (9. D" (D"Ap)) o, D" (D Ag))p
n=0 """

In particular, if in addition (f,g) € C°(RF) x C®(RF), then
h%;(/)) = hyo) g (p) for all p € (—1,1).

Proof. Since hy 4 is real analytic, hgfj; is well-defined (where hgf(,]g); := hy,, of course). Due to
(6.169) and Theorem 6.5, applied to k = 1, the remaining part of the proof is a straightforward
proof by induction on v € Nj. ]

Remark 6.31. Firstly, observe that the strong impact of the standard (multivariate) Gaus-
sian law, is reflected in (6.169), primarily implied by the fact that the Gaussian density
function ¢ and hence each H,, ¢y, is rapidly decreasing: H, ¢, € S for all n € N’g (since
each H, is a polynomial). This fact and the structure of the (multivariate) Hermite polyno-
mials (which itself is also induced by the structure of ;) namely enables a reiterated use of
the integration by parts formula in the smooth case, respectively a use of the Sobolev space
mﬁf(Rk) in the non-smooth case, implying the transition of each inner product (H,, f),
on the Hilbert space L?(7;) into the duality bracket (¢, D" As) on Sg x Sj. The latter,
however, seems to be more convenient for performing specific computations.

6.4. Upper bounds of K} and inversion of real CCP functions

Our next step is to embed Grothendieck’s original approach as well as Krivine’s improvement
into a general framework. We are going to show that we may substitute the Grothendieck
function Agign sign = %arcsin through invertible CCP functions hy s, generated by bounded
functions f : R* — R (see Theorem 6.40 and Theorem 6.45). Various proofs of Krivine’s
main result (K& < m ~ 1,782) are set out in detail in [70, Section 5|, [77, proof of
Lemma 10.5] and [151]. We will recognise soon that inverses of odd CCP functions also lead
to a further crucial construction of correlation matrices, lurking in the following important

implication of Lemma 5.10:
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Theorem 6.32. Letr > 0,0 <c<r and 0 # v € We((—r,r)). Then @Dabs

0] is strictly

increasing and Yqps(c) > 0. For any k € N there exist ay = ak € Sr2(y) and ﬁk By e
S12(y,), such that the following properties hold:

() 1 X ~ Ni(0, 11, then \/voans(c) Elow(X)] = sign(v(0))/[0(0)] and \/tass(c) E[5(X
[0(0)]. In particular, Elax(X)] = sign(t(0))E[5(X))-
(ii) If c <r, then [—c,c] C (—r,7) and
U(cp) = Yans(Vhay 5, () Jor all p € [~1,1], (6.171)
In particular, 1(c) = Yuss(c) (@, B,
(iii) Ifc <r, then
Gans(€P) = Pans(€) ha (0) = Yaro(€) b, (p) for all p € [=1,1].

(iv) If ¢ <r, H is an arbitrary R-Hilbert space, then there exists a R-Hilbert space H such
that for any u,v € Sy

¢(c(u, U>H) = ¢ab8<0) W)u(ak)a ¢v(6k)>H = <aua bv>H ) (6'172)

where for any w € Sg, ||awl|Z = |bwll? = Yas(c) and 1y, : L? () — H is a mapping
which satisfies 1, (S12(y,)) € Su. In particular, Y(c) = (@w, bw)u for all w € Sg.
If ¢ <r, then

¢abs(C<U, U)H) = ¢abs(0)<¢u(ak), %(ak»H = wabs(c)<wu(ﬂk)a wv(ﬁk»H
= (ay, av)u = (by, bo)m

Proof. Let 0 < ¢ <r. Putb, w(:!(O) (v € Ny). Consider the family {q, : n € Nf}, defined

as qo := /| :\/aand

SN [T TP T
n! klnl n! knl Q| i \n|

for n € N¥\ {0}, where a, = a,(k) := ('b” ) (v #0). As before, let C(v;k) := {n € N& :
In| = v}, where v € Ny. A straightforward application of the multinomial theorem implies
that for all v € N the following equality holds:

Y W= Y Ua- ¥ (nhn?’”‘“’n)Hagi:@%)u:km;:wyy

neC(vik) neC(vik) n! i=1 neC(v;k) i=1 =1
(6.173)

It should be noted here, that by construction also 3 ¢* = g2 = |by| holds. Consequently,
neC(0;k)

since {H, : « € Nt} is an orthonormal basis in L?(7;), it follows that

. 1 . "
ap = e S sign(byy) ¢u (k) (V)M H,, € Spayy

\/ 7v%bs(c) neNg

111



and ]
Br¢ = ——=>" qu(k)(VO)" H, € Sp2y

\/ wabs (C) nEng

are well-defined (including the case ¢ = r), from which the assertions (i), (ii) and (iii) follow
(due to (6.173)). (iv) follows from (ii), (iii) and Proposition 6.4, with p := (u,v)y, and (v)
is an implication of Lemma 5.10 and the construction of ay and f. O]

If we combine Theorem 5.17, Theorem 6.5, Proposition 6.24 and Theorem 6.32, (iii), a further
significant characterisation of continuous odd CCP functions follows at once:

Theorem 6.33 (CCP representation theorem). Let ¢ : [—1,1] — R be a continuous
odd function and k € N. Then the following statements are equivalent:

(i) ¥ is a CCP function.
(ii) v = hyy for some odd f € Spz(y,).

Theorem 6.32-(iv), together with Lemma 6.11 directly enriches us with another crucial result,
related to a construction of real quantum correlation matrices which actually include lurking
upper bounds of K&:

Corollary 6.34. Let m,n, k € N and f € Syz(,) be odd. Assume that hyy i € We((—1,1)).
Put
c(f) == hPE(1).
Then c(f) € (0,1) and
Wi [e(f)S] € Qump for all S € Q.

M S

lre= (ST N

(with block elements M € C(m;R), N € C(n;R) and S € Qpn.), then
((hf,})abs[c(f)M] hy ¢le(£)S]

hyfle(HST] (hyp)asle(f)N]

again is an (m +n) X (m +n) correlation matriz with real entries.

€ C(m+ n;R) is an arbitrary real (m 4+ n) x (m +n) correlation matric
) € C(m+n;R) (6.174)

Proof. We just have to apply Theorem 6.32, (iv), including (6.172), to the function 1 :=
hy and the constant ¢ := h?y}’(l) (0 < e <1, due to Lemma 6.11). O
) (71’1) )

If ¢ : Dp — Dy is an arbitrary CCP function and ¥ € C'(m + n;F) is an arbitrary m + n-
correlation matrix, then

Ve (u, )] Pl (v,v)]

again is a correlation matrix. Consequently, it follows that ¥[['y (u, u)] = 'k (z,z) € C(m; F),
Y[p(v,v)] = Tk(y,y) € C(n;F) and Y[y (u,v)] = I'r(z,y) € Quman(F) for some Hilbert
space K over F and some (z,y) € SP x S} (due to Corollary 3.5). However, a considerably
stronger result holds (cf. also (6.174)):

w[z]:( >€C(m+n;lﬁ‘)
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A S

Theorem 6.35. Let m,n € N and M = g7 gl € M, 1n(R), where A € M,,(R),
S e M, n(R) and B € M,(R). Let 0 < r < oo and f,g: (—r,r) — R be two functions,
such that (—r,r) 3 x — f(z) = Yolgax” € W¢((—r,7)) and (—r,r) > = — g(x) =

Yolobuat € We((—r,r)) € W¢((—r,7)). Let ¢ € C¥((—r,7)), such that

lew| < /|ay| |by] for all v € Ny, (6.175)
_ a¥(0)

where ¢, := = Then q € W¥((—r,r)), and the following properties hold:

(i) If M € My ([—r,7])T is positive semidefinite, and if any entry of the matrices A, S
and B is an element of [—r,r], then also

fabs[A] a[S] N
(ngMﬁFMWM%m

is positive semidefinite, where q is defined as in Lemma 5.10. In particular, if 0 < ¢* <r
is a root of fups — 1, then

qlc'T] € Qup for allT € Q.

(ii) If M € C(m+ n;R) is a real correlation matriz, then also

ha,a [A] hmﬁ [S] .
(mﬁww MABDECW"+“R)

is a real correlation matrix for all o, B € Si2(+,). In particular,

hasl] : Qun — Qun for all a, B € Spa(yy). (6.176)

(iii) For all o, B € Sy, for all Hilbert spaces H and u,v € Sy there exist d € N and

x,y € S¥, such that
-

has((u,v) ) = (@, Y)pa =2 Y.
Proof. (i) Our proof is built on a sufficient and necessary characterisation of positive semidef-
inite block matrices, Schur multiplication of matrices, and a straightforward application of
Holder’s inequality in ls. Due to [56, Lemma 1.1.13, statement 2], it suffices to show that the
following inequality is satisfied and well-defined:

BT q[SIk| < /(BT fubs[ A/ (ET g BIE) for all (b k) € R™ x R". (6.177)
So, fix h € R™ and k£ € R™. Given the assumption that M is positive semidefinite, it follows

that also A and B are positive semidefinite matrices. Since M*® =1,,,,1} . A*0=1,1].
B*® = 1,1 and S*° = 1,,1], the Schur multiplication theorem therefore implies that in

fact for any v € Ny
AV Sxv
MY = T
((S*V) B*I/)
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is positive semidefinite, such as A*” and B*”. Hence,

\WTS* k| < VAT A**h VET B*vk for all v € N,

(due to [56, Lemma 1.1.13.2]). Put «, := \/|au| \/hT(A*”)h = \/hT(|al,|A*”)h and (3, =
\/ 6] \/hT(B*V)h = \/kT(|b,,|B*”)k. An application of Holder’s inequality in [y implies that

iayﬁué(io )%(25)% VO L A (KT gl BIR). (6.178)

Due to (7.222), a further application of Holder’s inequality in Iy implies that

i ey | 7Y (7'%22) i\/|a,,| rv \/|b,,\ rv < (i |al,|7’”)%(§_o:0 |b,| 7‘”)% = \/ fabs(7") Gans(1) < 0.

Thus, ¢ € WY((—r,7)). Hence,

TGS \hT(Zc,,S*V)k\ < Z ey ||hT SV K|

< Z Vl0ay| |by| VRT A*vh VET B*vk = Zay B, .
v=0 v=0

Thus, (6.178) implies (6.177). Suppose that fas(c*) =1 for some 0 < ¢* < 7. Let S € Q.
Due to Corollary 3.5, we may assume without loss of generality that A € C(m;R) and

B € C(m;R), implying that M € C(m + n;R). In particular, ¢*M = ((cc*bf;T gg) :

positive semidefinite. Lemma 3.2-(ii) therefore implies that

,_ fabs [C* A] (?[C* S]
roMg = <§[C*S]T gabs[C*B]>

is already a correlation matrix (since fans(c*aii) = fans(€*) = 1 = fans(c*byi)). Corollary 3.5
therefore concludes the proof of (i).

(ii) Put f := haa,g := hsgp and q := hap. Observe that h,s = ¢ = ('j‘[_l . (since hq g is
continuous). Firstly, since a, 8 € Sp2(,,), Theorem 6.5-(i) implies that f(1) = 1 = g(1), so
that the diagonal of the matrix ; ,M, is occupied with m-+n 1’s. It remains to prove that ¢ ,M,
is positive semidefinite. Recall that |p,(a, 8)| < \/py(a,a)\/pu(ﬁ,ﬂ) for all v € Ny, where

hi).(0) -
pv(qbu’i) = ZnEC(u,k)<¢’Hn>"m <I€7 Hn>Wk = w;jg 777D7"£ S {Oé,ﬁ} (Cf (6133)) Theorem 6.5

and Theorem 6.33 therefore imply that all assumptions of (i) are satisfied for the so defined
functions f,¢ and ¢ (including (7.222)), so that we may apply statement (i) also to these
functions. Finally, (6.176) and hence (iii) follows from Corollary 3.5 and Proposition 3.13. [

However, we will recognise that Theorem 6.35 cannot be fully transferred to the complex
field, so that we have to distinguish carefully between the real case and the complex case
here (cf. Proposition 7.7). If we link (5.116) and Theorem 6.35, we obtain
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Corollary 6.36. Let m,n € N, A € M, ,(R) and

M S
Y= (ST N) € C(m+n;R)

be an arbitrary real (m~+n)x(m-+n) correlation matriz (with block elements M € C(m;R), N €
C(n;R) and S € Q). Let v >0 and 0 # ¢ € WY ((—r,r)). If 0 <c<r, then

1 Yapslc M| PlcS] .
(0 (&[csr wabs[cm) setmr® (6.179)

again is a correlation matriz with real entries. In particular,

Y[eS] € Qump forall S € Q. (6.180)

1
wabs(c)
If we apply Theorem 6.32, (iv) and (6.180) to the inverses of invertible functions in W ((—1, 1)),

Bolzano’s intermediate value theorem from calculus immediately implies a further crucial re-
sult. To this end, recall also (5.115) and (5.116).

Theorem 6.37 (Real inner product rounding). Let ¢ : [—1,1] — [—1, 1] be a bijective
real function. Assume that

Ul an € WE(=1,1)) and g1 € WE(—1,1))
Then [~1(0)] = (¥ (21,1))abs(0) < (V7 (1.1))abs(1). Assume that

[ (0)] < 1 < (&7 (=11 ans(1).

Then there is a unique number ¢* € (0,1), such that (™ )as(c*) = 1. Let k € N. There is
(o, B) € Sr2(y,) X Sr2(4y) (dependent on ¢* and k) such that for any separable R-Hilbert space
H and any u,v € Sy, the following statements apply:

(1)
(u, v}y = Cl*w(pu,v) (6.181)
where puy = hag((u,v) ).
(i)
¢ = Y({e, By )
(iii) Suppose that ¢ = hy, for some v € N and f,g € L*(v,). If pup € (=1,1), then

: 1 2l + 112 = 2P (902
) = Gy L] f@atwyesn (- g ey,

If m,n € N and (z,y) € S x S%, then there exist m + n R*-valued random vectors
Xy, ..., X, Y,..., Y, such that vece(X;, Y;) ~ Nog(0, Xox(pij)) for all (i,7) € [m] x
(n], and

1 1
Pulw.y) = ~hpalR] = — E[PrQ;) =

e

~ENx(Py, Q) (6.152)

where (Py); == f(Xi), (Q,); := 9(Y}), pij = haps({i,y;)n) and R := hag[Uu(v,y)] =
(Pij) G)eimix[n] € Lomin-
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(iv) Moreover, ¢*(u,v)g € (—1,1) for all u,v € Sy and

tr(ATS) = Cl tr(AT Y[Qe 4)) (6.183)

for all m,n € N, for all A € M, ,(R), for all S € Qupn, where Quy := Y 1c*S] €
Qm,n-

It is far from being trivial that it is possible to transfer Theorem 6.37 from the real field R
to the complex field C; at least if f = ¢ is odd (cf. Theorem 7.13). In order to achieve this,
we have to develop and implement certain non-trivial structural properties of the class of
complex Hermite polynomials (cf. Theorem 7.11 and Theorem 7.12 below).

