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Payoff structure of Cliquet options I
Fix a probability space Ω, F, P. Let T % 0 be a (non-random)
future point in time and n " N. Subdivide the interval 0, T  into
n disjoint subintervals tk1 , tk , called reset periods of length
∆tk  tk  tk1 , where tn  T and tk1  k  1 Tn denotes the
k  1’th reset day (k 1, . . . , n). Notice that each ∆tk Tn is
equidistant.
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Let c ' 0 and g $ nc (c is known as local cap and g as global
floor) and K % 0. Let Rk 0 c  minrRk , cx be the truncated
relative return over a reset period tk1 , tk .

Payoff structure of Cliquet options II
Following Bernard and Li (cf. [1]) we consider the following two
specific types of derivative payoffs (depending on n):
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where
g
Zn,k ψ   ψ Rk , c  n

k " r1, 2, . . . , nx .
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Lemma
Assume that we are working in a complete standard
Black-Merton-Scholes financial market model without arbitrage
and unique martingale measure Q. Let r % 0 be the “risk-free”
interest rate, η ' 0 the yield of dividend and σ % 0 the constant
“volatility”. Let n " N. Then the random variables
Zn,1 ψ , Zn,2 ψ , . . . , Zn,n ψ  are i.i.d., and
Zn,k ψ 

d

where X

×

x

Zn ψ   ψ  exp σ

N

0, 1.

T
1 2 T
n X  r  η  2 σ  n

1

,c



g
n,

Pricing of Cliquet options by crude
Monte Carlo simulation II
Proof.

Fix t ' 0 and n " N. Let S0 % 0 be the (observed) initial
(non-random) price of the asset. Given our financial market
model assumption it follows that
St

1
S0 exp Rt  R, Rt
2
1 2
S0 exp σWt  r  η  σ  t ,
2
S0 E Rt

where Wt t'0 is a standard Brownian motion (under Q) and
Rt  r  η t  σWt denotes the time t-value of the stochastic
dividend adjusted relative return process.
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To approximate the “risk-neutral” time-0 price
p0 Xn,T   exp

rT EQ Xn,T 

by a crude Monte Carlo simulation method we have to perform
the following steps:

(i)
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for some Z  N 0, 1 we can apply the Strong Law of Large
Numbers (SLLN), implying that in fact
1
m

m

= Xn,Tν
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Q  a.s.
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Moreover, the convergence rate in the Monte-Carlo method is
strongly influenced by a variance term which depends on the
integrand and the probability density function of the sampling
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impact of this variance term and look for suitable variance
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corresponding estimate based on a sequence of non-i.i.d.
random variables Xi 1&i&n which are correlated in such a
way that these correlations lead to cancellations in the
(approximating) sum, yielding a smaller variance term for
the estimate. To justify this approach we have to work with
a version of the SLLN that allows us to include the case of
sequences of correlated random variables (key word:
correlation bounds). Moreover, quantile transformation
techniques can be applied to generate such correlations.
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i. e., trajectories so that regions which contribute
significantly to EQ X  are sampled with larger frequency
(; Look for region parts where the value of the payoff is
non-negative and perform simulations over these parts).
• Conditional expectation trick. Also by making use of

Jensen’s inequality and standard properties of conditional
expectation operators one can reduce the variance of the
Monte-Carlo estimate.
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Let us shed a slightly bit of light on the latter subject.
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Are these fascinating, late-breaking and mathematically
challenging problems contained in something “larger”? Very
likely, this is the case!
• Statistical machine learning, applied to complex derivatives

pricing, hedging and risk measurement in the realm of
model and counterparty credit risk, collateralisation and
funding.
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• A proper understanding of the underlying mathematics of

machine learning particularly requires a strong inclusion
and interplay of abstract analysis, convex and
combinatorial optimisation, probability theory and
complexity theory (; “curse of dimensionality”).
• Statistical machine learning (SML), dealing primarily with

the complexity of high-dimensional data, lies at the
interface of statistics and machine learning.
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• Deep pricing: use of neural networks and supervised

learning to deliver efficient regression algorithms, such as
the Longstaff-Schwartz algorithm, used for the pricing of
(embedded) American options.
• Deep hedging: Use of multilayer perceptrons (MLPs) to

approximate complex hedging strategies, subject to
boundary conditions, such as transaction costs, liquidity
constraints, collateralisation, margining and funding
(XVAs !), legally binding regulatory demands (Basel III,
Basel IV, SR 11-7 (Fed), CRR (EU)) and statutory audit
requirements (such as IFRS 9 and IFRS 13).
• Deep calibration: Use of SML techniques to approximate

the solution of high-dimensional inverse problems,
originating from a calibration of stochastic derivatives
pricing models to given and available market data (e. g.,
stochastic volatility models).
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