If v € Nyg, m,n € Nand A € M, ,(F), then A*" denotes the v-th entrywise power of the
matrix A (in terms of Schur multiplication), where A*? := 1,,1% is the (rank 1) m X n matrix
of all ones, where 1; := (1,1,...,1)" € F!,] € N (by adapting the convention that 0° := 1 -
cf. [82, Remark 9.2]).

Now, we are fully prepared to embed both, Grothendieck’s original estimation K& <
sinh(5) ~ 2.301, and Krivine’s original estimation K¢ < m ~ 1,782 into a general
framework. In particular, we will provide a further proof of the Grothendieck inequality
itself (see Theorem 6.40 below). Moreover, we will make a cute use of the little Grothendieck
inequality, yielding a quite surprising outcome. To this end, we have to work with functions
hy.4, which are “generated” by bounded functions f,g € L®(R*, ;) = L=(R*, \y) = L*(R"),
k € N. (6.138) obviously implies that

g0 (P)] < M1 llos [lglloe for all f,g € L*(R¥) and p € [-1,1].

Remark 6.38. In statistical machine learning a function f : R* — {—1,1},k € N is a
particular example of a mapping from some general domain of definition to the set {—1, 1},
where the latter is known as “concept” (cf. e.g. [138]). The concept f obviously satisfies the
condition [| flly, =1 = [| floc-

We also need the following important result which holds for both fields interchangeably.

Lemma 6.39. Let F € {R,C} and m,n € N. Let R be a m-dimensional random vector in
(FND)™ and S be a n-dimensional random vector in (FND)", such that E[RS"] exists. Then

|| B * If_?J[R.S"]*”HIOFQ1 < ||B||Igo,1 for all B € M, ,,(F) and v € N.

Proof. Clearly, it is sufficient to verify the statement for v = 1. Without loss of generality,
we may assume that m = n (just to simplify the spelling). So, fix B € M, (F). Put
A = RS" = T'»(R,S). Because of the structure of the operator norm || - [|5,; and Lemma
5.6, it follows that

1B+ E[A]l|S; = [tr((B *E[A])" pq")| = |tr(B"E[(pq") * A))]

for some non-random vectors p,q € Sg. Given the assumed structure of the random matrix
A, it follows that A = RS". Consequently,

(pqg") *A=(pq")«(RS) = (pxR)(¢+S)" =T¥(p*R,7*8S)
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is a random Gram matrix, such that both random vectors p* R, and g+ S map into (FND)".
Hence,

|B +BAJ|L, , = [tr(E[B* Te(p+ R, 7% S)])| < EB[[tr(B* Te(p* R.7%8))|| < 1Bl
O

Theorem 6.40. Let k,m,n € N and f,g € L¥(R*). Put roo = 1oo(f,9) == || flloo [|9]lco-
Then:

(i)
|tr(AThf7g[S])| < 7Too [|Alloo for all A € M, ,(R) and S € Q. (6.184)
and

1tr(AThs f[Z))] < IIF11% max |z Az| for all A € M,(R) and ¥ € C(n;R). (6.185)
zc|—1,1]™

(i) Assume that roc > 0 and f or g is odd. Let hy4 : [—1,1] — R be continuous and in-
jective. Then hy 4 is a homeomorphism which is either strictly increasing or strictly de-
creasing and satisfies hyo([—1,1]) = [—r, 7], wherer = r,(f, g) == max{—hs4(1),hs,(1)} =
max{—(f, 9)v., ([, 9)~.}. Moreover, 0 <r < ry. Assume that h;;‘(_r » € We((=r,r)).

Then the following two statements hold:

(ii-1) If (h;,;‘(, )) , (r) > 1, then there is exactly one number 0 < ¢ = ci(f,g9) <r
such that (h;;‘(_ )) , () =1 and

KE <= (6.186)
Ck
(ii-2) If r = ro, then there exists a unique number 0 < vi =i (f,9) € (0,7], such that
R -1 * . r
KG - (hﬁg‘(fr,r))abs(’)/k) < min {C}: ’ (hfg rr) abs } (6187)
Proof. Let 1o > 0. Put f° := W and ¢° = = If hyy : [-11] — [—a,a] is a

well-defined and bijective, then also hyfo o = éhf,g D=L — [=;%,%] exists and
is bijective. Since h olgo(r ) = hig(y) for all y € [—a,a] and max{—hyy(1),hse(1)} =
Too Max{—hpo go(1), hso go(1 )}, we may assume throughout the entire proof without loss of
generality that || f]l =1 and ||g||s = 1, implying that r., = 1.
Fix A € M,,,(R) and S € Q,, . Then S = 'y (u,v) for some real finite-dimensional Hilbert
space H and some (u,v) € Sf x Sf (due to Proposition 3.13).

(i) Because of (6.147), it follows that

hyglS] = hyg[Tr(u,v)] = E[R;T,] (6.188)
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where (Ry); := f(Xy,) and (Ty); := g(X,,), for some vec(Xy,, Xy, ) ~ Nog(0, Xor ((us, vj) r))
for all (4, j) € [m] x [n]. Since || f]lc =1 = ||g||co, the stochastic inequality

tr(AT Ry T))| < || Alloc (6.189)
is satisfied (due to (3.41) and (3.42)). Hence,

[tr(AT hpg[SD] = [tr(AT ER; T, ])| = [E[tr(A" Ry T, )]

(6.189)
<

< E[|tr(A"R; T} )] [ Aloc,1 -

Similarly, by making use of (6.148), the proof of (6.185) can be performed straightforwardly,
so that (i) follows.

(ii) Firstly, since hy 4 is odd, it follows that —hy (1) = hy4(—1). If hy, is strictly decreasing,
then hyg(1) < hyg(—1) = —hsg(1), implying that r = —hy4(1) = —(f, g), > —hy4(0) = 0.
Consequently, 0 < 7 = |hs (1) < || fll, 9]+ < 7oo (due to (6.137), respectively (6.138)). A
similar proof obviously holds if hy , is strictly increasing. All described topological properties
of hy, are an immediate application of well-known facts from classical real analysis.

(ii-1) Assume that (hyg ) (1) > 1. Since hyg(0) = 0 = (hpg| )

i — 1 ; -1 — -1 . -
apply Theorem 6.37, (iv) to ¢ := - hy, (since (w ‘(_171))%5 = (hfvg‘(_r,r)>abs(T )). It fol
lows that there exists a uniquely determined number 0 < ~; = ~/(f,¢9) < 1 such that
(w_l‘( 11)) . (7)) = 1 and tr(ATS) = v%tr(fmp[s*]) = #tr(AThﬁg[ .]) for some S, €

—1, abs k k
Qmn- Put 0 < ¢ :=r~; <r. Consequently, we may apply statement (i), and it follows that

(0), we may

(6.184

184)
<

1 1
[tr(A"S)] = gzltr(AThf,g[S*])! o [[Alloc,1 - (6.190)

Proposition 3.15 therefore implies (6.186).

(ii-2) Assume that r > 7, = 1. Due to the existence of the inverse function hy} : [—r,r] —
[—1,1], (6.188) implies that (algebraically)

S = hpglhsglS]) = Ry [E[A ],

~1y(»)
where Ay, = Ry T; Put a, := M, v € N. Since by assumption r > 1, it follows that

v!

Yo lan] <SR laulrt = (h;’;’(i )) . (r) < oo. Lemma 5.10, applied to the real analytic

function h;;‘(_ : and the continuity of the function h}} : [—r,r] — [—1, 1] therefore imply
that ’

S = Z a/VEI:Afvg]*V7
v=0

where * denotes entrywise multiplication on M,, ,(R) (i.e., the Hadamard product of matri-
ces). Since || flle = |lg]loo = 1, it follows that

HAm“oo,l S ”AHoo,l for au m e NO, (6191)
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where A, := AxE[A;/ "™ (m € Ny) (due to Lemma 6.39). Therefore, Lemma 5.6 leads to

tr(AT )| < D au| [tr(AT E[A s ]*)] = |aol[tr(AT 1, 15)| + D lau| [tr(A)_ E[Af])]
v=0 v=1
< ao|[tr(AT 1, 15)[ + D Jau | Ef[tr(A)_; Agy)l]

v=1
[e's)

189) s (6.191)

< aol | AlJcon + D lau| |[Av=1lloon < (Z |aV’)HAHoo,1
v=1 v—0

< (raf ) e Al

Consequently, Proposition 3.15 implies that 1 < K& < (h;;‘(, )) . (r). (6.187) now follows
from (6.186) and Bolzano’s intermediate value theorem, where the latter is applied to the

strictly increasing function (h;;‘ — K& (cf. proof of Theorem 6.8-(iii)). O

Tl (=rr) ) abs

Inequality (6.185), together with the equality (3.47) allows us to recover as special case
(applied to f = sign) an interesting result of Y. Nesterov, yet without having to make use of
their random hyperplane rounding technique (cf. [106]):

Corollary 6.41. Let k,n € N, A € M,(R)* be positive semidefinite and f € L= (R¥) be odd.
Then

pp(0) sup tr(AD) < sup tr(Ahg[S]) <[ fI% sup ol Av < | fI5 Al -
YeC(nR) YeC(nR) rze{—1,1}"

In particular,
2
0< Wy (0) < 2 I (6.192)

Proof. Let ¥ € C(n;R). Put h = hyy. Since f is odd, Theorem 6.5-(v) implies that

h(p) = Y bay1p™ ™ = 1'(0)p + ¥(p),
v=0

for all p € [—1,1], where ¥(p) := 300, by, 1p* ™ and by, > 0 for all v € Ny. Hence,
Y[X] = h[X] - h’( )X € M,(R)* (due to Theorem 5.15), whence tr(¢[X]) = tr(A(h[X]) —
R'(0) tr(3)) > 0 (since tr(AB) = ||BY2AY2||2, > 0 for all B € M,(R)*). Thus,

(
HOUAD) < u(AnE) < I s TAr = s t(daa”) < I A
—1, n a;e_

In order to verify (6.192), we are going to make use of the little Grothendieck inequality.
Obviously, we may assume that A'(0) > 0, implying that

tr(BY) < I £112% | Blloos for all B € ML, (R)* and ¥ € C'(n; R).

h’( )
Consequently, the “correlation matrix version” of the little Grothendieck inequality (see
(3.49)) implies

s
~=ki<
2 %= n(0)

and (6.192) follows. O
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In a similar vain, we directly obtain a further (and very short) proof for the value of the
real little Grothendieck constant k%. To this end, we only have to combine (6.184) and
Proposition 6.16:

Corollary 6.42 (Grothendieck, 1953).

Proof. Let A € M,(R)T and ¥ € C (n R) be arbitrary. We just have to work with the CCP
function [—1,1] 3 p = hy, 1, (p) — ¢ p = 2 arcsin(p) — 2 p. Because then

(6.184)
0 < 2tr(A%) = tr(A(2 D)) < tr(Ahg 1 [2]) < [[Aflcon -

O

Remark 6.43. A direct estimation of (6.149) leads to the upper bound k || f||%, (\/2)2 =
2k % || f1I2,, which, however, strongly depends on the dimension k& € N. That upper bound,
Vlewed as a function of k is even strictly increasing. Our application of the little Grothendieck
inequality implies the non-trivial result that for all k € N, k', (0) actually is bounded above
by 2[/ |2, “uniformly”. Moreover, if f were an even functlon then (6.192) would be trivial,
since h'; ((0) = 0.

Theorem 6.40-(i) also implies a remarkable property of CCP functions. To this end, let
S € Qumn and h = hyy be an arbitrary CCP function (not necessarily odd!), generated by
some f € L>(R¥). Firstly, note that in any case,

T 1 (1) 9
2KE < L=1fllv < 1 flloo < IFI5 -

If also h;; were a CCP function, then S = h;+[S] € Quan (due to (6.176)). Hence,
[tr(ATS)| = [tr(AThg g [SD] < [ £11% [ Alloo for all A € My, n(R),

implying that K& < || f||%. If we join the latter observation and Theorem 5.17-(v), we obtain
another interesting fact (which should be carefully compared with Corollary 6.10):

Remark 6.44. Let k,m,n € R and h = hyy be CCP for some f € Spa,) N L®(RY). If
[flloe < /K&, then the inverse function hy} is not CCP.

Next, we are going to summarise the remarkable properties of odd CCP functions which we
found so far and shed some light on an additional, quite surprising estimate for odd CCP
functions h f f Which emerges if we assume in addition that f € Spz(,,) is bounded (a.s.); i.e.,
if f € Sp2(y,) NL®(R¥). In particular, if we combine Theorem 6.8-(ii), (v) and Theorem 6.40-
(i) in thlS case we recover Grothendieck’s upper bound as well as Krivine’s upper bound at
once. This follows from Example 6.48, which is a special case of our following key result for

the real odd CCP case:

Theorem 6.45. Let k € N and f € Spz2(,,) N L (RF) such that || f||,, = 1. Then || f]j > 1.
Assume that f is odd and hff) E W¥((=1,1)). Then the following statements hold:
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-1 T
(hfyf‘(71,1)>abs( ) 5 ||f||2 nyT ally € [O, ]_]

KG ;LJ;)H( )

(i) Let 1 < e < Kg. If [ flle =1, then 0 < hff(c*) < 1 and there is exactly one number
v(f) € (hh;yp( +), 1], such that

Ke = (h;} (71,1))abs(,y*(f)) = min{ yzlJ ’ (h;}’(m))abs(l)}' (6.193)

Proof. Since f € L™, it follows that f € L*(v) and 1 = || f|l,, < [|f]loc-
(i) and (ii) The claimed two inequalities directly follow from (5.115), (6.150), Lemma 6.11,
Theorem 6.40, and (6.192).

(iii) Since 1 < ¢, < K& < (hﬁ’(_l 1)) (1) (due to Theorem 6.40), it follows from Lemma
6.11 that 0 < hhyp( ) < hhyp( ) <Y(f) = hhyp(Kg) < 1. (iii) now follows from (ii). O

If we only assume that f € L>(R*)\ {0}, then an application of Theorem 6.45 to W fe
Tk
St2(y,) directly leads to

Corollary 6.46. Let k € N and f € L™(R*) \ {0}. Then 0 < r = ri(f) := || fI1?, < oo and

I flloo = /7. Assume that f is odd and h;}‘(, )€ W¥((—=r,r)). Then (h;}’(, )) , (r)>1,
and the following statements hold: 7 7
(i) X
1 T
(hﬁf’(iw))abs(y) > B B y for all y €[0,r].
(i)
2
e e L 6.194
e

(iii) Let 1 < ¢, < K& If || fllo = /T, then 0 < hhyp ; (ex) < 1 and there is exactly one

£,L
number number v*(f) € (W, (c.), 1], such that
oAbV
_ . 1 _
Kg - (hf;’(—rr))abs(,r’y (f)) < mln{ hyp (1)’ ( f} ( rr))abs< )}
S r
NG
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The proof of Theorem 6.45-(i) shows us that here we may circumvent the rather strong
assumption of h;’}‘(_ ) being completely real analytic on (—r,r) at 0; at least in the following

sense (cf. Example 6.51 as application for this):

Proposition 6.47. Let k € N and f € L®(R*) \ {0}. Then 0 <r =1 = ||f|2, < oo and
| flloe = /7. Assume that f is odd, h’; ;(0) >0 and

= |(hyp) P 0(0)

D

*\2n+1 __
DD S () =1, (6.195)

for some ¢* € (0,7]. Then h;’H(—c*,C*) e W¥((—=c*, ")), and the following statements hold:

(1)
(h;})(_cﬁc*))abs(y} 2 g Hleio y for all y € [0,¢"] and <h’7’}‘<—c*,c*>>abs<c*) _1

hilc* S| € Qumun forall S € Q. (6.196)
(iii)
2
K2 < Il
C*

Proof. (i) The assumption clearly implies that h;}‘(_ e € W ((—c*, ¢*)) and (h;ﬂ(_ ) *)>
1. ’
(ii) and (iii) Observe that in particular the restriction hJIH

(¢") =

abs

oo [—c* ] — [-1,1] is
continuous. Consequently, if S € Qpun, then Sy := hyy[c* S] € Qun (due to (6.180)), and (i)
follows. Let m,n € N, A € M,,, ,(R) and S € Q,,,,, be arbitrarily given. Since Sy € Q,p,, We

therefore obtain

1 (6.184) 1
(A7) = — (A hpg (5D < — Al

and (iii) follows as well. O

Example 6.48 (Grothendieck and Krivine). Once again, we consider the CCP function
Y= %arcsin. Recall that 1) = hyf, where f := sign € Speor) N Sp2(y,). Due to (6.154), it
follows that 5 9

YMP(1) = - sinh (1) = —In(1+ V2).

Hence,

™ (E

(6.193) 1
{ (~ 1.78221) < sinh(5) (~ 2.30129)

Kg < min m7 (sz_l’(_l,l))abs(l)} = m

precisely reflects Krivine’s upper bound of K% as well as Grothendieck’s (larger) upper bound
of KE!
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Example 6.49. Consider the CCP function x := v/3(2¢ — 1) (cf. Proposition 6.23). Due to
Theorem 6.45, (i), respectively (6.194), we obtain the following (weaker) estimation:

0+ v5) Ivllse < 5 1n(%(1+\/§))(z 3.26425) .

We highly recommend the readers to check whether this estimation can be improved, if more
generally the function s, := a(2¢ — 1) is considered, where 0 < o < /3 is given (instead of
the CCP function k = & s5)! Observe also that [|k]j = V3 # 1 = [|&]].,.

KR <
G_Gln

Example 6.50. Fix £ € N3 and consider the function ¢ := hy, 5, introduced in Propo-
sition 6.16.  Assume that ' € W¥((—1,1)). ¢ then satisfies all assumptions, listed in
Theorem 6.45, and it follows that 0 < ¢}, := h}}Zf}k(l) < 1 satisfies

k
K& < — (6.197)
Cr

(since || fx]|%, = k). However, observe that the sequence (cﬁ*)keN is not bounded and hence

k
cannot converge (since 0 < ¢j < 1). Moreover, in contrast to the previous two examples, we do

not know whether also (h;kl fo can be represented in a closed analytical form; one of
’ S

(—1,1)>ab
the major open problems in our search for the smallest upper bound of K& (cf. Subsection 9.1
and Example 7.15, where the latter includes the approximation of the constant ¢, ~ 0.71200
if £ = 2). A straightforward, yet a bit laborious calculation with fractions, based on the
table (9.241) (similarly to the special case k = 2, treated in Example 7.15), yields that the
Maclaurin series of hjikl 5.(8) = 080 Pavsa(k) s*F! can e.g. be approximated by the Taylor
polynomial of degree 7 as:

h;k{fk(s) = B1(k)s + B3(k)s® + Bs(k)s® 4 Br(k)s” + o(|s|7)

1 11 3 k—2 5
:c,%8+<_c,§2(k+2)3><8+4c;‘;(k+2)(k;+4)5 (6.198)
+39(k:+2)2—48(k;+2)+6485)+O(|S|7)

8 (k+2)2(k+4) (k+6) '

Observe also that f5(k) := —@ W;P% = 0 if and only if £ = 2 and that f5(k) < 0 if and

only if £ > 2. Similarly, since the single (local) minimum of the function R 5 z — g¢(z) :=
92 — 48z + 64 is attained at x, := § and g(z,) = 0, it follows that 37(k) < 0.

Example 6.51 (Shortening of the proof of [22, Theorem 1.1]). Our approach also
allows to recover the strongest result to date, namely that Kg < m; at least partially.
What is certain, however, is that our approach also allows a non-negligible shortening of
the proof of the key result [22, Theorem 1.1]. To this end, firstly observe that a simple
change of variables reveals that for any f, g € L*(y), the corresponding generalised function

H ¢, /3 4oy3 listed in [22, Definition 2.1], satisfies

Hyo /59005 = hf,g\(_lvl) (6.199)
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(due to (6.139)). So, Hy, /5 40,3 is well-defined on (—1,1). The Grothendieck function 2 arcsin
is then generalised in [22] to the complex-valued function

Fyy = (1—p)Hy+pH,, (6.200)

where 0 <p <1,0<n<1land H,:S — Cis defined as in [22, (41)], where S := {2 € C:
|Re(2)] < 1}. Independent of any complex analysis a priori, the construction of H,,, together
with (6.199) implies that

(6.199)

H’SHR )( 1,1) =Hyovzgovz = Do

(-11)
Here, the odd function g, : R* — R is defined as g,(z \[ f77 ), where the 2-

dimensional sign concept f, : R* — {—1, 1} satisfies [22, (40)] Consequently, the function
2

m H”‘(—m)
function 2 hy, , = h\/Q/—ﬂg N to the open interval (—1,1) (due to Theorem 6.33).
Let p € (—1,1) and vec(X,Y) ~ Ny(0,%4(p)). Since go(z) = \/gsign(xg) for all z =

(z1,79)" € R?, we may apply Proposition 2.13 to the partitioned Gaussian random vector
vec(X,Y), and it follows that

H, ( ) hgo go( ) 9 Epvec(x,y) [Slgn(XQ) Slgn<}6)] = arcsm(p),

which already gives a one-line proof of [22, Lemma 4.3]. In particular, for any p € [0, 1],

- U

T Fp’n‘(fl,l)
emerges as a restriction of the odd and hence strictly increasing, homeomorphic CCP function
Upy = (1 —p)2arcsin+p 2 hy, ;. on (—1,1) (due to Theorem 5.17 and Theorem 6.8-(iii)).
Observe that ¢, (0) > (1 — p)2, implying that w;%‘(—l,l) e C¥(-1,1)) if p < 1 (due
to Theorem 6.8-(iv)). Because of the non-trivial result [22, Theorem 5.1] (including its

technically demanding proof) it follows the existence of (pg,m0) € (0,1) x (0,1) and ¢* €
(2In(1 + v/2), ), such that

actually is a restriction of the well-defined odd - and hence invertible - CCP

(6.201)

(-1,1)

| (Ypme) "R (0)]

D

o (2n + 1)!
(Given the outcome of [22, Theorem 5.1], we only have to set ¢* := 2, where In(1 + v/2) <
v < 15 satisfies [22, (63)].) Hence, ¢!

—1 . . o). .

Yoo e 76*] is continuous, we may apply Proposition 6.47. Consequently, if S € Q,,,, then
So =L [¢* S] € Qmn (due to (6.196)). Observe that for any 0 <7 < 1 the CCP function
2h
such as ; arcsin = Agign sign. Let S € Q,, ,, be arbitrarily given. Since Sy € Q,,,, we therefore
obtain

1 1 2 2
[6r(AT )] = — [br(A o [So])] = — [er(AT((1 - p)— arcsin[So] +p = hy, g, [So]) |

(6.184) 1 1
< L (= DA + 2 Aler) = Al

(C*)Qn—H - 1.

oo € W ((—c*,c¢*)). Since in particular

anan =N/ T v /20 actually originates from the bounded function \/g Gn € S1oNS12(4y),
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whence ]
T
K< —< — .
“= ¢ T 2In(1+V?2)
In summary, given the - crucial - result [22, Theorem 5.1], our general framework can be
applied here as well, leading to a shortened proof of [22, Theorem 1.1].

Despite the quite remarkable outcome of Theorem 6.45, we should observe that its practi-
cal implementation seems to be quite difficult (at least without sufficiently large computer
power). Primarily, as we already have seen, this is due to the following facts:

(i) Either we have to know a closed form representation (or at least a “close” approximation
of the Maclaurin series) of hy ¢, h;} and (h;}) N if f € L>(R*) is given (such as is the
case for k = 1 and f := sign € L>(R") NS 2(,,)), or we have to check, whether h = hy ¢

“originates” from some f € L(R¥) N Sp2(,,), if the functions o, A~ and (h’l) are

’Yk) ) abs
known to us.

(ii) However, already in the one-dimensional case (i.e., for k = 1) that search requires
rather complex calculation techniques, respectively some very helpful knowledge about
Hermite polynomials. Moreover, if k increases, we are confronted with a “curse of
combinatoric dimensionality”, since for any v € Ny and n € N it can be easily shown
by induction on k that the set C(v, k) := {n € Nt : |n| = v} which determines the

”Zﬁ;l) = S}J(r::f))!! elements.

In particular, already C(v,2) consists of v + 1 elements (v € Ny). For example, to

determine C'(2,11) explicitly, we would have to know all of its 66 elements!

structure of hy s (cf. Theorem 6.5) actually consists of (

We will recognise how deep actually we are confronted with a “curse of combinatoric dimen-
sionality” if only a Maclaurin series representation of the function hyy is given to us (cf.
Subsection 9.1).

7. The complex case: towards extending Haagerup’s
approach

7.1. Multivariate complex CCP functions and their relation to the
real case

Next, we are going to transfer the main results in the previous section from the real field R
to the complex field C. In order to achieve this, we have to implement non-trivial structural
properties of the class of compler Hermite polynomials (cf. Theorem 7.11 and Theorem
7.12). The complex versions of Theorem 6.5 and Theorem 6.8 also allow a generalisation of
the Haagerup equality by transition from the ¥s(()-correlated couple of two complex one-
dimensional signum functions sign : C — T to a Yo ({)-correlated couple of two (possibly
different) arbitrary square-integrable functions b, ¢ : C¥ — C, where k € N can be arbitrarily
large (cf. Corollary 7.4 and Example 7.15). By definition (cf. [57, Lemma 3.2. and Proof of
Theorem 3.1]), the complex sign-function is given as

_ é—‘ if z € C*
sign(z) := 0 ia—o0
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We introduce the following helpful symbolic constructions and shortcuts. Fix k,1 € N. Let
b:C* — C and c¢: C' — C be two functions. Put

br®yc:= (bo Py)(coQy),

where
10 ... 000 ... 0
o1 ....00¢0 ...0
Py = o e e T (1510) € My 1 14(C)
0 0 1 00 0
and
0 0 .0 10 0
00 ...001...0
Q= T S (011}) € My g4i(C),
0 0 0 00 1
implying that
b ®; c(vee(ziw)) = b(2)c(w) for all (z,w) € CF x C'. (7.202)

Given the construction of by ®; ¢ we may unambiguously shorten it simply to b ® ¢ (and
suppress the listing of the dimensions of the domains of definition of b, respectively c). Let
d : C¥ — C be a given function. Recall the induced functions 7(d) : R* — R and
s(d) : R** — R, defined as 7(d) := Re(d) o 7 Jy' and s(d) := Im(d) o NG Jo b (cf. (2.24)).
In order to facilitate reading, we put d,(2) := d(sign(a)z), where a € C and z € C* (implying
that dyp = d(0)). Consequently, the construction of b ® ¢ implies that

(b ® ¢)(vec(vec(xy, z2), vec(yr, y2))) = r(b)(vec(zy, y1))r(c)(vec(zs, ya))
+ s(b) (vec(z1, y1))s(c) (vec(za, y2))

and

s(b @ ¢)(vec(vec(xy, z2),vec(y1, y2))) = s(b)(vec(z1,y1))r(c)(vec(za, ys2))
—r(b)(vec(z1, y1))s(c)(vec(wz, y2))

for all z1, 9, Y1, y2 € R¥. In other words:

r(b@c) = (r(b) @r(c) oG+ (s(b) ®s(c)) o G (7.203)
on R* and

s(bec)=(s(b)@r(c) oG — (r(b) ® s(c)) oG, (7.204)

on R* where again G = GT = G~! € O(4n) is the matrix, introduced in (1.9). Finally, d
is odd (respectively, even) if and only if both, r(d) and s(d) = r(—id) are odd (respectively,
even).

Lemma 7.1. Let k € N, p € [-1,1], a € C, § € R, ¢,d : C* — C and vec(X,Y) ~
Nuyi(0,34x(p)). Then
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(i) 7(da) = r(d) o Ra(sign(a)Iy) and r(dp) = r(d) o sign(0) L.

(i) If a # 0, then r(d) € L*(R?* ~y.) if and only if r(d,) € L*(R*, o). In this case, the
norms coincide: ||r(d)|1y = [|7(da)||vas -

(iii) If @ # 0, hogay.ria)(p) = Elr(d)(X)r(d)(Y)] = Elr(de) (X)7(da) (Y)] = hr(aa).rda) (P)-

(V) Do) ai@ ([7]) = Pr(e)ria) (r) for allr € [=1,1].

Proof. (i) Put s := sign(a). Fix z € R?%. Since Jy 'oRy(k I}) = (k Iy)oJy ' =k Jy ' (cf. Fig-

ure 1), it follows that da(% J{l(:c)) = d(%J{l(Rﬂn ]k)x)), whence 7(d,) = r(d) o Ry(k1y).

(i) Let a # 0. Since det(Ry(x1x)) = 1 (due to (2.22)) and ||Ra(k1})al|* = (a, Ry (Rlk) Ra(kly)a)ger =
la]|? for all @ € R?** (due to (1.14)), an application of the change-of-variables formula implies

that r(d,) € L*(R*, ~a,) if and only if 7(d) € L*(R?**,y9;) and [|r(da) ||, = ||7(d)]l-

(iii) Let o # 0. Put x := sign(«). Then A, := Ry(kl)) # 0. Put X, := A, Xand Y, := A.Y.

Since
A, O Ly phy\ (Az 0 _ [ I pla — Slp)
0 Ag) \plap I 0 Ax pla o WA
it follows that

A, 0

vec(X,,Y,) = ( 0 A

) vec(X,Y) ~ Ny(0,246(p))-

Therefore, vec(X,Y) < vec(X,, Y), whence E[r(d,)(X)r(d)(Y)] © E[r(d)(X)r(d)(Y,)] =
E[r(d)(X)r(d)(Y)] which proves (iii).

(iv) If r = 0, the claim immediately follows from the resulting independence of the standard
Gaussian random vectors X and Y. So, let 7 # 0. Let vec(Xy, Xa) ~ Nuk(0, X4x(]7])). Then
vec(sign(r) Xy, Xa) ~ Ny(0,34%(r)). The second equality of statement (i) therefore implies
that

~

hriep)riay (1)) = Elr(e,)(Xa)r(d)(Xo)] = E[r(c)(sign(r)Xa)r(d)(X2)] = hre) ria (r)-
]
Fix vec(Z, W) ~ CNo(0,39:,(¢)), where ¢ € D\ {0} and k € N. Let b,c : C*¥ — C, such
that b ® ¢ € L'(C?, Pyec(z,w)). We put
ho(C) = hE(b, ¢; Q) == E[b(Z)c(W)] = hE,(0)-

As in the real case (see (6.147)), the joint multivariate Gaussian splitting property (3.84)
of inner products of vectors on the unit sphere and Lemma 2.14-(ii) imply the important
observation that for any separable C-Hilbert space H, for any m,n € N, and for any (u,v) €
ST x Str, we have

g [Dn(u.v)] = E[R:S,7] = ETc(R..S))]. (7.205)

where the C™-valued random vector R, and the C"-valued random vector S; are defined as
(Re)i == c(Zy,) and (Sy); := b(Z,,), respectively ((i,7) € [m] x [n]). Fix f,g € L*(R*, )
and put

Hpg:=hyps+ hgy
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(6.139) implies a concrete integral representation of the function H th‘(_l 1y which particularly

plays an important role in the complex case (cf. Corollary 7.4):

o F@\ (FOy oo el Il = 200y e
1) = =g o () o e (- 5 <3d ?y
.206

for all p € (—1,1). Theorem 6.5 further implies that H,(p) = >02a, p¥ for all p € [—1,1],
where a, = p,(f, f) + p.(g,9) > 0 for all v € Ny. In particular, H;,(1) = || |2, + ||g]?

"2k 2k
implying that Hy , is real analytic on (—1, 1), continuous on [—1, 1] and absolutely monotonic

on [0, 1]. Moreover, H; , is bounded, and

[Hyg(0)] < I, + lgll5,, = Hrg(1) (7.207)

for all p € [—1,1]. Hence, if f # 0 or g # 0, it follows that

Hyg=Hyo(1) 1y, (7.208)

where the function vy, := % : [-1,1] — [-1,1] is CCP (due to Theorem 5.17). In
g

particular, Hy, € W¥((=1,1)). Thus, if b € L*(CF,~f), then (2.27) implies that
~1,1)
T<b> S LQ(R2]€7721€) and S(b) < L2<R2k7’Y2k)7 and

Y2k Y2k

H,y),50(1) = [Ir (0115, + 5113, = bl (7.209)

If - in addition - b is odd and HbH?y}S > 0, then also r(b) and s(b) are odd functions (such as
H,4),5)), satisfying r(b) # 0 or s(b) # 0. Hence, we may apply Theorem 6.8 to the well-
defined odd CCP function 1,4) s(v), and it follows that H,) s@) : [—1,1] — [—||b||i£, ||b||,2yg] is
a strictly increasing homeomorphism, such as the inverse function (H, @) sr)) " : [— ||b||3£, ||b||3£} o
[—1,1] (due to (7.209) and (7.208)). Similarly, if we - further - assume that H}, . (0) >0,
Theorem 6.8-(iv) shows that also (H,@)sr) " is real analytic on (—Hb||ig, ||b|]3£) So, we

could apply Lemma 5.10 to the real analytic function (Hr(b),s(b))_l‘(_| (if the as-

1112 ¢ [18]1% )
'Yk Y
sumptions are given) to check the existence of (H ) 4 )abs : [—||b\|3g, Hb||i£] — R then (a

crucial assumption in Theorem 7.13). Equipped with these facts, we arrive at the complex
version of Theorem 6.5:

Theorem 7.2. Let k € N, ( € D, L ~ CN.(0,I}.) and vec(Z, W) ~ CNq(0,39(C)). Let
be L*(CF qf5) and c € L*(CF,~f). Thenb®@¢c € LY(C* x CF,Pyeezwy). If ¢ =0, then

g, (0) = hio(0) = E[b(L)] E[e(L)]

, (7.210)
= D (v),0(¢) (0) + hso),s5(0) (0) + 2 (Rso),r(e) (0) — P, 5) (0))-

If ( #0, then

hS(C) = (€)= Puive) () (IC]) + Psio),s(e) (1C]) + i (Psoe) () (IC]) = Prrys(e) (IC]))- - (7.211)
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In particular,

0 < B§.(Q) = Hugoy o () and B, (1) = (b.c)oz. (7.212)
h‘lsc : D — C is bounded and satisfies
(O] < [Ibllyg liellg for all ¢ € D. (7.213)

Proof. Firstly, let ¢ = 0, implying that ¥ox(¢) = Io;. Thus, the partitioned random vec-
tor parts Z ~ CNg(0,I;) and W ~ CNg(0, I) of the complex Gaussian random vector

vec(Z, W) ~ CNy(0, I;) are independent (cf. [5, Theorem 2.12)). If X £ \/2.J5(Z) and
Y £ V2J3(W), then X ~ Ny (0, Iy;,) and Y ~ Noi(0, o). (2.25) therefore implies that

E[b(Z)c(W)| = E[b(Z)]E[c(W)]
= E[r(b)(X)] E[r(c)(Y)] + E[s(0)(X)] E[s(c)(Y)] (7.214)
+ 1(E[s(b)(X)] E[r(c)(Y)] — E[r(b)(X)] E[s(c)(Y)])
= Tr(),() (0) F Tas(v),5(0) (0) + 5( ey r(e) (0) — Py, s(e) (0)),

where the last equality follows from Theorem 6.5-(i). Next, we consider the remaining case

¢ € D\ {0}. Put o := sign(() = % and 7 := sign(¢) = 1. Lemma 7.1 implies that

r(be) € L*(R?*, o) and |r(be)|l, = ||r(b)|l,- Similarly, it follows that s(b;) € L*(IR?*, o),

and ||s(be)||, = [|s(b)||,.- The proof of (7.211) is built on Lemma 2.14-(v) and Lemma 7.1-(i).
To this end, we have to consider the block matrix
I, 0 0 O
{0 o0 5, o o+
G = 0 L 0 0 =G =G €0(4k)
0 0 0 I

again (cf. (1.9)). Lemma 2.14-(v) implies that vec(o Z, W) ~ CNq(0, Xk (|¢])) and

X = V2 G Jo(vee(o Z, W) "2 V2vec( (0 Z), Jo(W)) ~ Nup(0, Eai([C])). (7.215)
Thus, Corollary 2.11, together with the equality G? = I, yields

E[b ® ¢(vec(Z, W))] = E[b; @ ¢(vec(oc Z, W))] = E[r(b; @ ¢)(G X)] + i E[s(b; ® c)(G();%]m)

Because of (7.203) and (7.204), it follows in particular that
r(be@e) o G =r(be) ®r(c) + 5(be) © 5(c)
on R2 x R2 = R#* and
s(be ®¢) oG = s(be) ®@7r(c) —r(be) ® s(c),

on R?* x R? =~ R4 Linearity of the expectation and Theorem 6.5, together with the fact
that by construction X = vec(Xy, Xs), (with X; := /2 J5(0Z) and and X, := /2 J,(W))
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now imply (7.211). Finally, to achieve the non-trivial boundedness statement (7.213) (which
cannot simply be derived by making a standard use of the triangle inequality), we need to
implement (a complexification of) the Ornstein-Uhlenbeck semigroup, respectively (6.145).

Because of (7.210), the case ¢ = 0 is trivial, though. So, let us fix 0 # ¢ € D. Let
(6.145

f € {r(b).s(b)} and g € {r(c),s(c)}. Then hyy([C) =7 (£, Reg)s,. where Re == Tyq).

Consequently, since r(R¢g o v/2J5) = Re(R¢g o v/2Js) o %J{l = Reg = Im(Reg o V2J5) 0

%J{l = s(Reg o V/2.J), (2.30) leads to

hye(€) rZy P () r(e) (IC]) + s,y (C]) + 7 (Psve)r(e) (IC]) = Pro),se) (€1))
= <bC7 1/}(07 C)>'y£7

where ¢(c; ) := Rer(c)o V2Jy+i (Res(c)o v/2Jy). Consequently, we may apply the Cauchy-
Schwarz inequality, and Lemma 7.1-(ii) implies that

hw.e (O] < Nlbelle 1o (e; Qe = NIblle leb(e; Ol

Since ||T¢||z(z2(yor)) = 1 (see [20, Theorem 1.4.1}), a two-fold application of (2.27) implies

that

Yor)

[ (e; O%e = 1 Rer(e)lI3,, + I1Bes(0)15,, < Ir(0)l5,, + 505, = llelle-

In conclusion, we finally obtain

7w, (Q)] < 1Bl ([ (e5 Qe < [10lle lelle-
O

By taking into account that sign(¢) [¢|?**' = ¢-¢¥-¢ " for all ¢ € C and v € Ny, Theorem 7.2
also leads to a straightforward generalisation of the Haagerup function (cf. [57, Proof of
Theorem 3.1] and Example 7.15). To this end, we introduce a class of complex-valued func-
tions which could be viewed as a transfer of the class of all odd real-valued functions to the
complex field and contains the complex signum function sign : C — C as element.

Definition 7.3. Let F € {R,C} and k € N. A function b : F¥ — F is circularly symmetric
if
b(az) = ab(z) for all (a, z) € Sg x F*.

The set of all circularly symmetric functions is denoted by C'Sk(SF).

Definition 7.3 obviously implies that C'Sp(Sr) = CSk({—1,1}) coincides with the set of all
odd real functions from R¥ to R and that CSy(Sc) = CSi(T). Moreover, (C'Sy(Sr), o, id) is
a monoid (i.e., a semigroup, with unit element), where the binary operation o is given by the
composition of functions.

Corollary 7.4. Letk € N and ( € D. Letb,c € L*(C*k,~5). Suppose that b € CSy(T). Then
(1)

hyy (€)= 5ign(C) (hoguyr(e) (IC]) + Ts(v),s() (1) + 7 (Pseyre) ([€]) = hogey,se) (IC1)) -
(7.217)

130



hyp(C) = sign(C) Huey s (IC]) CZ Pava (r(0), 7(0)) + pavia (s(b), 5(0)))¢" ¢
(7.218)

In particular, we have:
(1) |,

(-2) TF1C =1, then hE)(C) = ¢ Hbuzg.
(i-3) If ¢ € D and vec(X, Y) ~ Noi(0, Xox(|C])), then

= Hywys) = Py + by and B[ € WE((=1,1)).

(-1,1)

gl D@\ (rO) ol ol = 216 99 o,
1640 = it oo oo o) Gl s (= ) ey

= sign(C)(E[r(b)(X)r(b)(Y)] + E[s(0)(X)s(b)(Y)])-

(7.219)

(ii) hg is bounded, and

(O] < [1Bll3e for all ¢ € D. (7.220)

(iii) If b # 0, then m H,),s) as well as bﬁig hgb are CCP functions. Both, H,@)s@) :

k _ —
-1,1] — [—||b||i(¢7 ||b||3c] and hy, - D — ||b||ic]D) are circularly symmetric homeo-
k k ’ k
morphisms. H,y) s is strictly increasing and satisfies Hyw) sp)((—1,0)) = (—||b||?yc, 0)
k
and H, )54 ((0,1)) = (0, HbH?YC) Moreover, h% (D) =D and
k k)

(hyp) " H(w) = sign(w)HR;)’s(b)ﬂwD for all w € ||b||3gﬁ. (7.221)

(iv) h;(b)’r(b)(O) > 0 or hy,, )( ) > 0 if and only sz S(b)l(*”b\\icv”bﬂic) = (Hr(b),s(b)‘(_lvl))—l
k k

is real analytic on (_Hb”zf’ ”b”%)

Proof. (i): Firstly, since b € C'Sk(T), b in particular is an odd function; i.e., b(—z) = —b(2)
for all z € C*. Thus, also 7(b) and s(b) are odd (since 2 Re(b) = b+ b and 2i Im(b) = b — b),
such as hr(b),r(b)u hs(b),s(b) and Hr(b),s(b)-

Fix ¢ € D. Since b € CSi(T), it follows that

hg.(Q) = sign(OhE. ()

(which also holds for ¢ = 0 due to (7.214)). (7.217) now follows from Lemma 7.1-(ii), (2.27)
and (7.211), where the latter is applied to the well-defined function D\ {0} 3 2 — h%c(z).

In particular,

hipy () = sign(Q) Hy),s0 (I€])
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(due to (7.212)). Therefore, Theorem 6.5, (iii), applied to the odd functions h,@g) @) and
hsv),sv) immediately lead to the power series representation (7.218) of hb by Wthh holds on

D. (7.219) now follows from (2.33) and (7.206).
(i) (7.220) is an implication of (7.213).
(i

iii) Assume that b # 0. Then H, ) sp) = ||b]1? er(b ), where ¥, sp) == ﬁgﬁ;(b) is CCP

(due to (7.208) and (7.209)). (7.218), together with Theorem 5.20 (where the latter is applied
to the coefficients ap = (Pov11(r(b), (b)) + pav+1(s(b), s(b)))dk+1, k,1 € Np) implies that
”bHQ hg, : D — D is a CCP function. (7.208) and Theorem 6.8-(iii) imply that both,

Hr(b),s(b) and hy, are homeomorphisms. The representation (7.221) of (hg,)~" follows at
once. (i-2) and Theorem 6.8-(iii) obviously conclude the proof of (iii).

(iv) Since hy ) .4 (0) > 0 or h’s(b?7s(b).(0) > 0if and only if Hy ) ) (0) > 0, and since H,(p),s(p) 18
odd, we may adopt the underlying idea of the proof of Theorem 6.8 (1v) implying statement
(iv). O

Remark 7.5. Already the trivial example b := 1, ¢ := 1 and ( := i shows us that the
additional assumption b € C'Si(T) in Corollary 7.4 cannot be dropped.

Recall (2.29), including the construction of the function g therein. Due to Proposition 6.12
and Corollary 7.4 we obtain

Remark 7.6. Let k € N and f € L*(R* ~;). Then r(f€) = f® 1 and s(f€) = 0. Moreover,
hyp = hysi e = Higey sse) -

If in addition f© € CSk(T), then hy; = hG

[_111} '

At this point, it is very useful to recall Theorem 6.35 and its proof, where we also implemented
Abel’s theorem on real power series. From complex analysis it is well-known that in general
Abel’s theorem on power series in this form does not hold for F = C. Moreover, already
the structure of the somewhat “simpler” complex-valued odd functions hy,. (cf. (7.217) and
(7.218)) seemingly does not allow a transfer of Theorem 6.35-(ii) and (iii) to the complex
case (due to Theorem 5.20). However, since [56, Lemma 1.1.13, statement 2] also holds also
for the complex field, the proof of Theorem 6.35 can be easily adapted, as well as the proof
of Corollary 6.36, so that at least the following versions of a complex hybrid correlation
transform can be stated at once:

Proposition 7.7. Let m,n € N, 0 <r < oo and

A S =
M = (S* B> € Mpyn(rD)*

be positive semidefinite, where any entry of the matrices A, S and B is an element of v D.
Let f,g : (—r,r) — R be two functions, such that (—r,r) > x — f(x) = X2, a,x" €
We(=r,r)) and (—r,r) 2 = g(x) = YXoloba” € We((—r,r)). Let ¢ : rD — C be a

holomorphic function, such that

lew| < 2/|ay| |by] for all v € Ny, (7.222)
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where ¢, = q(lz,( ). Then q, € WH(D), where ¢,(¢) = q(r¢) for all ¢ € D. Put rD >z~
G(z) = X2 ,c,2", rD > 2 fabs( ) =22 la,]z" and rD 3 z = gaps(2) = D02 |bu]2”.

Then G.(2) = q(2)
of q.. Moreover, the following propertzes hold

(i)

= q, where G, € A(D) is the continuous extension

fabs[A] Q[S] m)+
( as) gabs[B]> € Mun(rD)

is positive semidefinite.

(ii) If 0 < co <71 is a root of fups — 1, then
(j[c* F] S Qm,n((c) fO?“ alll € Qm,n((c> .

Thus, an application of Lemma 5.10 immediately leads us to

Corollary 7.8. Let m,n € N;A € M, ,(C) and

M S
Y= (ST N) € C(m+n;C)

be an arbitrary complex (m + n) x (m + n) correlation matriz (with block elements M €
C(m;C),N € C(n;C) and S € Q,,,(C)). Let r>0and 0 # ¢ € W¢((—r,r)). Put

rD 3z P(2) = X% a2, where a, == w< ) . If0<ce<r, then

1 wabs[CM] QZ[CS]
Yars(€) \ e ST Yasle N

again is a correlation matriz with complex entries. In particular,

]) € C(m+n;C)

P[eS] € Qumn(C) for all S € Qpn(C). (7.223)

1
wabs(c)

7.2. On complex bivariate Hermite polynomials

Our next aim is to reveal in detail that it is possible to transfer the content of Theorem 6.40
from the real case to the complex one, while maintaining our constructive proof (including
the intended avoidance of the tensor product language). However, we cannot simply copy
the proof of Theorem 6.40. Nevertheless, we are going to unfurl that in fact it is possible to
transfer (6.186) and (6.187) from the real case to the complex one. To this end, we are going
to work with a particular case of the rich class of complex bivariate Hermite polynomials,
first considered by K. Itd while working with complex multiple Wiener integrals (cf. [75]).
Similarly to the real case, we need to verify a convenient correlation property of a random
version of these polynomials, which to the best of our knowledge have not been published
before (see Theorem 7.11 below). A detailed introductory discussion of complex Hermite
polynomials and their structure (which would exceed the topic of our paper by far) can be
studied in [48, 74]. Firstly, we have to recall the following general construction:
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Definition 7.9 (Complex Hermite polynomial). Let m,n € Ny and z,w € C. The
complex Hermite polynomial H,,, : C* — C is defined as

1 mAn - (m\ [(n , ,
= —1)7 4l m=J n=j
Hpn(z,w) — ]EO( 1) ].(j) (])Z w" .

Within the scope of our work, we need the particular case of It6’s complex Hermite polyno-
mials

Cozw— Hypok(z) = Hpyn(z2)

= jmtn i Xn: JHR(—1)7t <T> <n> s(j, k) Hjx(V2Re(2)) s(m — j,n — k) Hyjin-n(vV21Im(2)),

=0 k=0 k

o
vip!
which we give without proof (cf. [75, 74]).

! for all v, b € Ny, including the following facts,

where k(z) := vec(z,Zz) and s(v, p) :=

Theorem 7.10. Let m,n € Ny and z,w € C. Then
(i) {Hmnok:m,n € Ny} is an orthonormal basis in the complex Hilbert space L*(¥F).

(ii) The exponential generating function of {Hpn ok :m,n € No} is given as

m n

Z Hypyn(2,2) AL exp(uz + vz — uv) for all u,v € C.

m,n=0 \/m| \/ﬁ|

Lemma 2.7-(ii) allows us to transfer (the special case k = 1 of) Corollary 6.13 to the complex
case. More precisely, we have

Theorem 7.11. Let m,n,v,u € Ny and ( € D. If vec(Z, W) ~ CNy(0,%5(¢)), then
E{Hm,n(z> Z)Hu,u(vva W) :| = 5m,1/ 5n,u szn = 5(m,n),(1/,,u) szn'

Proof. Let u,v,a,b € C. Due to Theorem 7.10-(ii), a multiplication of the two (random)
exponential generating functions leads to

m

& o u" V" @ b u\" (7 v\ [ Z -

H,. 2, Z)H, (W, W =e + exp(—uv—ab).

oy oy B D e W W) e o i Xp((b) (W) (a) <W>) i)
(W, W) }, then Lemma 2.7-(ii) implies that

Thus, if we put am nu,(C) = E|Hnu(Z, 2)H,

y
0o 0o m n—uBu _ _ -
Z Z am,nw(g)% = exp ((u, )35 (C) (Z)) exp(—uv — ab) = exp(ual + bv().

m,n=0 v,u=0 IR i

Since u, v, a,b € C were arbitrarily chosen, the multi-index notation shows us, that we actu-
ally have proven that

3 Pn(C)

o (21, 29, 23, 24)" = exp(2123 (+2224 C) = exp(2123 C) exp(2924 C) for all 2y, 29, 23, 24 € C,

nENg
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where £3,(¢) := v/n! oy, (¢). Consequently, it follows that

n - \/_!677,1,713 5712,714 m ¢

4
neNg

)z”:Oforallz€C4,

wherefrom the claim follows (by uniqueness of the multi-dimensional power series expansion
for the entire function f = 0 around 0 [125, Ch. 1.2.2.]). ]

7.3. Upper bounds of K5 and inversion of complex CCP functions

Equipped with the complex Hermite polynomials and Theorem 7.11, it is possible to transfer
Theorem 6.32 from the real field R to the complex field C; at least in the odd case. We “just”
have to construct the mappings off’c es L2(+0) and ﬁip € Sr2(y properly

Theorem 7.12. Let k € N and 0 < ¢ < 1. Let 0 # ) € Wjﬁ((— ,1)) be odd. Then there
erist o = e, B = By, € SLQ(,},?); which satisfy the following properties:

(i) E[a(2)] = E[3(Z)] = 0 for all Z ~ CN,(0,1).

(ii) If cC € D, then
sign(Q)w(cl¢l) = Pans(c) b 5(C)
and

87’9”( )wabs<C|C|> = h(c ( )djabs(c) = h%,ﬁ(é)wabs’(C)'

In particular,

Y(c) = Yaps(c) (a, B),c . (7.224)

(ifi) If c # 1 and H is an arbitrary C-Hilbert space, then
sign({u, v) m)¥(cl(u, v) ul) = Yans(c) hg s ((u, v)r)
and
sign((u, v) m)avs(c [ (w1, V) i) = Yans(€) b o ((w, V) i) = Vas(€) B5 5((u, 0) )
for all u,v € Sy.

Proof. Let 0 < ¢ < 1 and ¢ € D. Since 0 # ¢ € W¥((—1,1)), it follows that ) (0) # 0

for some ny € Ny, implying that ¥.s(z) > 0 for all € (0,1]. Thus, ¥as(c) > 0. Put
by = bpymy = %5%”2, where n = (ny,ny) € N2. Because of (3.84) and (3.85),

we may choose complex random variables Z, ~ CN;(0,1) and Z; ~ CN;(0,1), such that
VeC(Zg, Zl) ~ CNQ(O, EQ(C)), vec(ZC, Zc) ~ (CNQ(O, 22(1)) and VGC(Zl, Zl> ~ CN2(07 EQ(C))

Theorem 7.11 therefore in particular implies that

- = —1
E|Hip14(Ze, Z0) Hys1,u(Z1, Z1) | = Ok, o) €°C - (7.225)

and

E[Hy1d(Ze, Z) Hyyr (%, Z0) | = Ok = B Hi1u(Z1, Z1)Hor (20, Z1) | (7.226)
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for all k,1,v,u € Nog. Consequently, since ¢ is odd by assumption, a straightforward cal-
culation (including the definition of the real numbers b, and (2.27) and (7.226)) implies
that

n€N2

Cozm alz) =ay(z) = W Z sign (b \/7Hn1+1 ny (2, %) )\nlﬂ
abs(C

and

C3 2 B(2) = Bye(2) S VB Hoy 1. (2, 2) (/) 1
wabs( ) n€N2

both lead to well-defined elements o € L?(7f) and 8 € L*(7f).
(i) Let Z ~ CN;(0,1). Then (Z,Z)" ~ CNy(0,%(1)) (due to (2.23)). Since Hpoy = 1,
Theorem 7.11 therefore implies that

E[Hi,110,(2,2)] = E[Hi,110,(2, Z2)Hoo(Z, Z) | = 0 for all (Iy, 1) € NG,

and (i) follows.
(ii) Similarly, as explained above, (7.225), together with the construction of the real numbers
b, and the fact that ("¢’ = |¢[2¢ = sign(¢)|¢[2+! for all I € Ny implies that

Wavs () E[(Ze)a( Z1)] = sign(C)thans(clC]) = vans (¢)E[B(Z¢) B(Z1))-

and

Yabs(O)E[(Z) 3(Z1)] = sign(C)p([eC]).
HE‘_?V(;V@T’ ]E[O‘E”Z)C) (21)] = hep(Q), Ela(Zo)a(Z1)] = hg o(¢) and E[B(Z¢)B(Z1)] = hj5(C),
which proves (ii).
(iii) We just have to apply (ii) to D > ¢ := (u, v)y. O

Recall Corollary 7.4 including the structure of h(bc,m strongly built on the odd homeomorphic
real CCP function m Ho s @ [-1,1] — [=1,1]. Thus, if we link (7.218), (7.221)
Tk

-1
and Theorem 7.12 (where the latter is applied to the function ¢ := <||bH2 H, ()5 ) —
H;(;),s(b)(HbHig 1)), we are able to prove

Theorem 7.13 (Complex inner product rounding). Let k € N and b € SL2(,YE). If
be CSL(T) and (H’"(b)’s(b))_ll(_Ln e W¥((—=1,1)), then (Hr_(;)vs(b)>abs(1) > 1, and there exist

ap € L*(7F) and By, € L2(7Y), satisfying 0 < {ay, Bo)ye < 1, such that for all C-Hilbert spaces
H and u,v € Sy the following properties are satisfied:

(i)
(1,001 = (G0, (7.227)

where 0 < ¢* = ¢*(b) := Hf(%’s(b)(l) <1 and Cuo(b) == hE 5 ((u,v)y) € D.

ap,Bp
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(ii)
¢ = Hyp),s0)({an, Bo)ys) = hiy({ct, Bo)e)-

(ili) If vec(X,Y) ~ Nok(0, Yok (|Cun(D)])), then

. 5191 Cuw) (0)(@)\ (rb)(y) P Ayl = 20 ()] (2 y
¢ {uwv)n = 2m)2% (1 — |Cun /R /R ( b) :r) ( (b)(y)>>R§ exp ( 2(1 — |Cun (D))
= Sign(éu,v)(]E[T(b)(X)T(b)( Y)] + E[s(b)(X)s(b)( Y)D,

(iv) If m,n € N and (z,w) € ST x S%, then there exist m +n CF-valued random vectors
Zy,....0, W,...,W,, such that vec(Z;, W;) ~ CNqy(0,X21((i5(D))) for all (i,7) €

[m] x [n], and
Tz w) = - E[FQ]]. (7.228)

Eﬂhf?"@ [(I}Jb)i = 0(Z), (Q); = b(W;) and (;(b) = hg, 5,((zi, wj)m) € D, (i,5) €

Proof. (i) Fix u,v € Sy. Put ¢ := H; )5y and €= (u,v)y. Since b € CSK(T), it follows
that both, (b) and s(b) are odd. Hence, the CCP function H, ) s@) = hr@)r6) +hs(v),s) is 0dd
as well (Corollary 7.4), implying that also its inverse 1 is an odd function. So, we may apply
Proposition 6.9, together with Theorem 6.33, and it follows that 0 < ¢* = Hf(ybr)”s(b)(l) <l1lis
well-defined and satisfies ¥ans(c*) = 1. (7.221), together with Theorem 7.12 therefore implies
that

()~ (c* €) = sign(c™ Qw(le” ¢l) = sign(C) Y (c™[C]) = Yabs(¢") Cun(b) = Cun(D),
where ap == aye, By = By and (uo(b) == hS 5 (¢) € D (due to (7.213)). Hence,

ap,By

¢* ¢ = h§y(Cup(b)). However, since ¢*¢ € D, it follows that (,,(b) € D (due to Corol-

lary 7.4, (i)).

(i) Since Hyp)s)(0) =0 < c* <1 = ||b|]i<c = H,),s(0)(1) and ¢aps(c*) = 1, the strict mono-
k

tonicity of the odd function ¢ = Hr_(;)ﬁ(b) implies that 0 = ¥(0) < ¥(c*) = (ap, Bp) e <

¥(1) = 1. Thus, sign({as, f),c) = 1, and we obtain

(7.218)

" = Hyv),s0) ({, Bo)re) ", (0w, o),y c).

(iii) This is an immediate application of (i) and Corollary 7.4 (since (,,(b) € D).
(iv) Let (z,w) € Sf x S} and (4, j) € [m] x [n]. Because of (i), there exists vec(Z;, W;) ~
C N2k (0, 22x(Gi5 (b)) (where (j5(b) = ., (b)), such that

=

Lp(z,w)ij = (W, zi)m = (2, wj) i *hbb(Cm( )
= S EBZINW,)] = - E[P(Q),] = - EPQ] .
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Our next result shows that in fact also Theorem 6.45, respectively Corollary 6.46 can be
transferred to the complex case:

Theorem 7.14. Let k,m,n € N and b,c € L>®(C*). Then 0 <1 = rp(b) := ||b||3<c < 0o and
k
16]|cc > /7. Moreover, the following statements hold:

()
[tr( Ao [S)] < bllos lelloc [ANIS 1 for all A € My u(C) and S € Qun(C)-
(ii) Assume that b € CSk(T) \ {0} and ij(;),s(b)’(,w) e W¢((—r,r)). Put ¢ = c*(b) :=

H"™ o (1). Then ¢* € (0,1), and the following properties are satisfied:
VT T

3

(ii-1)
r kS < PPl (7.229)
G =" .

(ii-2) Let 1 < ky < KS. If ||blloc = /7, then 0 < H" s (K+) < 1 and there is evactly

VT

one number number v* = y*(b) € (H™? ., (k.),1], such that
VOV
1
CcC __ —1 * . -1
KG o (HT(b)vs(b)’(—r,r))abs(rfy ) < min {07*7 (HT(b)vs(b)’(—r,r))abs<r)} ' (7230)

Proof. Without loss of generality, as in the proof of the real case (Theorem 6.40), we may

assume throughout the proof that ||b||oc = 1 and ||¢|lcc = 1 if ||b]|cc > 0 and ||¢||oc > 0 (else,
we just have to rescale the pair (b, c) to the pair (W b, m c)) In particular, ||b]|%, = 1.

(i) Because of (7.205), we may fully adopt the proof of Theorem 6.40-(i).
(ii) Recall from Corollary 7.4 that both, H,@) ) : [=1,1] — [—r,r] and hf, : D — 7D

are circularly symmetric homeomorphisms. Put v, := HT_(;) sy ¢ =] — [=1,1] and
(m)
A, 2= me!(oﬂ’ m € N.

(ii-1) Given our assumptions, we may apply Theorem 7.13 to the function H;(;o)ﬁ(bo) =

~1
(l Hr(b)ﬁ(b)) = p(r-), where b° := % € SLQ(WE) is an element of the unit sphere of L?(7%).

T

Put o* :=rc*. Thus, if S € Q,,,(C) is arbitrarily given, then
1

52 LE[Pql| = E[PQ]],

C*

where the m-dimensional complex random vector P, maps into D™ and the n-dimensional

complex random vector Q, maps into D" (since ||b||oc = 1). Hence,

r

1 - 1 _
[r(A*S)| = —[tr(A'E[P, Qp )] < —E[[tr(APyQy)[] < — [[Alloo,1,

and (7.229) follows.
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(ii-2) Since r = ||b]|2, = 1 (by assumption), it follows that 30° j ag, 1 = (@Zzb‘(_l 1))abs(l) < 00.
So, we may apply Lemma 5.10 to the odd real analytic function T/Jb‘ 1y whence
p(|w]) = 3" aga|w* T = |w| Y assq ww” for all w € D = hy (D).
v=0 v=0

Thus, (7.221) implies that
D 3 (hy,) " (w) = sign(w)vy(|w]) = w i gy w” WY for all w € D.
=0
Consequently, the matrix equality (7.205) leads to
S = (hgb)_l[hf’b[S]] = (hf,b)_l[E[Ab]] = iawﬂE[Ab]*V * E[A]" + E[Ay),

where * denotes entrywise multiplication on M, (F) (i.e., the Hadamard product of matrices)
and Ay := Ry S,". Put M, := E[A,]*" * E[Ay]*¥ = M,. Since ||bllc = 1, we may apply
Lemma 6.39 to the random matrix Ay, and it follows that

|tI‘(A* | < Za2l/+1 M * £ Ab | = Za2v+1 Ab A*M | S ZGQV—H ||A*M,/||OO’1,
v=0 v=1

whereby the last inequality follows from the construction of the random Gram matrix Ay.
Next, we may apply Lemma 6.39 twice, so that

[A* My [loor < [A*E[Ap]" [loo1 < [|A]lo,1-

Altogether, it follows that

[tr(A"S)] < [|Allen D a2t = (tol-1.1))abs(1) [[A]l o1 -

v=0

Consequently, K& < (¥p](-11))*(1) = (H’(;)ﬁ(b)‘(_ ))abs(r). Hence, if we put 7* :=

thb‘)’ 0] (KS), then 0 < H?&y,g 5(,))(1) < H%{;’S(b) (k) < ~v* < 1, and (ii-1) concludes the
proof of (7.230). O

S
4

Recall again from Theorem 5.20 that in general complex CCP functions need not be analytic.
Due to this fact and the structure of the complex-valued (circularly symmetric) functions hy,p,
which is built on absolute values and signs of complex numbers (cf. Corollary 7.4, including
(7.218)), it seems that Proposition 6.47 cannot be easily transferred to the complex case (if
at all).

Example 7.15 (Haagerup function). Both, Corollary 7.4 and Proposition 6.16 enable
us to recover quickly a direct power series representation of Haagerup’s CCP function hyy, :
D — D, where b := sign. (Retranslated into the language of Haagerup, h,, = ® and
H, sy = ¢ (cf. [57, Lemma 3.5 and Theorem 3.1])). To this end, let 0 # ( € D and
p = |¢|. As shown on [57, p. 200], the function h;; can then be written in terms of sign(()
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and the two complete elliptic integrals E(p) and K (p). However, in our approach (by which
Haagerup’s CCP function is obtained as a special case), we don’t have to work with elliptic
integration. Firstly note that

T i)

T(b)($1,$2> = T(b)(x) = ||x||2 and S(b)(x) = T(b)(x27171) ||x||2

for all x = vec(zy, 1) € R*\ {0}. Thus, if 7 € [—1,1] and vec(X,Y) ~ Noi(0, Xop (7)), k := 2
are given, then

Hy),50)(T) = hav),r(v) (T) =+ Pis(v), 50 (T)

— E[r(5)(X)r(B) (Y)] + Els(b) (X)s(b) (Y)]

— E[r(5) (X0, Xo)r(B)(¥2, Y3)] + Elr (D) (Xa, X1)r (8) (Ya, Y1)
X1 XY,

=B, 1) Bl )
X Y

- E[<WH21’ ||1X||2>}

ZTQFl(Q 2 2 T ) = hf27f2(7)7

whereby the equalities in the last line follow from Proposition 6.16 (applied to & = 2). An
application of Corollary 7.4 (or the original proof of [57, Theorem 3.1]) therefore implies

sign(Q)hu(C) = Ho) s (p) = 1 P2F1(; ; 2;p ) = hp, 5 (p).
Hence,
: X Y :
€)= sign(Q) B (e 1)) = 5 o (513,20 10F) = sienl€) b (0D

A highly non-trivial part in [57] consists of a multi-page proof of the fact that h]7217f2 =
HT_(I) sy € WE((=1,1)), implying that (h/?;h)abs is well-defined (cf. [57, Lemma 2.6]). The

Maclaurin series of (hf2 fz) can e.g. be approximated by the Taylor polynomial of degree
7 as:

_ 4 8 16
(ANOE —st st 00+ sT 4 o(]s|7). (7.231)
Hence (cf. Proposition 6.16 and (7.230)),

KR (11) (7.230) 1
7 < K6 = min{ome (0),, (0] (7.232)
forta (1)
4 8 16
—1 - ~
< (hitp) (1) = —+ 5+ — T o(1) & 1,53655 + o(1). (7.233)
These facts follow from [57], respectively (6.159) and (9.241), where the latter is applied to
0 if v is even . a, a, 4
Oy = 1 (=22 £ s odd and ) =— = =
2 (D2 gy YISO I

Already a numerical calculation of the single root 0 < ¢* < 7 of the polynomial s

% s+ % s3 + ;—? s” — 1 leads to the number Ci ~ 1.40449. The latter outcome should now be
compared with the result of Haagerup in [57].
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8. A summary scheme of the main result

To highlight and summarise our approach, it completely suffices to list in detail the single
steps and assumptions in the form of a “flowchart”, possibly leading to a computer-aided
approach regarding the implementation of an approximation to the lowest upper bound of
the Grothendieck constant K as a next step. Very likely, high-performance computers are
required to perform these approzimations. That (technical) implementation would go however

far beyond the scope of our groundwork; especially since we have no access to equipment of
this type.

Fix F € {R,C} and k € N.

(SIGN) Choose a function 0 # b : F* — F, which satisfies the following conditions:

(a) b is circularly symmetric (¢f. Definition 7.3);
(b) b € L=(F*).

(CCP) Consider the function b3 : C¥ — C, defined as

o _ 70 (ol
b=t = .
wre  tF=C
k
Then [[p°]l,c = 1 and 1 < [[b°]|c = ||||£‘|‘|E‘;° (cf. (2.29)). Construct its allocated homeo-

morphic real CCP function H, o) svo) = (o) rpe) + Msvo),svey (cf. Corollary 7.4-(iii)
and Remark 7.6).

(CRA) Assume that )y, := HT_(;O),S(I)O)

11y € W((=1,1)) (¢f. Definition 5.11).

An application of Lemma 6.11, Corollary 6.46 and Theorem 7.14 consequently leads to the
following result which holds for both, R and C simultaneously:
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Assume that (SIGN), (CCP) and (CRA) are satisfied. Then (H?;O),s(bo)

T

(—1,1))abs(1> > 1
Put ¢ := H:‘(ylg)ﬁ(bo)(l). Then 0 < ¢ < 1, and the following two statements hold:

(i)
F 1 o2
C

(ii) Let 1 < k. < KE. If |5, = [b]]¢, then 0 < H%‘;%S(bo)(rﬁ*) < 1 and there is exactly
one number v = 15 (b) € (H%po)ﬁ(bo)(/{*), 1], such that

(1,1))abs(1)}'

* : 1 —1
(71,1))abs<’YF> < min {Ci‘:‘,’ (Hr(bo)’s(bo)

F _
KG = (Hr(;o),s(bo)

Again, we recognise that Maclaurin series representation (or at least its approximation by the
Taylor polynomial of a given degree) and Maclaurin series inversion of CCP functions play the
key role regarding the search for the lowest upper bound of the Grothendieck constant K7..
Unfortunately, a closed form representation of the coefficients of the inverse of a Taylor series
runs against a well-known combinatorial complexity issue (due to the presence of ordinary
partial Bell polynomials as building blocks of these coefficients - c¢f. Subsection 9.1 below for
details), which in general does not allow a closed form representation of these coefficients.
The inverse of the real function factor of the Haagerup function is one such example. It is
given by
s rtr, ,
[_17 1] ST HT(Sign)vS(Sign)(T) = h’f?qu <T> = Z 7ol (57 57 2’ T )

in the complex case (cf. [57], Remark on page 216 and Example 7.15), as opposed to the
Grothendieck function

2 :
[_17 1] Sp Hr(signc),s(signc) (p) = hsign,sign(p) = ; arcsm(p)

in the real case.

9. Concluding remarks and open problems

Not very surprisingly, the long-standing, intensive and technically quite demanding attempts
to compute the - still not available - value of the real and complex Grothendieck constants (an
open problem since 1953) leads to further projects and open problems, such as the following
ones; addressed in particular to researchers who also wish to get a better understanding of
the reasons underlying these topics.
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9.1. Open problem 1: Grothendieck constant versus Taylor series
inversion

Only between 2011 and 2013 it was shown that K is strictly smaller than Krivine’s upper

bound, stating that K& < m (cf. [22] and Example 6.51). Consequently, in the real

case sign is not the “optimal” function to choose (answering a question of H. Konig to the
negative - cf. [86]). So, if we wish to reduce the value of the upper bound of the real
Grothendieck constant we have to look for functions b : R¥ — R which are different from
sign : R — {—1,1}. However, these functions are required to satisfy any of the conditions
in the workflow, listed in Section 8. In particular, we have to look for both, the Fourier-
Hermite coefficients of the Taylor series (respectively the approximating Taylor polynomial)
of Hy@)s6) = hrv),rv) + Psw),s) and the coefficients of the Taylor series of both, the inverse
function H T_(;)ﬁ(b) and (H &é)vs(b))abs' It is well-known that the latter task increases rapidly in
computational complexity if we want to calculate such Taylor coefficients of a higher degree,
leading to the involvement of highly non-trivial combinatorial facts, reflected in the use of
partitions of positive integers and partial exponential Bell polynomials as part of the Taylor
coefficients of the inverse Taylor series (a thorough introduction to this framework including
the related Lagrange-Biirmann inversion formula is given in [28, 84]).

To reveal the origin of these difficulties let us focus on the one-dimensional real case. Let
b€ L*(R,v) be given. Assume that ag := hy,(0) = 0 (which is the case if b were odd). First
recall from (6.134) that

o0

hoo(p) = D_ (b, Ha)3, p"

n=1

for all p € [—1, 1], where for n € Nand z € R

1 :L'Q d"” D ( .’ﬂ;)

H,(z):= ﬁ(—l)" exp (5) I &

denotes the (probabilistic version of the) n-th Hermite polynomial. Put o, := (b, H,)? .

If hy,(0) = ay > 0, we know that the real analytic function hb’b‘(_1 3 is invertible around

-1
0 = hpp(0). Its inverse is also expressible as a power series there; i.e., around 0, (hbvb’(,l 1))

is real analytic, too. Hence, given the assumption (CRA), listed in Section 8, it follows that
a(y) == hb_;(y) =30, Bpy" for all y € [—1, 1], where 5, = a% and

G | n—1+k\ .,
6” = 5 Z Oénﬁ—k(_l)k ( k > n_Lk(Oég,Oég, s ,Oén—k:—i-l)
k=1 "1
(9.234)
_ ! n_l(_1)k n=1l4k) o (22 % Gk
naqf = Lk n—1,k Czl’Oq?'“’ a

for all n € Ny. In this context,

k n—k+1 2
Bf‘vk’(xl’x%”"x"_k"‘l) = Z (1/1 1% ) H Tt = Z k!ﬁ
9 bl .

veP(n,k) o Vn—k+1) 5 veP(n.k)
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Vi

n—k+1
denotes the ordinary partial Bell polynomial, where the multinomial coefficient ( > i ) :

V1,V25.sVn—k+1

Zn—k+1 Ry
i=1 Vi)

n+l—=k
v;!

i=1
n — k + 1 distinct bins, with v; objects in the ¢’th bin and P(n,k) indicates the set of

all multi-indices v = (11,14, ..., Vni1-k) € Ng" (k < n) which satisfy the Diophantine
equations

represents the number of ways of depositing 7™ 1; distinct objects into

n+1—k n+1—k

Z v; = k and Z 1V =n;
i=1 i=1

i.e., summation is extended over all partitions of the number n into k positive (non-zero)
integers (cf. e.g. [28, 30, 102, 139]). Observe that (dependent on the choice on n and k,
of course) these Diophantine equations may have an extremely large, if not even an unman-
ageable set of solutions! Already that definition implies the well-known and important fact
that

Lab" M ) = aP VB (21, w2, T, (9.235)

o 2
B, i(abry, ab’xy, . .. °

for all a,b, 1, ..., 2y 41 € C. If the element (zy,..., 2, 1) € NI7*™ consists of at most
2 non-zero elements, z;, and w;,, say (i1 < i), we only have to sum over the set of all
v € P(n,k), such that v; = 0 for all ¢ ¢ {i,45} (since 0° = 1). In this case, the Diophantine
equations reduce to a simple 2-dimensional linear equation system. The latter has a solution
(vi,,vi,) € N2 if and only if

| 3

1 < - < iy and iy — i; divides both, kis —n € Ny and n — ki; € Ny . (9.236)
The solution (v, v;,) € N2 is then unique and given as
kios — n n — ki,
vip = ———and v = ———.
19 — 11 29— U1

Hence, if (9.236) is satisfied, we immediately recognise that

21 12
v

k; V; v;
o k(0,0,...,0,24,0,0,...,0,24,0,0,...,0) = ( )x-llx” )
1

In particular, if & < n < 2k, we reobtain the well-known special case

k

Bfl’k(a:,y, 0,...0) = (Qk B n) xzk_nyn_k for all z,y € C.

In the literature, one frequently finds the so-called exponential partial Bell polynomials B, 1,
characterised as (cf. e.g. [28, Remark on page 136])

L n! o (T1 T2 Tn—k+1
Bn,k(xb s 7-Tnfk+l) T HBn,kz(Fﬂ 57 ) (n—k—l—l)'>’ (9237)
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implying that any result about B, can be directly converted into a result about By, and
conversely. For example, if n > k, then [28, formula (31)] transforms very pleasantly and
reiteratively into

k—1
k
B'?z,k(xlvx%"'xn—k—ﬁ—l) = Z <l>xll B’Z—k‘,k‘—l(aj27'"’xn—2k+l+l)

I=k—a(n,k)
(nzk) k
k—a(n,k o
=T (n,k) g <a<n7 k-) B l) Bn kya(n, k)*l(x27 . ,x(nfgk)++l+2>

for all 1,9, ..., 2,_g11 € C, where a(n, k) := min{n—k, k}. Another application of (9.237)
implies the well-known fact that (9.234) is equivalent to
k=1 ot (n—1)!

By 15(02,03, .., Opn—kt1), (9.238)

@

where ¢; := 0),l € [n—k+1] (cf. [28, Theorem E on p. 150]).

Regarding an explicit recursive construction of these polynomials in full generality, yet
without having to know the sets P(n, k) beforehand, we recall the important fact that any
ordinary partial Bell polynomial By, actually arises as a (kind of) discrete convolution of
two ordinary partial Bell polynomial series. More precisely, we have:

Lemma 9.1. Let m € Ny, k € N, n € Ny and zq,..., 2,1 € C. Then the following
equalities are satisfied:

(i) Bmo(gsl, ey Tma1) = Omo and
n—k+1
Bz’k(l'l, e ,an_k+1) = Z Tn—i ng_l(xl, e ,Ii_k+2) = Z ZT; Bn ik— 1(1‘1, e axn—k—l—Q—i)-
i=k—1 i=1

(i)

n—1
nBy (T1,. . Tppy1) = K > (n—i)Tn By i (z1, 20, Tipy2)
i=k—1
n—k+1
=k Z T Bg_i,k_1($1, Ty s Tn—kt2—i)-
i=1

Proof. (i) Follows from [28, page 136, formula (3k)], respectively [112, page 366, formula
(13)].

(ii) See [30, formula (2.3) and its equivalent (unnumbered) representation on page 1546 (line
3)]. O

Lemma 9.1 obviously implies the following multiple-sum representation of the ordinary partial
Bell polynomials:

n—1 11—1 tp—1—1
B'Z,k-i,-l(xla T2y Tn— k Z Z Z Tp—iq H L, _1—i, Liy, (9239)
i1=k ig=k—1 =1
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forall k € N, n € Nyy; and 21, 29, ..., 2, € C. For the convenience of the readers, we list a
few examples of ordinary partial Bell polynomials that can be displayed in closed form. For
review, we refer to the widely comprehensive table of these polynomials on page 309 of [28]
(enumerating all polynomials By, for which 10 > n > m > 1). To this end, fix ¥ € N and
Z1,...,2pr1 € C. Then

(1) BO’O(LUI) =1 and Bz}O(Il, c. ,$k+1) = 0.

(ii) Bpi(z1,...,m%) = 7 and Byg(r1) = k.
(iil) Bpyip(w1,m2) = kah a,.

(iv) Bpiop(w1, @2, x3) = <12€> eV 2+ ko ey if B> 2.
k .
(V) Bpisp(w1,m0,73,14) = <3> eVl k(k— D) a¥ 2o wg + kab oy if k> 3.

. k _ k _ k _ _
(v £ﬁ+4ﬁ<x1,..,x5>=:(4) ” 4wé+<3> x%i%3x3m3>+(2) o202y )k b g
if k>4.

Moreover, we have
k—1

B;,Q(l"b e axk—l) = 2'731 Tp_; if K>2.

i=1

Since the Taylor series of the inverse of the “standardised” Taylor series Y 07, o p" =

n

a% hy»(p) of the function hy,j, obviously is given by (O%l hb7b> _l(y) = hyy (o1 y) =302 (Baal)y
for all y € [—1, 1], where o := o (n € N), it follows that the n-th Taylor series coefficient

-1
B of the Taylor series of (a% hb,b) is given by 3 = 3, af. Consequently,

" 1 n—1+k\
= =1 X 0" T ) Bt et 02m)
k=1

(due to (9.234)). In the odd case, i.e., if in addition as, = 0 for all n € N, the intrinsic
combinatorical complexity of (9.234) can be even further reduced, possibly allowing a non-
negligible saving of computing time (see Corollary 9.6).

We explicitly list 51, B2, 83, B4, B5, B and (7 in full generality. To this end, as discussed
above, if a; # 0, we have to consider the Taylor coefficents o := eoneN of the “stan-
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dardised” Taylor series a% hyp. Note again that ay = 1. (9.234) therefore implies that

Biay=1=af

Braf = —ay

Byai = —ag +2(a3)?

frai = —af +5a ay —5(a3)’

Bsal = —af + 6 a) + 3(af)? — 21 (e )’ + 14(a))?

Bsab = —af + Tasad 4+ Taga) — 28 (af)? — 28(ay )2a) + 84(ay )Pay — 42(a)?

Bral = —ar + 8ol + 8ayal + 4(af)? — 36(ay ) el — T2axafaf — 12(ay)? + 120(a ) af

+180(cy ) *(ax)? — 330(a ) oy +132(a3)°.
(9.241)

In fact, if we make use of the key result, listed in [148], paired with the general Theorem [26,
p. 222], we are able to present a (purely linear algebraic and algorithmic) representation of
each coefficient 3, which avoids an explicit use of ordinary partial Bell polynomials (where
no closed form seems to be available). To the best of our knowledge, in this context, that
representation had not been published before. Instead of ordinary partial Bell polynomials,
we have to calculate determinants of leading principal submatrices. Of course, the compu-
tational combinatoric complexity induced by the increasing size of partial Bell polynomials
transforms into the rapidly increasing computing time, induced by the increasing size of
the determinants including the need to sum proper parts of determinants of different size.
However, that summation is a recurrence relation (see (9.244) and the instructive Example
9.3).

Firstly, if a; # 0, an enhancement of [148] reveals the following explicit representation of
each coefficient 3, (n € Ny):

—1)n-t
5n = (n‘>ogn det(An *Tn(lva;>a§<7‘ o ’ax))
st

(-1
= W det(An * Tn(Oll, Qo, ...
et
1
= ———— det(—(A, * Th(a1, ag, . ..

nladm!

L)) (9.242)

;i)

where x again denotes the Hadamard product and the matrices A, € M,,_;(R) and T, =

T (z1, 29, ..., 2,) € M, 1(R) (x1,...,2, € C) are respectively defined as
n 1 0 0 0 0 0
2n n+1 2 0 0 0 0
3n 2n+1 n-+2 3 0 0 0
4 4n 3n+1 2n + 2 n+3 4 0 0
m=3)n (n—4)n+1 (n—>5)n+2 n—3 0
m—=2n (n—=3n+1 (n—4)n+2 n+(n—3) n—2
(m—1)n (n—2)n+1 (n—3)n+2 2n+(n—3) n+(n—2)
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and

i) i 0 0 0 0 0
T3 ) T 0 0 0 0
Ty T3 i) T 0 0 0
Ty Xy T3 i) T 0 0
T, =T, (x1,29,...,2,) :=
Tp—g Tp—z ~-++ -+ X3 Ty x1 0
Tyl Tpea o+ cec e Xz Ty X4
Ty Tp-1 Tp—2 -~ -0 Ty T3 T2

Obviously, the Toeplitz matrix T, (x1, za, . .., z,) is well-defined for any z;,...,z, € C. Ob-

serve that the appearance of the rather uncommon factor —— = = - =L+ in (9.242) actually
oy 1o
originates from the simple, yet important, transformation
T, =T, 00,...,00) =00 T, (1,05, a5, ..., a, ). (9.243)
More precisely, if n € N and (7, j) € [n — 1] x [n — 1], we have:
0 ifj>i1+2 0 itg>i+2

Comparing (9.234) and (9.242), it follows that for all oy € C* and ag,...,a, € C

n— = n— (n -1+ k)' o
det((An * Tn(ala e 706n))) =0 ! Z(_l) o A anl,k(a;7a§<7 e ,OKTXLka)-
k=1 :
Hence,
iy —1+k)!
det( Ao Tu(L 05 0o ))) = (-1 L E R e o).
k=1 :

Remark 9.2 (Connection to Apostol’s approach in [7]). In fact, it can be shown that

det(— (An*Tn(xl,%,%,...,%))) = P,(z1,...,x,) forall xy,...,2, € C

precisely coincides with the function P,, introduced in [7] (due to the convolution representa-
tion and the partial derivative structure of ordinary partial Bell polynomials)! In particular,

= —14+k) . .
Pn(lvx% cee >$n) = ’Z;(_l)k (nk') Bn—l,k(%y %, e (nx—kk:—ll)‘)
= det ( — (An *Tn<1, %,%,,%)))

Due to (9.243), it follows that

ApxTh(aq, ... an) = a1 (A« T,(1, 05, ... ) = a1 Bpn — 1(ag, ... ap)),
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where for any p € [n — 1] and 24, ...,z, € C, the matrix B, [p| = B,[p|(x1,...,x,) € M,(C)
is defined as

nry 1 0 0 0 0 0
2ny (n+1)ay 2 0 0 0 0
3nws 2n+ 1)z, (n+2)z, 3 0 0 0
dnwxy (Bn+1)x3 (2n + 2)xs (n+3)z; 4 0 0
Bl=| i ! m |
(p—2)nz,o (p—3n+Dz,3 (p—4n+2)z, p—2 0
(p—Dnzpr (p=2)n+Dape (p=3n+2)zps - - o (n+(p—2)n p—1
pny, (p=Dn+ Dz (pP=2Dn+2)zpn - - 0 2ot (p=2)z2 (04 (p—1)a)

B, [p] therefore denotes the p-th leading principal submatrix of the matrix B,[n — 1] if p €
[n — 1] (cf. e.g. [68, 0.7.1]). More precisely, if p € [n — 1] and 4, j € [p], then:

0 if j>i+2
Bn[p]($1>w27- .- 7$p)ij =91 lfj =i+1
((i—=Jd+Dn+j—Dxijp ifj<i.

Equipped with all p leading principal submatrices B, [1], B,[2],..., B,[p— 1] of B,[p] and the
“incipient matrix” B,[0] := (1), we may apply the main (unnumbered) theorem on page 222
of [26] to the matrix B,[p|(x1,...,x,), and it follows that

ok P — (k—1)(n—1)

det(By[p)(x1,...,2p)) = (p — 1)! Zi:(—l) Tp_41 det(By[k —1]).

(k—1)!
(9.244)
Consequently, if p =n — 1, it follows that
det(A, * T (ay, ..., ) = ot det(B,[n — 1)(a5, . .., a)))
e n—l etk M=1)(n—k+1) « «

=af " (n=2> (-1)""! i (3{:(_ 0 )Cerk,cJrl det(B,[k — 1](as, ..., a7))

k=1 :

= n k-1 — k+1 X X X
:O[l n—l Z Wanik+1 det(Bn[k‘—l}(OzQ,,ak))

B (9.245)

Thus,

L (0242) 17 n—k+1
Bnof =~ = n Z(—l)k Wa:—k—i-l det(B,lk — 1](ag, ..., o).

k=1

In particular, if n = 2m + 1 € N3 is odd (m € N) and ag := 0 for all [ € N, then

L1l n—Fk+1 »
Bpaf == > (=1)F o ap_pyr det(By[k —1](0,05,0...,0, 7))
k=1 :
k odd

3

= -, — ] ) W(mryr1 det(Bam+1[2r](0, a5,0...,0,05,.1)).
r=1



Note also that (9.244) implies that

r—1
det(Bam41(2r)(0,21,0,22,0,...,0,2,)) = =2(2r = D! ((2m + Dra, + > pe(r,m) 2,
k=1
(9.246)
for all m € N, r € [m] and x4, ..., z, € C, where
2m(r — k) +r
pk(T, m) = ( ) det(BQm+1[2k](0,l'1,0...,O,JTk) (k’ € [’I“— 1])

(2k)!

Example 9.3. Fix m € N. Assume for simplification that oy = 1 a9y = 0 for all [ € N. Then
a) = a, foralln € N. If r € {1, 2}, the calculation of det(Ba,,+1[2r]) is very straightforward:

n

det(Bam:1[2](0, a3)) = —2(2m + 1)ag = 21(—1)! <2m1+ 1) o = 2(—1)! <2m1+ 1) B2 (o),

and

(9.246) 2m + 2

det(Bam1[4](0,a5,0,05)) =" =12 (2(2m + 1)as +
2m + 2

det<B2m+1[2])Oé3)

= —12 (2(2m + Das + (= 22m +1)as)as)
2m + 1 om + 2\

:4'(— 1 >Oé5‘|‘< 9 >053)

— (-1 <2m1+ 1) B3 (a3, a5) + (—1>2<2’”2+ 2) B3 ().

If r = 3, a little more calculation effort is required, also triggered by a significant transfor-
mation step:

dm + 3 2m+3
det(Bam1[2)as + =, det(Bam+1[4])as)

2 1 2 |
= —240 (3( m1+ )Oé7(4/// +§3:)< mle >(1;;(\.’.

| 2m + 1 2m + 2
+(2m +53)<< ml )(134— ( m2+ >a§)u;;)
om + 1 2m + 2 2m + 2
= —240 (3( m1+ >a73< ’“j )(2(1;;(1;)—}-(27714—3)( m; >a§)

det(Byn1[6)(0, 3,0, 05,0, 7)) "= ~240 (3(2m + 1)ar +

-0 (- <2m1+ 1) o <2mz+ 2) (2as0e) = <2ms+ 3) o3)

2m+ 1\ _, 2m+2\ .
= 6! ((—1)1< 1 >B371(Ot3,065,047) + (—1)2 ( 9 ) B372(063,Ot5)

I A )

In fact, the emerging structure can be kept in the case of r = 4, since
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6m+4

(9.246

det(Bam1[8])(0, a3, 0, a5, 0, a7, 0, ag) 2 —2.71 (4(2m + Dag + det(Bam1[2])as

dm + 4 2m +4
2 det(Bomad)as + det(BgmH[G])ag)

2 1 2 2 2 3
=8 < _ (T a9 + m (2az07 + oz?)) (" (3a§a5)
1 2 3
2m+4\ ,
o4 a3)

2m+1 ° 2m + 2 o
= 8' ((-1)1 ( 1 >B471(a37 A, 0477069) + (_1)2 < >B4,2( é

w0 (7 rsenan + ot () B0,

A relentless focus on Example 9.3 therefore leads to a non-obvious simplification of (9.240)
which reduces the analysis of complex partition sets P(2m, k) and related non-trivial ordinary
partial Bell polynomials B, ; (0, as,0,a5,0,a7,0,...) to that one of partition sets P(m,[)
and related “fully occupied” ordinary partial Bell polynomials By, (a3, as,az,...). In fact,
the following result holds:

Proposition 9.4. Let (x,)nen be an arbitrary sequence of complex numbers. Let m € N and
r € [m]. Then

- 2
det(Bam41[27](0, 21,0, 2,...,0,2,)) = (2r)! Z(_1>l< ml+l

o
) Br,l(xla Ty ... 7xr—l+1)'
=1

Proof. If m € N and r € [m], put ag;41 := x;, where i € [r]. We make use of a version of the
principle of transfinite induction (which generalises induction over natural numbers), known
as the principle of Noetherian induction. To this end, we consider the set

M:={(n,v)eNxN:n+1>v}={(n,v) e NxN:n>v}.

Then (M, <iex) is a well-founded totally ordered set, where <j.x denotes the lexicographic
order on (N, <) x (N, <); i.e., (I,k) <pex (m,p) if and only if I < m or (I = m and K < p)
(cf. [41, Chapter 6.3 including the table on p. 87]). Obviously, (1,1) is the minimal element
of M which satisfies the claim, so that the induction basis is fulfilled. Let (m,r) € M be
non-minimal. Then m > 2. Clearly, if » = 1, then (m,r) = (m, 1) € M satisfies the claim.
So, we have to consider the case r > 2. Let k € [r — 1]. Then (m, k) <iex (m,r). Hence,
because of the induction assumption, it follows that

det(Bap s 24]) = (20013 "(~1)

i—1 ¢

2m +1\ .
( . )Bk,i(ai’n Qs, ..., 042(k-¢)+3)- (9.247)

If we insert (9.247) into (9.246), we obtain

r—1

det(Bam1[2r]) = —2(2r — D! ((2m + Dr agess + > pr(r, m) azppy41),
k=1
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where

2m(r — k) +r
pulrm) = 202 ST det(By 2]
k
2m+v\ o
((Zm—i—l 7'—2777/]{?)2 ( ; )Bkz(&37a57"'7042k+32i)'
i=1
Consequently,
det (B2m+1 [27"])
— — (2 1 .
2(27,_1)' ( m+ )TO{2 +1
r—1 k ) 2m +Z 5
= Z(Zm r—k +T) (—1)2 < . ) Q2 (r—k)+1 Bk’i(ag,a@...,ag“g_gi)
i=1

1
1 2m+l r—1 . .
= (—1)1 ( l Z (Zm(r — j) + T’) Q2(r—j)+1 Bj’l(Ozg, as, ... ,ag(j_l+1)+1).

i=l

Thereby, the last equality is a special case of the double sum representation

r—1 k r—1r—1 r—1r—1
oD bk =D bwewi =Y by, (9.248)
k=1i=1 k=11i=k =1 5=l

which originates from the calculation of the trace of the matrix product of the lower triangular
matrix (bg; L(u,):u>01 (k, 7)) and the upper triangular matrix (c;; Lg(y,):u<v) (1, 7)) and the trace
of its transpose, which both are equal. Finally, since

1

; ° r2m-+1+1
(2m(T_J>+T) a2(7’*j)+1 BjJ(a?), 0[5, e 70[2(]'71)4»3) = w
j=l

1
|

o
Br,l+1(a3ﬂ s 7a2(rfl)+1)

j
(due to Lemma 9.1, applied to n:=r, k:=1+1, ( :=2m and i := j), it follows that

<det(B(2;)+!1[2r]) L @m+ 1)%“) _ det2(<§imj11 [)Z!r]) - m 1) ags
_ _r;l(—nl <2ml++ll+ 1) B2 (0s, - o)
. 2(4)’ <2mz+ l) B2 (0 agr1y23).
which concludes the Noetherian induction sjcep, and the claim follows. ]

Altogether, Lemma 9.1, Proposition 9.4 and (9.248), together with our previously mentioned
analysis of the structure of 35,1, imply the following two fundamental results:

Theorem 9.5. Let m € Ny and x4,...,x,_1 € C. Then

Tl 2(m—r) +1
3 ((27“)? T det (BgmH[Qr](O, 21,0, 29, ...,0, :cr))

r=1
1 & 1 2m+7r)!

!
C—t T

Bfm«(xh Xy ... 7l‘m—r+1)-
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Proof. By consecutive application of Proposition 9.4 and (9.248), it follows that

-1

3

2m—r)+1

(2r)!

' 2m +1
=SS e+ ) (e B
=1

Ty det (Bzm+1[2r](0, 21,0,29,...,0, :Br))

AN

%
I
=

3

2m 4 1\ = o
=) (-1) ( > Y o(2m =1+ 1) @y By (21,22, - Tipg1).
l=r

r=1 r

However, the latter expression equals

m— 1 2m+7“ m—1
T ( > Z(m_l) Tm—1 Bzr(x17$27"'7xl—r+l>

r l:r

3\3
HH

2m +r
+ (—1)" ( ) Z Tt By (01,09, .. 2 y1).

r=1 r l=r

Thus, we can now apply Lemma 9.1 to both summands, and a final shift of the index r in
the single remaining sum (X" a,1 = 2", a,) clearly finishes the proof. ]

Corollary 9.6. Let f(p) = 300 g ony1 p*" T be an odd real analytic function, convergent on
(—r,r) C R, where r > 0 denotes the radius of convergence of f. Assume that f'(0) = ay # 0,
implying that f is invertible around 0. Consider the real analytic odd inverse function f=!:
V — R, where V is an open neighbourhood of f(0) = 0. If f~ (y) = X°_, Boms1 y>™ L for
ally € V., then [y = a% and

1 =om—r)+1
Bami1 = a%mﬂ (Gmia ¥ g 2y W 4ot (Bana[27100,05,0,05,0,05,1.)))
2m + r) .
(2m +1 2m+1 Z Bm,r(O‘; ) O‘;’ ] O‘QX(m—r+1)+1)

for all m € N, where a3, == =22+ (v €N).

As a little, yet illuminating exercise, we recommend the readers to perform the rather quick
calculation of the first 3 Taylor coefficents of the inverse of the odd function f := 3sinh,
say, by applying Corollary 9.6! The outcome could be double-checked by means of https:
//en.wikipedia.org/wiki/Inverse_hyperbolic_functions#Series_expansions. More-
over, because of [139, Theorem 2| the coefficients [, 11 satisfy the following, interesting
recurrence relation:

m—1
2m+1 2r+1 o X X X X
Bomi104 = - Z (Bary100"™) BZm+1,2r+l<a1 :0,05,0,05,...,0, O‘2(m—7«)+1)
r=0
m—1
= - /62r+1 BQm+1 27~+1(0417 0,a3,0,as,...,0, 042(m—r)+1)

for all m € N.
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In a nutshell, we recognise that already in the one-dimensional case, at least two hard open
problems appear. On the one hand we need to know the explicit value of the Fourier-Hermite
coefficients (cf. Proposition 6.3)

n

d

vVl (b, Hy,), = Vol E[b(X)H,(X)] = TR EDX )
t=0
where X ~ N;(0,1). On the other hand, we have to look for a closed form expression of the
coefficients f3,, (if it were available at all), where the latter involves the complex recursive
structure of ordinary partial Bell polynomials or related determinants. For example (keeping
the Haagerup function in mind - ¢f. Example 7.15 and Remark 4.1), our question of the value
of

" B 1 3 25 (2(n — k) + )12
4k ””“(8’ 647 1024° 7 ((2(n — k 4+ 1)IN)2 (n — k:+2)>

very recently lead to an in depth-analysis, published in [38]. It appears to us that in general
one cannot use proofs by standard induction on n € N to verify statements about Bell
polynomials. The Noetherian Induction Principle seems to be more appropriate here (as
we have seen for example, in the proof of Proposition 9.4). In this context, we would like
to draw attention to another recently published paper, where the authors point to similar
difficulties including the formulation of related - open - problems (cf. [96]). Moreover, the
solved examples in [96] show the large combinatorial barriers which we have to resolve while
working with (partial) Bell polynomials.

Keeping these problems and barriers in mind, the following research topics and problems -
which actually do not require any knowledge of the Grothendieck inequality - arise naturally:

(RP1) Continue to investigate the structure of partial Bell polynomials; possibly under inclu-
sion of the use of high-performance computers and related (algebraic) software tools.

(RP2) Develop a software package which puts Corollary 9.6 into practice.

(RP3) Look for an explicit analytic expression for the inverse function of the main building
block of the Haagerup function; i.e., the inverse of the strictly increasing odd function

11
G55
(if available!), where as usual 5 Fi(a, b, ¢; -) denotes the classic Gaussian hypergeometric
function (cf. Example 7.15). Obviously, the inverse of [—1,1] 3 @ — z2Fi(3, 3, 3;27%) =
arcsin(z) = sin~!(z) is the function sin. However, what about the inverses of (invert-
ible) functions 9 F}(a, b, ¢; -) in general? Do we have to work with elliptic integrals here?
What part does the Jacobi elliptic function play in this? A complex-analytic approach
to a part of this problem using contour integration is given in [17, Chapter 5, including
Theorem 5.6.18].

[—1,1] 2 2+ 295, 2; 7%)

9.2. Open problem 2: Interrelation between the Grothendieck in-
equality and copulas

If we thouroughly overhaul the CCP function [—1,1] 3 p — 2arcsin(p) we recognise that
some knowledge of Gaussian copulas (i.e., finite-dimensional multivariate distribution func-
tions of univariate marginals generated by the distribution function of Gaussian random
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vectors - cf., e.g., [105, 111, 133, 143]) and (the probabilistic version) of the Hermite poly-
nomials might become very fruitful regarding our indicated search for different “ suitable”

CCP functions. [—1,1] 3 p — 9(3, 3:¢) = 2 arcsin(p) namely reveals as a special case of the
CCP function

(L1 5 p=db(p,psp) = ( Zl p))p”—%p(ll_p)om(— pan n(@7(

where 0 < p < 1 and
c(p) = PP gmp(1 ) exp((@7 @)) = 3. - @7 ().
p?(2~1(p)) ot
If we put
by(z) = sign(z — 7' (p)) = 2Lg-1(p)00)(2) = 1 =1 =21 51 (2) € {—1,1},

where € R, then the tetrachoric series expansion of the bivariate Gaussian copula (cf.
8, 55, 101]) implies the following generalisation of the Grothendieck equality:
e) = o, () s = BB B,(V)] = @017+ 2 exp(—~(@7 (0)) 3+ (@7 ()

= (2p—1)*+4p(1 — p)v(p. p; p) .-

Due to our construction of 1(p, p;-) the latter is clearly equivalent to

p(bp(X), bp(Y)) = 9 (p, p; p)
forallp € (0,1), p € [-1,1] and (X,Y) ~ N2(0,X2(p)), where p(b,(X),b,(Y)) denotes Pear-
son’s correlation coefficient between the random variables b,(X) and b,(Y). Unfortunately,

1
hy(p) = ¥(p,p; p) for all p € [—1,1] if and only if p = 3"

These facts clearly lead to further research problems; namely:

(RP4) Prove whether there are p € (—1,1) \ {3} and functions x, : R — {—1,1} such that

(P, 05 p) = Ny, (p) = EDp(X) xp(Y)] for all p € [=1,1] and (X, Y) ~ Na(0, ¥3(p)), so
that the condition (SIGN) of our workflow is satisfied for h,,

(RP5) Generalise the above approach (which is built on the tetrachoric series of the bivariate
Gaussian copula) to the n-variate case, where n € Nj.

(RP6) Verify whether the above approach can be transferred to the complex case. Could we
then similarly generalise the Haagerup equality?

(RP7) If (RP4), respectively (RP5) holds, prove whether the condition (CRA) of the scheme
holds. If this were the case, calculate (respectively approximate numerically) the re-
lated upper bound of K&. Include high-performance computers and computer algebra
systems if necessary.
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9.3. Open problem 3: Non-commutative dependence structures in
quantum mechanics and the Grothendieck inequality

Even a mathematical modelling of non-commutative dependence in quantum theory and its
applications to quantum information and quantum computation is strongly linked with the
existence of the real Grothendieck constant K.

The latter can be very roughly adumbrated as follows: the experimentally proven non-
Kolmogorovian (non-commutative) nature of the underlying probability theory of quantum
physics leads to the well-known fact that in general a normal state of a composite quan-
tum system cannot be represented as a convex combination of a product of normal states
of the subsystems. This phenomenon is known as entanglement or quantum correlation.
The Einstein-Podolsky-Rosen paradox, the violation of Bell’s inequalities (limiting spatial
correlation) and the Leggett-Garg inequalities (limiting temporal correlation) in quantum
mechanics and related theoretical and experimental research implied a particular focus on a
deeper understanding of this type of correlation - and hence to the modelling of a specific
type of dependence of two (ore more) quantum observables in a composite quantum system,
measured by two (or more) space-like separated instruments, each one having a classical pa-
rameter (such as the orientation of an instrument which measures the spin of a particle). In
this context, a Leggett-Garg inequality (LGI) could be viewed as a “Bell inequality in time”.
The transition probability function, i.e., the joint probability distribution of observables in
some fixed state of the system (considered as a function of the aforementioned parameters)
may violate Bell’s inequalities and is therefore not realisable in “classical” (commutative)
physics. The surprising fact, firstly recognised by B. S. Tsirel’son (cf. [9, Ch. 11.2] and
[113, 140, 142]), is that also this - experimentally verified - gap is an implication of the exis-
tence of the real Grothendieck constant K& > 1 (also known as Tsirel’son bound)! In other
words, K& indicates “how non-local quantum mechanics can be at most”.

Already in the classical Kolmogorovian model, i. e., in the framework of probability space
triples (2, F,P), a rigorous description of tail dependence - which ezceeds the standard depen-
dence measure, given by Pearson’s correlation coefficient, is a challenging task. To disclose
(and simulate) the geometry of dependence one has to determine finite-dimensional mul-
tivariate distribution functions of univariate marginals, hence copulas. In the description
of research problem 2 we have seen that Gaussian copulas are lurking in the Grothendieck
equality. More precisely, we have (cf. [137]):

Example (Stieltjes, 1889). Let p € [—1,1]. Let X,Y ~ N;(0,1) such that E[XY] = p.
Then

2 2
:p) — 1 = —arcsin(p) = — arcsin(E[XY]),

E[sign(X)sign(Y)] = 4 C%*( - -

11
202
where [—1,1] 2 p C’Ga(%, %; p) denotes the bivariate Gaussian copula with Pearson’s
correlation coefficient p as parameter, evaluated at (%, %)

Keeping a non-commutative version of the Grothendieck inequality at the back of our mind
(cf. [119, 140, 142]), our conjecture is that copulas in function spaces play a non-negligible
role here. Unfortunately, compared to the finite-dimensional setting, the advent of the latter
confronts us with non-trivial difficulties. For example, by no means it is clear how marginals
can be defined in an infinite-dimensional measurable vector space. If X is a random vari-
able in a separable Hilbert space H, projections onto an orthonormal basis ({X, e,))nen are

156



reasonable candidates. This case was treated in [59]. If in addition the space considered
is a reproducing kernel Hilbert space of functions, over [0, 1] say, an equally natural option
for marginals would be function evaluations {X(¢) : ¢t € [0,1]}. Here, a new framework is
required, including the preparation of a general concept of marginals for measurable vector
spaces (cf. [13]). Consequently, we arrive at problems of the following type:

(RP8) Look for objects like “non-commutative copulas”, leading to a search for “non-commutative
distribution functions in measurable vector spaces”, including a non-commutative ver-
sion of the famous result of Sklar (cf. [111] and the references cited therein).

(RP9) Create a “multivariate” spectral theory of non-commauting normal operator tuples and
introduce non-commutative tail dependency measures in non-commutative C*-algebras
and operator spaces.

Let us close Section 9 briefly with the following “blue-sky” research questions, which appear
quite naturally and are completely unanswered. Can we improve the approximation results
in the commutative case if we remove the underlying Gaussian structure in the Grothendieck
inequality (for both fields, R and C) and implement tail dependent distribution functions
instead (such as the generalised extreme value (GEV) distribution)? What about infinitely
divisible probability distributions in general? It is very likely that the use of correlation
matrices and CCP functions, including linked Gaussian copula approaches, would not be
enough any more (just as it is with Brownian motion which is a special case of a Lévy process,
yet without jumps). So, could even general semimartingale techniques help to improve the
approximations (cf., e.g., [42, 87])7
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